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UDC 591.44

MATHEMATICS

Yu. A. DROZD

ON REPRESENTATIONS OF CUBIC 𝑍-RINGS
(Presented by Academician A. I. Mal’cev on 30 VI 1966)

1. In the present note we use the terminology and notation of the paper (1). By
a cubic 𝑍 (𝑍𝑝)-ring we shall mean an order in a semisimple algebra of dimension
three over the field 𝑄 (𝑄𝑝) of rational (𝑝-adic) numbers. For such rings, B. N.
Delone and D. K. Faddeev (2,3) established a connection with classes of cubic
binary forms. Namely, if

(𝑎, 𝑏, 𝑐, 𝑑) = 𝑎𝑥3 − 𝑏𝑥2𝑦 + 𝑐𝑥𝑦2 − 𝑑𝑦3

is an arbitrary integral form with nonzero discriminant, then to it there corre-
sponds a ring Λ with basis [1, 𝜔1, 𝜔2] and multiplication table:

𝜔1𝜔2 = 𝜔2𝜔1 = 𝑎𝑑,
𝜔2

1 = 𝑏𝜔1 + 𝑎𝜔2 − 𝑎𝑐,
𝜔2

2 = 𝑑𝜔1 + 𝑐𝜔2 − 𝑏𝑑.
(1)

Conversely, in every cubic ring one can choose a basis with multiplication table
(1). Isomorphic rings correspond to unimodularly equivalent forms.

If 𝑀 is the maximal overring of Λ, then the factor group 𝑀/Λ is a direct sum
of two cyclic groups of orders 𝑛1(Λ) and 𝑛2(Λ), where 𝑛1(Λ) divides 𝑛2(Λ).
Theorem. A cubic ring Λ has a finite number of nonisomorphic indecomposable
representations if and only if 𝑛1(Λ) is square-free.

The proof is divided into several parts. All subsequent considerations are local.

2. Proposition 1. If 𝑀 = [1, 𝜔1, 𝜔2] is a maximal cubic 𝑍𝑝-ring, and Γ =
[1, 𝑝2𝜔1, 𝑝2𝜔2], then Γ has indecomposable representations of arbitrarily large
dimension.

Every maximal cubic 𝑍𝑝-ring is isomorphic to a ring with form (1, 𝑏, 𝑐, 𝑑). The
only exception is (for 𝑝 = 2) the maximal order in the algebra 𝑄2 ⊕ 𝑄2 ⊕ 𝑄2,
having form (0, 1, 1, 0).
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We shall assume that the basis [1, 𝜔1, 𝜔2] corresponds to the form (1, 𝑏, 𝑐, 𝑑). Let
𝐴 be a Γ-module with basis [1, 𝜔1, 𝑝𝜔2], and let Ω1 (Ω2) be the matrix of the
operator 𝑝2𝜔1 (𝑝2𝜔2) in the module 𝐴,

𝛼1 = ⎛⎜
⎝

0 𝑝𝑐 −𝑝2𝑑
𝑝 0 0
0 0 0

⎞⎟
⎠

; 𝛼2 = ⎛⎜
⎝

0 −𝑝𝑑 𝑝2𝑏𝑑
0 0 0
1 0 0

⎞⎟
⎠

;

𝛽1 = ⎛⎜
⎝

−𝑝𝑐 0 0
𝑝𝑏 𝑝𝑐 𝑝2𝑑
1 0 0

⎞⎟
⎠

; 𝛽2 = ⎛⎜
⎝

𝑝𝑑 0 0
0 −𝑝𝑑 𝑝2𝑑
0 0 0

⎞⎟
⎠

;

𝐸 is the identity matrix of size 𝑘×𝑘, 𝐽 is a degenerate Jordan block of the same
size

𝐽 =
⎛⎜⎜⎜⎜⎜⎜
⎝

0 1 0 ⋯ 0
0 0 1 ⋯ 0
⋯ ⋯ ⋯ ⋯ ⋯
0 0 0 ⋯ 1
0 0 0 ⋯ 0

⎞⎟⎟⎟⎟⎟⎟
⎠

;

⊗ is the sign of tensor multiplication of matrices. Then the correspondence

𝑝2𝜔𝑖 → (Ω𝑖 ⊗ 𝐸 𝛼𝑖 ⊗ 𝐸 + 𝛽𝑖 ⊗ 𝐽
0 Ω𝑖 ⊗ 𝐸 ) (𝑖 = 1, 2)

is a representation of the ring Γ, whose decomposition contains an indecompos-
able piece of dimension at least 2𝑘. An analogous result holds also for 𝑝 = 2 for
the ring 𝑀 with form (0, 1, 1, 0).

3. In what follows we shall use the same notation for a representation and
its module. If 𝐴1, … , 𝐴𝑠 are representation modules, then the module 𝐵
will be called of type (𝐴1, … , 𝐴𝑠) if 𝐵 can be brought to the form:

𝐵 =
⎛⎜⎜⎜
⎝

𝐴1 ∗
𝐴2

⋱
0 𝐴𝑠

⎞⎟⎟⎟
⎠

.

For rings Λ not contained in Γ (upper rings), one can prove the finiteness of the
number of nonisomorphic indecomposable representations and describe these
representations. Obviously, it suffices to restrict oneself to self-nonconjugate
rings (Λ ≉ Λ∗), since if Λ ≈ Λ∗, then every exact indecomposable module is
invertible and therefore coincides with Λ (1). The result depends on the type
of the algebra Λ̂ = 𝔄.
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a) 𝔄 is an unramified field. In the maximal order 𝑀 one can choose a basis
[1, 𝜔1, 𝜔2] with form (𝜀, 0, 𝑐, 1), where the polynomial 𝜀𝑡3 + 𝑐𝑡 − 1 has no
roots mod 𝑝, and 𝜀 is not divisible by 𝑝. In 𝔄 there is one self-nonconjugate
upper order Λ = [1, 𝑝𝜔1, 𝑝𝜔2].

Proposition 2. Λ has 4 nonisomorphic indecomposable representations:
Λ, Λ∗, 𝑀 , and one representation of type (Λ, Λ∗).

b) 𝔄 is a ramified field. In the maximal order 𝑀 one can choose a basis
[1, 𝜔1, 𝜔2] with form (𝜀, 0, 𝑐, 𝑝) (𝑐 divisible by 𝑝). The exceptions (for
𝑝 = 3) are rings with forms (𝜀, 0, 3, 1) (𝜀 ≡ −1 (mod 3), 𝜀 ≢ 5 (mod 9)).
In 𝔄 there are two self-nonconjugate upper orders: Λ = [1, 𝑝𝜔1, 𝑝𝜔2], Σ =
[1, 𝑝2𝜔1, 𝑝𝜔2].

Proposition 3. Λ has 6 indecomposable representations: Λ, Λ∗, 𝐾 =
[1, 𝑝𝜔1, 𝜔2], 𝑀 , one representation of type (Λ, Λ∗), and one of type (Λ, 𝑀).
The ring Σ has 18 indecomposable representations: those listed above, and
also Σ, Σ∗, one representation of type (Σ, 𝐾), two of type (Σ, 𝑀), one of type
(Σ, Σ∗), one of type (Σ, Λ∗), one of type (Σ ⊕ Σ, 𝑀), one of type (Σ, 𝑀 ⊕ Λ∗),
one of type (Σ ⊕ Λ, Λ∗), one of type (Σ ⊗ Σ, 𝑀 ⊕ Λ∗), and one of type
(Σ ⊗ Λ, 𝑀 ⊕ Λ∗).
An analogous result holds (for 𝑝 = 3) also for subrings of the maximal ring with
form (𝜀, 0, 3, 1).

c) 𝔄 = 𝑄𝑝 ⊕ 𝑄𝑝 ⊕ 𝑄𝑝. Let 𝑒1, 𝑒2, 𝑒3 be a system of minimal idempotents in
𝔄. Then every upper self-nonconjugate ring is isomorphic to one of the
following:

Λ𝑘 = [1, 𝑝𝑒2, 𝑝𝑘𝑒3] (𝑘 > 0),

𝐿𝑘,𝜃 = [1, 𝑝𝑒2 + 𝜃𝑝𝑘−1𝑒3, 𝑝𝑘𝑒3] (𝑘 > 1, 𝜃 is a unit in 𝑍𝑝).

Irreducible—

decomposable Λ-modules are 𝐴𝑖 (𝑖 = 1, 2, 3), where 𝐴𝑖 is a free 𝑍𝑝-module of
rank 1 with generators 𝑎𝑖, 𝑎𝑖𝑒𝑗 = 𝛿𝑖𝑗𝑎𝑖.

Proposition 4. The ring 𝐿𝑘,𝜃 has 4𝑘 + 1 indecomposable representations:
𝐴1, 𝐴2, 𝐴3, one representation 𝑈 of type (𝐴1, 𝐴2), one 𝑉 of type (𝐴2, 𝐴3), 𝑘 − 1
of type (𝐴1, 𝐴3), 𝑘 of type (𝑈, 𝐴3), 𝑘−1 of type (𝐴1, 𝑉 ), 𝑘−2 of type (𝑈, 𝑉 ). The
ring Λ𝑘 has 4(𝑘 + 1) indecomposable representations (one more representation
of each of the types (𝐴1, 𝐴3), (𝐴1, 𝑉 ), (𝑈, 𝑉 ) is added).

c) 𝔄 = 𝑄𝑝 ⊕𝔄1 (𝔄1 = 𝑄𝑝(√𝛼), 𝛼 ∈ 𝑍𝑝 and is not divisible by 𝑝2). Let 𝑒1, 𝑒2
be orthogonal idempotents in 𝔄, dim𝑄𝑝

(𝑒1𝔄) = 1. A maximal order in
𝔄1 has basis [𝑒2, 𝜔], 𝜔2 = 𝛼𝑒2 (except for the case 𝑝 = 2, 𝛼 = −3). The
upper nonconjugate orders in 𝔄 have the form
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Λ𝑘 = [1, 𝑝𝑘𝜔, 𝑝𝑒1] (𝑘 > 0),

𝐿𝑘,𝜃 = [1, 𝑝𝑘𝜔 + 𝜃𝑝𝑒1, 𝑝2𝑒1] (𝑘 > 0, 𝜃 a unit in 𝑍𝑝), 𝐾 = [1, 𝑝𝜔, 𝑝2𝑒1]

(only when 𝛼 is divisible by 𝑝).

The rings Λ𝑘 and 𝐿𝑘,𝜃 have one irreducible representation 𝐴, belonging to the
first component, and 𝑘 + 1 representations belonging to the second component:
𝑈0, 𝑈1, … , 𝑈𝑘.

Proposition 5. If 𝛼 is not divisible by 𝑝, then the ring Λ𝑘 has 4𝑘 + 2 in-
decomposable representations: 𝐴, 𝑈𝑖 (𝑖 = 0, … , 𝑘), one of type (𝑈0, 𝐴), two
each of types (𝑈𝑖, 𝐴) (𝑖 = 1, … , 𝑘 − 1), one of type (𝑈𝑘, 𝐴), and one each of
types (𝑈𝑖, 𝐴 ⊕ 𝐴) (𝑖 = 0, … , 𝑘 − 1). The ring 𝐿𝑘,𝜃 has 4𝑘 + 3 indecomposable
representations (to the 𝑘 listed above one more of type (𝑈𝑘, 𝐴) is added).

Proposition 5′. If 𝛼 is divisible by 𝑝, then the ring Λ𝑘 (𝐿𝑘,𝜃) has 4𝑘+3 (respec-
tively, 4(𝑘 + 1)) indecomposable representations (to the 𝑘 listed above one more
of type (𝑈0, 𝐴) is added). The ring 𝐾 has 12 indecomposable representations:
𝐴, 𝑈0, 𝑈1, three of type (𝑈0, 𝐴), two of type (𝑈1, 𝐴), two of type (𝑈0, 𝐴 ⊕ 𝐴),
one of type (𝑈0 ⊕ 𝑈1, 𝐴), and one of type (𝑈0 ⊕ 𝑈1, 𝐴 ⊕ 𝐴).
An analogous result also holds for 𝑝 = 2, 𝔄1 = 𝑄𝑝(

√
−3). From Propositions

3–5, 5′ it follows that all upper cubic 𝑍𝑝-rings have a finite number of noniso-
morphic indecomposable representations. The globalization of this result gives
the main theorem formulated in § 1.

The author expresses deep gratitude to D. K. Faddeev and A. V. Roiter, as well
as to the participants of the seminar on representation theory at the Institute
of Mathematics of the Academy of Sciences of the Ukrainian SSR.

Kyiv State University
named after T. G. Shevchenko
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Note: Figure translations are in progress. See original paper for figures.
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