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Abstract

The Lauricella method is applied to reduce the boundary value problem of the
equilibrium of a part of a cylindrical shell, bounded by a simply connected
smooth contour, to integral equations. The components of the displacement
vector and the rotation angles of the shell normal are specified on the contour.
The kernels of the resulting Fredholm equations of the second kind contain
Hankel functions of zero index. In the case of a slightly curved shell, the solv-
ability of these equations follows from the contraction mapping principle and the
solvability of the analogous Lauricella-Sherman equations, to which the second
boundary value problem for a plate is reduced. Bibliography 6.

Full Text

Preamble

In 1967, the study of boundary value problems for differential equations re-
mained a central focus in mechanics, particularly in the theory of elasticity and
shells. Following the foundational work in [?], we consider the complex-valued
function W(z,y) satisfying the equation:

AAW (z,y) — ik2AW (2,y) = 0

where the boundary conditions are defined by functions a(s) and b(s) along the
contour L. Specifically, the equilibrium of the system requires that:

/[a(s)dm +b(s)dy] =0
L

The function W(z,y) is related to the physical displacement w(z,y) and the
stress function ¢(z,y) of a shallow spherical shell. According to the theory
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established in [?], we define:

W(z,y) = w(z,y) +iCo(x,y)

where the constant C depends on the shell geometry and material properties:

oo VA=), V12007
Eh? ’ Rh
Here, R is the radius of curvature, h is the thickness, F is Young s modulus,
and v is Poisson’ s ratio.

II. Stress and Displacement Relations

The internal forces and moments within the shell can be expressed through the
derivatives of W(z,y). Following the formulations in [?, ?], the stress compo-
nents o,,0,,7,, and the displacements u, v are integrated across the thickness
z. We define the auxiliary functions wug, v, and the rotation x, such that the
boundary conditions on the contour L can be represented in terms of the com-

plex potential.

The relationship between the physical components and the complex function W
is given by:

_ 1+v 2
2uhCuqy (z,y) = Im {QMhC /()d:v ik /Wdy}

2uhCuy(z,y) =Im]...]
where p is the shear modulus. By introducing the constants A, B, By, we
account for the rigid-body displacements of the shell. The boundary conditions

on the arc length s (0 < s < I) for the generalized displacement and force
functions a(s) and b(s) are then derived.

ITI. Integral Representations and Kernels

To solve the governing equation (1), we utilize fundamental solutions and po-
tential theory. Let (£,n) be a point in the domain D. The fundamental solution
involves terms of the form In(r) and modified Bessel functions. Specifically, we
define the kernels N; and N, as:
Ny (u,v,x) = _9 Inr+ ..
on
Ny (u,v,x) = ...

As shown in [?], the asymptotic behavior of these kernels near the singularity
r — 0 involves terms like In(iar){1 + O(a?r?)}.

We represent the solution W(x,y) as an integral over the boundary L using
density functions py(s) and gy(s):

W(a,y) = / (4" o (5) — v g (5)]ds
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where u* and v* are derived from the fundamental solutions of the operator
A(A —ik?). The densities py(s) and q,(s) are related to the physical boundary
values through a system of singular integral equations.

The geometric kernels G, Gy, G5, G4 are introduced to simplify the expressions
for the stresses and displacements. These kernels depend on the relative coordi-
nates and the parameter a = Vik. For instance:

2y/1 — p2cosy
Gy(pst) :*/¥d,ﬂ

These functions allow us to construct the influence coefficients @
that form the matrix of the integral equation system.

and T,,,

nm

IV. System of Integral Equations

The boundary value problem is ultimately reduced to a system of four integral
equations for the unknown densities p,(s) (v =1,2,3,4):

xnpn(SO) + /L Z Knm(S’ So)pm<5)d3 = fn(SO)

where z,, are constants (e.g., z; = ©3 = 1 + v). The right-hand side functions
[ (so) are determined by the prescribed boundary displacements and forces.

The kernels K, contain both logarithmic singularities and regular parts. The
existence and uniqueness of the solution P(s) are analyzed using the Fredholm
alternative and the properties of the operator in the space C(L). For a shell
with a fixed boundary, the system can be written in operator form as:

(I+XBP=F

where B is a compact operator. As demonstrated in [?, ?], for sufficiently
small A, the solution can be obtained via successive approximations or by direct
inversion of the singular part. The condition for the existence of a single-valued
displacement field is ensured by the integral constraint:

/L[pl (5)1”(5) +p4(5)y'(s)]d5 —0

which corresponds to the global equilibrium of the shell segment.
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Note: Figure translations are in progress. See original paper for figures.
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