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Consider the Cauchy problem for the equation

Ou(z,t & OFu(z,t
=Y g (1)

—xo<r<oo, t>0, n>1,
with the initial condition u(z,0) = ¢(x).

In our preceding note (1), classes of uniqueness and nonuniqueness of the solu-
tion of the Cauchy problem for (1) (and also for equations of a more general form)
were indicated in the case when the coefficients of this equation are “slowly”
growing functions as || — oo. In the present note we shall describe classes of
uniqueness and nonuniqueness of the solution of the Cauchy problem for equa-
tion (1) under conditions on the coefficients g, (x) that allow their rapid growth
as |z| — oo.

We shall assume:
a) q,(z) = a, a complex constant;

b) ¢o(x) is a real, twice continuously differentiable function satisfying the
conditions: |gy(x)| = oo as |x| — oo;

46 (@) (1 + |go ()| /") " € Ly(—o0, 00);

, 24+1/n, _
(g0 (2)]? (1 + |go(2)]) )t € Ly(—o00,0);
¢) the coefficients ¢, (z), k =1,...,n — 1, are complex-valued functions satis-

fying the conditions of “subordination” to the coefficient ¢, (z),
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g (2)] (1 + [go (@)™ F=/m) " € Ly (—o0, 00),

k=1,..,.n—1;, —oco<z<o0.

We note that condition b) does not restrict the order of growth of g,(z) as
|x| — oo. When ¢,(z) grows rapidly, the coefficients g, (x), k = 1,...,n — 2, as
condition c¢) shows, may also grow rapidly.

Let ¢ = arga, —7m < ¢ < m;

-2
n [T =20l

ifn=2m+1,
2n
sinm, if n =4m+ 2 and ¢y(z) —— +o0
n |z| =00
Ho = and if n = 4m and gy(x) —— —o0,
|z] =00
sin LM, if n =4m and ¢y(z) —— 4+
n |z| =00
and if n = 4m + 2 and ¢,(x) —— —o0.
|z|—o00
cosf, ifn=2m+1and[p| < T
n
and if n = 2m and ¢y(x) —— —o0,
|z| =00
H1 = —
cosw, ifn=2m+1and |p| > 7
n

if n = 2m and ¢y(z) —— +o0.

|z| =00

Theorem 1. Let the coefficients of equation (1) satisfy conditions a), b), c),
let go(x) — 400 (or go(x) = —o0) as |x| — oo, and

0 oo
[ e <, [Ca@rtres @)
. 0

Let a(z) > 0 be a continuous even function such that infa(z) = 0. Then the
Cauchy problem for equation (1) has a unique solution in the class of functions

{f(z,t)}

j a(x)
|DIf(x7t)| < Cfl ¥ |q0($)|(n*1*2j)/2n 29 {IU’O
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j=0,1,...,n—1; B> 0is an arbitrary (fixed) constant.

Theorem 2. Let the coefficients of equation (1) satisfy conditions a), b), c),
(2), let g{(x) not change sign for sufficiently large values of |z|; let ¢y (z) — +o0
(or gy(z) — —o0) as |x| — oo; and let the coefficients ¢, (z), k = 1,...,n — 1,
have continuous derivatives up to order k, with

lay ()] < AL+ [go ()| F+0/m), i =0,1,..., k.

Then, in the class of functions {f(z,t)}

[

for some S > 0 and any g > pq, uniqueness of the solution of the Cauchy
problem for equation (1) does not hold.

1/n

—|—ﬂt}, j=0,1,....,n—1,

Theorem 1 shows that, for p, > 0, the uniqueness classes for the solution of
the Cauchy problem for equation (1) expand as the order of growth of |g,(z)|
increases. If, however, py = 0, then Theorem 1 guarantees uniqueness of the
solution of the Cauchy problem for equation (1) only in a narrow class of func-
tions, and one that is the narrower the greater the order of growth of |g,(x)| as
|x| = oo.

Thus, for example, this class is certainly contained in L, (when a(z) — 0). In
a broader class of functions, uniqueness of the solution of the Cauchy problem
for equation (1) when p, = 0, generally speaking, does not hold, as shown by
the results of [2], where for second-order equations (n = 2; in this case p, = q)
a more exact description was obtained both of the uniqueness classes for the
solution of the Cauchy problem and of the nonuniqueness classes.

The following theorems describe uniqueness and nonuniqueness classes for the
solution of the Cauchy problem for equation (1) in cases where the coefficients
of this equation behave differently as x — 400 and as x — —o0.

Theorem 3. Let H(xz) > 0 be a function monotone for z > 0, satisfying the
condition / [H(z)]'™™ dz = 0o, and let a(z) > 0 be a continuous-

for + < 0 the function inf, _ja(x) = 0. Suppose that the coefficients g, (),
k=0,1,...,n— 1, of equation (1) satisfy the following conditions:

I. For z < 0:

1. gy(x) is a real twice continuously differentiable function; |gy(z)| — oo
as © — —oo; the functions g (2)|q(z)|"*~/™ and [¢}(x)]?|q(z)| 72"/
belong, for some x, > 0, to the space L, (—00, —z;).
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2. The coefficients g, (x) are continuous functions, and

4 (2)|qo ()| 1/ € L (=00, —xy), k=0,1,....,n—1.

0
[l de < .
—o0
II. For x > 0:

1. The coefficients g;,(z) have continuous derivatives, and

1+ |gi ()]
su () < C —A—~—
0§t£w|qk( = 1+x

9

lgp(z)] < [h(2)]"*, k=0,1,....,n—1; h(z)>0

is some function monotone for x > 0, satisfying the condition

/ " h(@) - dz = oo,

2. Rea # 0 (or otherwise one should assume that the roots Wj(x,T), j=
1,...,n, of the equation

n
qu(z)Wk =0, +ir, o, >0,
k=0

are such that the differences Re W;(x, 7) — Re Wy, (z, 7), for any [ and k and all
values of x, preserve their sign).

3. Forn=2m+1, Ima # 0.

Then the Cauchy problem for equation (1) has a unique solution in the class of
functions {f(z,t)}
D3 f(x,t)] < CpGy(w)exp Bt, j=0,1,...,n—1,

for any (fixed) 5 > 0,

exp/ H(t)dt, for > 0,
0

1/n
t
%(t) dt] , forxz <0.
a

a(z) 0
1+ |qo(z)|(m1-23)/2n €Xp | Ko |
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Theorem 4. Let H(z) > 0 be a function monotone for x > 0, satisfying the
condition

/M[H(m)}l_"dx < 00,

and let u > py. Suppose that the coefficients of equation (1) satisfy, for x < 0,
the conditions of Theorem 2, and for # > 0 the following conditions:

1. ¢(x), k=0,1,...,n — 1, have continuous derivatives up to order k, and
gy ()] < [h(z)]" %7, k=0,1,..,n—1,
r=0,1,...,k,
where h(z) > 0 is some monotone function satisfying the conditions

/ [h(x)]} " dx = oo, xzh(z) = 0(1)/0 H(t)dt.

Then the uniqueness of the solution of the Cauchy problem for equation (1) in
the class of functions

| Déf ()] < CpF () exp it

for some 8 > 0 and

exp/ H(t)dt, for z > 0,
0
= 0
i
x

The proofs of the indicated theorems are based on clarifying the question of the
existence of a nontrivial solution y(x, A), analytic in some right half-plane and
satisfying certain estimates there, of the ordinary differential equation

F(x
(2) w0

1/n
dt] , forx <O
a

does not hold.

n

Y @)y (@A) = My(a, A). 3)

k=0

Here the most essential point is the study of the asymptotics of solutions of
equation (3) on vertical lines (A = o, + i1, o7 > 0) for all values of z, —o0 <
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x < 00, and also in the right half-plane (Re A > o)) for sufficiently large values
of |z|. We note here the following two theorems.

Theorem 5. Suppose conditions a), b), ¢) are satisfied. Then equation (3) has,
for A = o, + 7 (for sufficiently large o, > 0) and 7 > 75 > 0 (or 7 < —7g), n
linearly independent solutions y;(x,7), j = 0,1,...,n — 1, such that

k/n—(n—1)/2n ..
A— qo(x)) fr— 1)/ {exp 2mijk

Dky. =
2Y; (T, 7T) < o

+ 8, )\)] exp /O W d,
(4)

n

where
1/n .
A —gqo() 2mj
Wi(x, \) = (a exp == dip(z,A) =0 as |7| = o0
uniformly with respect to z, —co <z < o0, k=0,1,...,n— 1.

Theorem 6. Suppose the coefficients of equation (3) satisfy the conditions
of the preceding theorem and ¢((z) does not change sign for sufficiently large
values of |z|. Suppose the functions p(t) and ¢(t) are defined by the relations

lgo(p()| =1, p(t) >0; lao(a(t)| =t, q(t) <O.

Then there exists a constant k& > 0 such that equation (3) has n linearly inde-
pendent solutions y,(x,\), j = 0,1,...,n — 1, for which, for = > p(k|A|) and for
x < q(Kk[A]), the asymptotic formula (4) holds, with 6, (z, A) — 0 (as Re A — o)
uniformly with respect to z in the regions x > p(k|A|) and = < g(k|\|).
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