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The present paper is devoted to the solution of systems of equations in words
with three unknowns. Equations in words were considered in the works (*2).
In (1), W -systems of equations in words were defined, and it was noted that
the solution of an arbitrary system of equations reduces to the solution of Wi-
systems. It was asserted there that there exists an algorithm which, for any Wj-
system of equations, determines whether this system has a solution or not. In (?),
equations in words with three unknowns without coefficients were considered,
and it was asserted that the solutions of such equations are representable by
parametric words.

After the solution of W,-systems, the natural next step is to consider systems of
equations in words with three unknowns. In view of Theorem 2 of (1), it suffices
to consider one equation with three unknowns. We shall set forth the main
ideas of the solution of equations in words with three unknowns and formulate
the theorems from which the deciding algorithm follows.

First of all, we restrict ourselves to equations of the form x® = yV¥, i.e., equa-
tions whose left- and right-hand sides begin with different unknowns (the general
case is easily reduced to this one). Further, it turns out to be convenient to in-
troduce into consideration “one-sided”equations, which we denote by the symbol
x® — y¥. A solution of the equation ©® — y¥ is any solution (X,Y...)
of the equation #® = y¥ such that | X% > [Y?]| > 0. Obviously, it is suffi-
cient to construct an algorithm for solving one-sided equations. Multiplying, if
necessary, the equation x® — y¥ on the right by z, we write it in the form*

P — [§ A, 20, (1)

where k > 1; &, ..., &, are unknowns distinct from x; A, ..., A, are coefficients.
The basic arguments and constructions pertain to equations of the form (1). We
give the necessary definitions as applied to the general case of an equation with

n unknowns. We assume that z is a letter from the list z, ..., z,,.

Define finite and infinite images of equation (1). Every equality of the form
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€T = ([5¢Ai]§:1>t[5ﬂ4i]§:1 &b, (2)

where ¢ > 0; 0 < 7 < k, and P is some beginning of the word A, ,, will be
called a finite transformation of equation (1). The equation

x _ Qx k )
Sleanorieage,. p T2 = Sle apoe,ae,,, pleddiz? ()

will be called the finite image of equation (1) under the transformation (2).

Every equality of the form

L= ([fiAi]f:Qt[fiAi]fzﬂa (3)

where t > 0; 0 <r < k; kt +r > 0; y is an unknown distinct from z, ...,z

ns

* The symbol [P;]i,, denotes the word P, p

i=m

... P, if m <n, and the empty word if m > n.

1

we shall call a nonfinite transformation of equation (1). The equation

YSie Aty (e, Ay ® < (G [GAN S e Aty e ann ¥ (3)

we shall call a nonfinite image of equation (1) under the transformation
(3)-

Every finite image of an equation with n unknowns is an equation with n —1
unknowns; nonfinite images of equations with n unknowns are equations with
n unknowns.

Denote equation (1) by 21, equation (2’) by 2, . p, and equation (3") by A, .
The following lemma reduces the solution of equation (1) to the solution of
images of this equation.

Lemma. The following equivalence holds

k—1
ATy, .. 2y,) = \/ \/ Jtlr = ([fiAi]’f)t[giAinrHP&mé,r,P]
r=0 P<A,
k—1
v/ Mty x = ([giAi]llc)t[fiAi]qy&ng,r]'
r=0

According to the indicated equivalence, solving the equation 2 is reduced to
solving the images of this equation, for which it is necessary to review an infinite
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number of images. However, in the case of equations with three unknowns one
can restrict oneself to the consideration of a finite number of images. This is
done in the following way.

Consider the equality

D(xq, .y, t) = V(X .. 2, t), (4)
where @, U are terms in the sense of (1), ¢ is a natural unknown, and x4, ..., x,,
are W-unknowns. Equation (4) is an equation with n+ 1 unknowns z, ..., x,,, t.
Substituting natural numbers for ¢ in (4), we obtain equations in words with n
unknowns z,,...,z,. We say that the parameter ¢ is eliminable in equation
(4) if there exist natural numbers ¢4, ..., ¢, such that the equivalence holds

dzy .2, (P =V) =

= \/ g 2, [P(Xy,y e, Xy, ) = V(X e, X4, 64)]-
=1

K3

The eliminability of a parameter for one-sided equations is defined analo-
gously. According to this definition, if the parameter ¢ is eliminable in equation
(4), then the question of the solvability of equation (4), considered as an equa-
tion with n+ 1 unknowns, is reduced to the question of the solvability of a finite
number of equations in words with n unknowns.

We say that the parameter is eliminable in the images of equation (1) if the
parameter ¢ is eliminable in equations (2’), (3’) for all r, P.

Theorem 1. The parameter is eliminable in images of equations in words with
three unknowns.

Theorem 1 makes it possible to restrict oneself to the consideration of a finite
number of images of equation (1). Moreover, only nonfinite images are of in-
terest, since finite images are equations with two unknowns, and for the latter
there is a decision procedure (see [1]). To solve images it is sufficient to consider
images of these images, and so on. A sequence %, ..., 2, (k > 0) of equations in
words will be called a nonfinite chain (the equation 2), if for each 1 < i <k
the equation ¥, is a nonfinite image of the equation A, ;. A sequence A, ..., 2,
(k > 1) of equations in words will be called a finite chain if

A, ..., A,_; is a nonfinitary chain, and 2, is a finitary image of the equation
A;,_1. Our method of considering equations in words consists in studying the
nonfinitary chains of these equations. More precisely, we are interested in the
question of the behavior of the equation 2, in the nonfinitary chain 2, ..., 2, as
k — oo. It turns out that, for equations with three unknowns, the equation 2,
as k grows, either assumes an increasingly special form, or else takes previously
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assumed values with a known periodicity, or there is an alternation of these
phenomena. These regularities are reflected in the following theorems.

Theorem 2. For every equation 2, with three unknowns there exists ()
such that every chain %, ...,2(; contains an equation of one of the following
forms (to shorten the notation we omit coefficients)

Ty P — 2y (a,b>0); (5)
2yz® — zayV; (6)
YD — za?y? (7)
ry?ad — zyz ¥ (a #y). (8)

Theorem 3. The decidability problem for equations of the forms (5)—(8) re-
duces to the decidability problem for equations of the following two forms:

zAy® — yBx¥  ([A%] = [B?)); (9)

rAyBz® — 2CyDx¥  ([AB?] = [CD?)), (10)

where z,y, z are unknowns; A, B,C, D are coefficients; ®, ¥ are words in the
alphabet TTU {z, y, z}.

Theorem 4. The following alternative holds: 1) equation (10) is equivalent to
the equation zAyBz — 2CyDux; 2) there exists [(®, ) such that every chain
Ay, ..., A, of equation (10) contains an equation equivalent to an equation of the
form (9).

Remark. A decision algorithm for the equation zAyBz — zCyDzx is con-
structed quite simply. (An algorithm is also constructed quite simply for anal-
ogous equations with n unknowns of the form z A, ...z, yn = z; By ...x; B,,
where A;, B; are coefficients and (i, ..., 1,,) is some permutation of the elements
1,...,mn.)

Theorem 2 is proved by a direct count of images in chains. In the proof of
Theorems 3 and 4, auxiliary considerations are used: properties of the function
F from (1), conditions for equivalence of equations, a decision algorithm for
equations with two unknowns, etc.

After Theorems 1, 2, 3, and 4, it remains to solve equation (9). The peculiarity
of equation (9) is that its transformations do not affect the unknown z. On the
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other hand, here a direct method applies: we find the general solution of the
equation zAy — yBz and substitute it into equation (9). Then we eliminate
(at least in one part of equation (9)) the prefix consisting of the unknowns z,y
that blocks access to z. Elimination of the prefix makes it possible to find a
relation between z and the formulas for x, . Analysis of this relation constitutes
the final stage in solving equation (9). Here an essential role is played by the
methods used in solving W,-systems. The corresponding theorem is formulated
in the same way as Theorem 1 from (1), with the difference that instead of
W,-systems equation (9) now appears, and instead of the unknowns x4, ..., ,,
the unknowns x, y, z appear.
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