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MATHEMATICS

F. M. KIRILLOVA, S. V. CHURAKOVA

RELATIVE CONTROLLABILITY OF LINEAR
DYNAMICAL SYSTEMS WITH DELAY
(Presented by Academician L. S. Pontryagin on 25 VIII 1966)

Stationary systems.
1. The determining equation of the control system.

Let the motion of a point 𝑥(𝑡) in an 𝑛-dimensional space 𝑋 be given by the
vector equation

̇𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑥(𝑡 − ℎ) + 𝑐𝑢(𝑡), 𝑡 ≥ 𝑡0, (1)

𝑧(𝑡0) = {𝑥(𝑡0), 𝑥(𝑠), 𝑡0 − ℎ ≤ 𝑠 < 𝑡0} =

= {𝑥0, 𝜑(𝑠), 𝑡0 − ℎ ≤ 𝑠 < 𝑡0} = 𝑧0,

where 𝐴, 𝐵 are constant matrices; 𝑐 is a constant vector; ℎ is a positive number
(the delay); 𝑢(𝑡) is the control; 𝑧0 = {𝑥0, 𝜑(𝑠)} is the initial state; 𝜑(𝑠) is a
piecewise-continuous function.

Denote by 𝑈𝑇 the class of piecewise-continuous functions 𝑢(𝑡) given on the
interval 𝐼𝑇 = [𝑡0, 𝑡0 + 𝑇 ]. The totality 𝑈1

𝑇 of functions 𝑢(𝑡) ∈ 𝑈𝑇 constrained by
the condition

max
𝑡∈𝐼𝑇

|𝑢(𝑡)| ≤ 1, (2)

will be called the set of admissible controls of (1).

To the system (1) we assign the equation
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𝑞𝑘(𝑙) = 𝐴𝑞𝑘−1(𝑙) + 𝐵𝑞𝑘−1(𝑙 − 1), (3)

𝑞1(1) = 𝑐, 𝑞𝑘(0) = 0, 𝑞0(𝑙) = 0, 𝑙 = 1, 2, … ; 𝑘 = 1, 2, … ,

which we shall call the determining equation of the control system (1). The
sequence 𝑄𝛽

𝛼, 𝑄𝛽
𝛼 = {𝑞𝑘(𝑙), 𝑙 = 1, 2, … , 𝛼; 𝑘 = 1, 2, … , 𝛽}, is the solution of

equation (3) defined on the set 1 ≤ 𝑙 ≤ 𝛼, 1 ≤ 𝑘 ≤ 𝛽.

Lemma 1. The rank of {𝑄𝛽
𝛼, 𝛼 = 1, 2, … ; 𝛽 = 1, 2, …} is equal to the rank of

{𝑄𝑛
𝛼, 𝛼 = 1, 2, …}.

Denote 𝑄𝑛
𝛼 by 𝑄𝛼. The determining equation will be called nondegenerate for a

given 𝛼 if the sequence 𝑄𝛼 has rank 𝑛. The determining equation will be called
nondegenerate if it is nondegenerate for at least one 𝛼, 𝛼 ≥ 1. We shall say that
the control system is normal (2) if the determining equation is nondegenerate
for 𝛼 = 1.

We represent the solution 𝑥𝑇 = 𝑥(𝑧0, 𝑢, 𝑡)∣𝑡=𝑡0+𝑇 of equation (1) in the form

𝑥𝑇 = 𝑐𝑇 + 𝑆𝑇 𝑢,

where

𝑐𝑇 = 𝑃𝑧0
= 𝐹(𝑡0 + 𝑇 , 𝑡0)𝑥0 + ∫

𝑡0

𝑡0−ℎ
𝐹(𝑡0 + 𝑇 , 𝜏 + ℎ)𝐵𝜑(𝜏) 𝑑𝜏,

𝑆𝑇 𝑢 = ∫
𝑡0+𝑇

𝑡0

𝐹(𝑡0 + 𝑇 , 𝜏)𝑐𝑢(𝜏) 𝑑𝜏,

𝜕𝐹(𝑡, 𝜏)/𝜕𝜏 = −𝐹(𝑡, 𝜏)𝐴 − 𝐹(𝑡, 𝜏 + ℎ)𝐵, 𝐹(𝑡, 𝑡) = 𝐸,

𝐹(𝑡, 𝜏) ≡ 0, 𝜏 > 𝑡.

2. Relative controllability. Definitions.
A state 𝑧0 is relatively controllable on 𝐼𝑇 if there exists a control 𝑢̄ ∈ 𝑈𝑇
such that 𝑥𝑇 = 𝑥(𝑧0, 𝑢̄, 𝑡0 + 𝑇 ) = 0. If every initial state 𝑧0 of system (1) is
relatively controllable on 𝐼𝑇 , then the system is relatively controllable on
𝐼𝑇 . A relatively controllable system is system (1) for which, for every state
𝑧0, there exist 𝑇 < +∞ and 𝑢 ∈ 𝑈𝑇 such that 𝑥(𝑧0, 𝑢, 𝑡0 + 𝑇 ) = 0.

Theorem 1. System (1) is relatively controllable on 𝐼𝑇 if and only if the
determining equation of the system is nondegenerate for
𝑚 = [𝑇 /ℎ] + 1.
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Corollary. In order that system (1) be relatively controllable, it is necessary
and sufficient that the determining equation be nondegenerate.

Definitions. A state 𝑧0 has an admissible control on 𝐼𝑇 if there exists
𝑢̃ ∈ 𝑈1

𝑇 such that 𝑥(𝑧0, 𝑢̃, 𝑡0 + 𝑇 ) = 0. A state 𝑧0 has an admissible control
if 𝑧0 satisfies the preceding definition for some 𝑇 , 𝑇 < +∞.

Theorem 2. The initial state 𝑧0 of system (1) has an admissible control on 𝐼𝑇
if and only if

𝛿(𝑡0, 𝑇 ) = max
‖𝑔‖≤1

[(𝑔, 𝑐𝑇 ) − ‖𝑆∗
𝑇 𝑔‖] = (𝑔0

𝑇 , 𝑐𝑇 ) − ‖𝑆∗
𝑇 𝑔0

𝑇 ‖ ≤ 0,

𝑔 ∈ 𝑋∗, ‖𝑔‖2 = ∑ 𝑔2
𝑖 .

Theorem 3. If system (1) is relatively controllable on 𝐼𝑇 , then there exists
𝜀 > 0 such that every initial state from the set ‖𝑧0‖ ≤ 𝜀 has an admissible
control on 𝐼𝑇 .

Remark 1. 𝜀 = 𝜀(𝑡0) = 𝜇/𝜆, 𝜆 = max𝑧 ‖𝑃𝑧‖/‖𝑧‖, 𝜇 = min𝑔 ‖𝑆∗
𝑇 𝑔‖/‖𝑔‖.

Corollary. If system (1) is relatively controllable, then there exists an 𝜀-
neighborhood of the zero state, each point of which has, for at least one 𝜏, 𝜏 ≤
𝑛ℎ, an admissible control on 𝐼𝑇 with 𝑇 ≥ 𝜏 .

3. Existence of an optimal control.
We shall call the number 𝑇 0 the optimal time for 𝑧0 if

𝑇 0 = inf
𝑢∈𝑈′

𝑇
{𝑇 ∶ 𝑥(𝑧0, 𝑢, 𝑇 ) = 0}.

The control 𝑢0 corresponding to 𝑇 0 will be called optimal.

Lemma 2. The function 𝛿(𝑡0, 𝑇 ) is continuous in 𝑇 (cf. (3)).

Theorem 4. If the state 𝑧0 has an admissible control, then there also exists an
optimal control for 𝑧0. The optimal time 𝑇 0 is equal to the smallest root of the
equation 𝛿(𝑡0, 𝑇 ) = 0. The optimal control 𝑢0 satisfies the condition

(𝑆∗
𝑇 0𝑔0

𝑇 0 , 𝑢0) = min
𝑢∈𝑈′

𝑇0
(𝑆∗

𝑇 0𝑔0
𝑇 0 , 𝑢).

Remark 2. If 𝑈1
𝑇 is specified by means of (2), then

𝑢0(𝑡) = − sign 𝜓(𝑡), (4)

where 𝜓(𝑡) is a solution of the equation
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𝑛
∑
𝑖=0

𝑖
∑
𝑗=0

𝑝𝑖𝑗𝜓(𝑛−𝑖)(𝜏 + 𝑗ℎ) = 0, 𝜏 ∈ 𝐼𝑇 , 𝜓(𝑘)(𝑠) ≡ 0,

𝑠 > 𝑡0 + 𝑇 , 𝑘 = 0, 1, … , 𝑛 − 1.

Theorem 5. If the relatively controllable system (1) is asymptotically stable
for 𝑢 ≡ 0, then for every initial state 𝑧0 of system (1) there exists an optimal
control.

4. Uniqueness of the optimal control.

Theorem 6. If the defining equation of system (1) is nondegenerate for a given
𝑚, then for every 𝑧0 the optimal control is uniquely determined by virtue of (4)
at least on the interval [𝑡0, 𝑡0 + 𝑇 0 − (𝑚 − 1)ℎ], 𝑇 0 ≥ 𝑚ℎ.

Theorem 7. The optimal control for every state 𝑧0 of a normal system (1) is
unique.

5. On the correctness of the formulation of the time-optimal control
problem. We shall say that the time-optimal control problem for (1) is formu-
lated relatively correctly if the time 𝑇 0 depends continuously on the initial
vector 𝑥0

(𝑇 0(𝑥𝑘
0, 𝜑(𝑠)) → 𝑇 0(𝑥0, 𝜑(𝑠)) as ‖𝑥𝑘

0 − 𝑥0‖ → 0).

The optimal control problem is formulated correctly if 𝑇 0 depends continuously
on the initial state 𝑧0 (𝑇 0(𝑧𝑘

0) → 𝑇 0(𝑧0) as ‖𝑧𝑘
0 − 𝑧0‖ → 0).

Theorem 8. If system (1) is normal and 𝐵𝜑(𝑠) ≡ 𝛽(𝑠)𝑐, 𝑡0 − ℎ ≤ 𝑠 ≤ 𝑡0,
|𝛽(𝑠)| ≤ 1, then the time-optimal control problem for (1) is formulated relatively
correctly.

Theorem 9. The time-optimal control problem in the normal system (1) is
formulated correctly.

6. On concepts connected with controllability. Following known works,
one may introduce the notions of (relative) observability, control invariance,
observation invariance, control autonomy, and observation autonomy in system
(1). It is not difficult to determine the conditions under which the system pos-
sesses one or another of the listed properties. Since the technique for obtaining
such conditions is standard, in the present note these conditions are omitted.

Nonstationary systems.

7. Constant delay. Let the motion of the point 𝑥(𝑡) in 𝑋 be defined by the
equation

̇𝑥(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐵(𝑡)𝑥(𝑡 − ℎ) + 𝑐(𝑡)𝑢(𝑡), 𝑡 ∈ 𝐼𝑇 , (5)
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where the elements of the matrices 𝐴(𝑡), 𝐵(𝑡), and of the vector 𝑐(𝑡) are defined
and continuous on 𝐼𝑇 together with 𝑛 − 1 derivatives.

The defining equation for (5) has the form

𝑞𝑘(𝑙, 𝑡) = 𝐴(𝑡)𝑞𝑘−1(𝑙, 𝑡) + 𝐵(𝑡)𝑞𝑘−1(𝑙 − 1, 𝑡 − ℎ) − ̇𝑞𝑘−1(𝑙, 𝑡), (6)

𝑞1(1, 𝑡) ≡ 𝑐(𝑡), 𝑞0(𝑙, 𝑡) ≡ 0, 𝑞𝑘(0, 𝑡) ≡ 0,

𝑙 = 1, 2, … ; 𝑘 = 1, 2, … ; 𝑡 ∈ 𝐼𝑇 .

Equation (6) will be called nondegenerate on 𝐼𝑇 for a given 𝑚, if the se-
quence 𝑄𝑚(𝑇 ), 𝑄𝑚(𝑇 ) = {𝑞𝑘(𝑙, 𝑇 ), 𝑘 = 1, 2, … , 𝑛; 𝑙 = 1, 2, … , 𝑚}, has rank
𝑛.

The function 𝐹(𝑡, 𝜏), which determines 𝑐𝑇 and 𝑆𝑇 𝑢 (see item 1), satisfies the
equation

𝜕𝐹(𝑡, 𝜏)
𝜕𝜏 = −𝐹(𝑡, 𝜏)𝐴(𝜏) − 𝐹(𝑡, 𝜏 + ℎ)𝐵(𝜏 + ℎ), 𝐹(𝑡, 𝑡) = 𝐸,

𝐹(𝑡, 𝜏) ≡ 0, 𝜏 > 𝑡,

𝑐𝑇 = 𝑃𝑧0 = 𝐹(𝑡0 + 𝑇 , 𝑡0)𝑥0 + ∫
𝑡0

𝑡0−ℎ
𝐹(𝑡0 + 𝑇 , 𝜏 + ℎ)𝐵(𝜏 + ℎ)𝜑(𝜏) 𝑑𝜏,

𝑆𝑇 𝑢 = ∫
𝑡0+𝑇

𝑡0

𝐹(𝑡0 + 𝑇 , 𝜏)𝑐(𝜏)𝑢(𝜏) 𝑑𝜏.

Theorems 1 (sufficiency), 2, 3, 4 carry over to system (5) without change. In
Theorem 5 one must introduce the additional condition

inf
𝑡0≥0

𝜀(𝑡0) ≥ 𝛾 > 0.

8. Variable delay. The results of item 7, taking into account the remarks
below, carry over to the system

̇𝑥(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐵(𝑡)𝑥(𝑡 − ℎ(𝑡)) + 𝑐(𝑡)𝑢(𝑡), 𝑡 ∈ 𝐼𝑇 . (7)

Here the scalar function ℎ(𝑡), ℎ(𝑡) > 0, is continuously differentiable on 𝐼𝑇 ;
𝑣 = 𝑡 − ℎ(𝑡) increases monotonically on 𝐼𝑇 .
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Let 𝑡 = 𝑟(𝑣) be the inverse function for 𝑣. To equation (7) there corresponds
the defining equation

𝑞𝑘(𝑙, 𝑟(𝑡)) = [𝐴(𝑟(𝑡))𝑞𝑘−1(𝑙, 𝑟(𝑡)) + 𝐵(𝑟(𝑡))𝑞𝑘−1(𝑙 − 1, 𝑡) − 𝑑𝑞𝑘−1(𝑙, 𝑠)
𝑑𝑠 ∣

𝑠=𝑟(𝑡)
] 𝑑𝑟(𝑡)

𝑑𝑟 ,

(8)

𝑞1(1, 𝑡) ≡ 𝑐(𝑡), 𝑞0(𝑙, 𝑡) ≡ 0, 𝑞𝑘(0, 𝑡) ≡ 0, 𝑙 = 1, 2, … ; 𝑘 = 1, 2, … , 𝑡 ∈ 𝐼𝑇 .

The quantities 𝑐𝑇 , 𝑆𝑇 𝑢 for equation (7) are determined by the formulas

𝑐𝑇 = 𝑃𝑧0 = 𝐹(𝑡0 + 𝑇 , 𝑡0)𝑥0 + ∫
𝑡0

𝑡0−ℎ
𝐹(𝑡0 + 𝑇 , 𝑟(𝜏))𝐵(𝑟(𝜏))𝜑(𝜏)𝑑𝑟(𝜏)

𝑑𝜏 𝑑𝜏,

𝑆𝑇 𝑢 = ∫
𝑡0+𝑇

𝑡0

𝐹(𝑡0 + 𝑇 , 𝜏)𝑐(𝜏)𝑢(𝜏) 𝑑𝜏,

where

𝜕𝐹(𝑡, 𝜏)
𝜕𝜏 = −𝐹(𝑡, 𝜏)𝐴(𝜏) − 𝐹(𝑡, 𝑟(𝜏))𝐵(𝑟(𝜏))𝑑𝑟(𝜏)

𝑑𝜏 , 𝐹 (𝑡, 𝑡) = 𝐸,

𝐹(𝑡, 𝜏) ≡ 0, 𝜏 > 𝑡.

Remark 3. Above, the time-optimal problem under constraints (2) was con-
sidered. The generalization of the results obtained to other problems with con-
straints different from (2) is carried out according to known schemes (3,5 ).
Ural Polytechnic Institute
named after S. M. Kirov
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