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Stationary systems.
1. The determining equation of the control system.

Let the motion of a point z(¢) in an n-dimensional space X be given by the
vector equation

#(t) = Az(t) + Ba(t — h) +cu(t),  t>t,, (1)

2(ty) = {z(ty), #(s), tg —h < s <ty} =

= {I’07 @(5)7 tO —h <s< tO} = 205

where A, B are constant matrices; ¢ is a constant vector; h is a positive number
(the delay); u(t) is the control; z, = {z,,(s)} is the initial state; (s) is a
piecewise-continuous function.

Denote by Uy the class of piecewise-continuous functions wu(t) given on the
interval I = [to,t, +T]. The totality Uk of functions u(t) € Uy constrained by
the condition

max u(t)] < 1, (2)
tel,

will be called the set of admissible controls of (1).

To the system (1) we assign the equation
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0, (1) = Agy_1 (1) + Bgy_1 (1 = 1), (3)

¢:(1) =g, q,(0) =0, q(1) =0, l=12,...; k=1,2,..,

which we shall call the determining equation of the control system (1). The
sequence Q2 Q8 = {q,(),1 = 1,2,...,a; k = 1,2,..., 8}, is the solution of
equation (3) defined on the set 1 <l <a, 1<k <pg.

Lemma 1. The rank of {Q?, a =1,2,...; 3=1,2,...} is equal to the rank of
{QF, a=1,2,...}.

a?

Denote Q7 by @,. The determining equation will be called nondegenerate for a
given « if the sequence @), has rank n. The determining equation will be called
nondegenerate if it is nondegenerate for at least one o, o > 1. We shall say that
the control system is normal (2) if the determining equation is nondegenerate
for a = 1.

We represent the solution z, = z(zg, u, t)] of equation (1) in the form

t=to+T

rp = cp + Sy,

where

to
cp =P, =F(ty +T,t))zo + / F(ty+T,7+ h)Byp(r)dT,
to—h

0

to+T
Stru = / F(ty+T,7)cu(r)dr,
t

0

OF(t,7)/0r = —F(t,1)A— F(t,r + h)B,  F(t,t) = E,

F(t,7) =0, T >t

2. Relative controllability. Definitions.

A state z; is relatively controllable on I if there exists a control u € Up
such that z; = x(zy,u,ty + T) = 0. If every initial state z, of system (1) is
relatively controllable on I, then the system is relatively controllable on
I,. A relatively controllable system is system (1) for which, for every state
2y, there exist T' < 400 and v € Uy such that z(zy,u,ty + 1) = 0.

Theorem 1. System (1) is relatively controllable on I if and only if the
determining equation of the system is nondegenerate for
m = [T/h] + 1.
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Corollary. In order that system (1) be relatively controllable, it is necessary
and sufficient that the determining equation be nondegenerate.

Definitions. A state z, has an admissible control on I if there exists
@ € U} such that (2, %,t, +7T) = 0. A state z, has an admissible control
if z, satisfies the preceding definition for some T', T' < +o00.

Theorem 2. The initial state z, of system (1) has an admissible control on I
if and only if

o(ty, T) = ﬁ%[(g»%) —1S79l] = (9%, ex) — IS7g7] <0,

geEX ,  yI*=>_ g

Theorem 3. If system (1) is relatively controllable on I, then there exists
€ > 0 such that every initial state from the set |z,] < e has an admissible
control on I.

Remark 1. £ = e(ty) = p/A, A = max. |Pz]/|z], u = min, [S;gl/lg].

Corollary. If system (1) is relatively controllable, then there exists an e-
neighborhood of the zero state, each point of which has, for at least one 7, 7 <
nh, an admissible control on I with T' > 7.

3. Existence of an optimal control.
We shall call the number T° the optimal time for z, if

T° = inf {T:2(z%u,T) = 0}.

uelU},

The control u° corresponding to T° will be called optimal.
Lemma 2. The function §(¢,,T") is continuous in 7' (cf. (3)).

Theorem 4. If the state z; has an admissible control, then there also exists an
optimal control for z,. The optimal time 7 is equal to the smallest root of the
equation 6(ty,T) = 0. The optimal control u° satisfies the condition

(Shogio,u’) = min (S0 g0, ).
'u,EUT0

Remark 2. If U} is specified by means of (2), then

u®(t) = —signy(t), (4)

where t(t) is a solution of the equation
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Z Zpuw(ni” (T +.]h’) = 03 TE IT7 ’l/)<k) (S) = Oa

i=0 j=0

s>ty + T, k=0,1,....,n—1.

Theorem 5. If the relatively controllable system (1) is asymptotically stable
for u = 0, then for every initial state z, of system (1) there exists an optimal
control.

4. Uniqueness of the optimal control.

Theorem 6. If the defining equation of system (1) is nondegenerate for a given
m, then for every z, the optimal control is uniquely determined by virtue of (4)
at least on the interval [ty,t, + T° — (m — 1)h], T° > mh.

Theorem 7. The optimal control for every state z, of a normal system (1) is
unique.

5. On the correctness of the formulation of the time-optimal control
problem. We shall say that the time-optimal control problem for (1) is formu-
lated relatively correctly if the time 7° depends continuously on the initial
vector x

(T(xf, ¢(s)) = T°(2°, (5))  as [af — x| — 0).

The optimal control problem is formulated correctly if T° depends continuously
on the initial state z, (T°(25) — T9(2y) as |25 — z,| — 0).

Theorem 8. If system (1) is normal and By(s) = B(s)e, t; —h < s < tg,
|B(s)] < 1, then the time-optimal control problem for (1) is formulated relatively
correctly.

Theorem 9. The time-optimal control problem in the normal system (1) is
formulated correctly.

6. On concepts connected with controllability. Following known works,
one may introduce the notions of (relative) observability, control invariance,
observation invariance, control autonomy, and observation autonomy in system
(1). It is not difficult to determine the conditions under which the system pos-
sesses one or another of the listed properties. Since the technique for obtaining
such conditions is standard, in the present note these conditions are omitted.

Nonstationary systems.

7. Constant delay. Let the motion of the point z(¢) in X be defined by the
equation

#(t) = A()x(t) + B(t)z(t — h) + c(t)ult),  te L, (5)
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where the elements of the matrices A(t), B(t), and of the vector ¢(t) are defined
and continuous on I together with n — 1 derivatives.

The defining equation for (5) has the form

4(Lt) = At) g1 (Lt) + B(t) gy (I = 1, = h) — ¢ (1, 1), (6)
QI(Lt) = C(t>’ QO(l7t) = Oa qk<0?t> = 07

1=1,2,...; k=1,2,...; telr.

Equation (6) will be called nondegenerate on I for a given m, if the se-
quence Q,.(T), Q,.(T) = {q.(1,T), k =1,2,....,n; | = 1,2,...,m}, has rank
n.

The function F(t,7), which determines ¢, and Sy, (see item 1), satisfies the
equation

DF(t,7)

S = —F(LT)A() = Ft,7 +WB(r +h),  F(t,t) = B,

F(t,7) =0, T >,
to
¢p = Pzy=F(ty +T,ty)xy + / F(ty+T,74 h)B(T + h)o(T)dT,
to—h

to+T
Sty = / F(ty+T,7)c(r)u(t)dr.
t

0

Theorems 1 (sufficiency), 2, 3, 4 carry over to system (5) without change. In
Theorem 5 one must introduce the additional condition

i > .
ttgfo e(ty) =v>0

8. Variable delay. The results of item 7, taking into account the remarks
below, carry over to the system

&(t) = A(t)x(t) + B(t)z(t — h(t)) + c(t)u(t), telr. (7)

Here the scalar function h(t), h(t) > 0, is continuously differentiable on I;
v =t — h(t) increases monotonically on I.
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Let t = r(v) be the inverse function for v. To equation (7) there corresponds
the defining equation

aulr (1) = | A O 1 (1 r(0) + Blr) gy —1,0) — e=rl2) ]d;f)
s=r(t)

¢ (1,t) =c(t), ql,t)=0, ¢(0,t)=0, 1=1,2,...; k=1,2,..., t € Ip.

The quantities ¢y, Sp,, for equation (7) are determined by the formulas

ep = Pzy=F(ty +T,ty)x, + / ’ F(ty+T,r(1))B(r(r))e(T) d:l(:) dr,
to—h
to+T
Sra= [ Fltg+ Toelru(r)dr.
where
% — _F(t,1)A(r) — F(t, T(T))B(r(r))d;@, F(t,t) = E,

F(t,7) =0, T>t

Remark 3. Above, the time-optimal problem under constraints (2) was con-
sidered. The generalization of the results obtained to other problems with con-
straints different from (2) is carried out according to known schemes (3,%).
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