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The Engel theorem for finite-dimensional Lie algebras is well known; it estab-
lishes the nilpotency of a Lie algebra L under the condition that each of the
operators adx, x € L, is nilpotent. Here the nilpotency indices of the operators
adzx are, of course, bounded by the dimension of the algebra L. As Zorn showed
(see (1)), Engel’ s theorem remains valid also in the case when the nilpotency
indices of the operators adx are not assumed to be bounded collectively, while
the finite-dimensionality condition on L is replaced by the maximality condition
for subalgebras. Let us also note Kostrikin’ s remarkable theorem on the local
nilpotency of Lie algebras satisfying the n-th Engel condition (2) In a paper
of A. 1. Mal' cev (3) the class of binary Lie algebras was defined, as well as
the class of M L-algebras, in a certain sense intermediate between Lie algebras
and binary Lie algebras; subsequently M L-algebras came to be called Mal’ cev
algebras (). For finite-dimensional Mal' cev algebras an analogue of Engel’ s
theorem turns out to be valid (°); we shall show that Engel’ s theorem in Zorn’
s formulation extends also to the broader class of binary Lie algebras.

Let A be a binary Lie algebra. Setting, for arbitrary z,y,z € A,

J(z,y,2) = (zy)z + (y2)z + (22)y,

we obtain that in A the identities

22 =0,
_ (1)
J(zy,y,x) =0,
hold, or, taking (1) into account,
[(zy)yle + [(yz)2ly = 0. (2)

For convenience of notation, in expressions of the form {[(a;a5)as] ...}a;, (a; € A)
we shall omit parentheses. Replacing y in (2) by y + 2z, we obtain the identity
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TYzT + T2YT + Yyrrz + zrry = 0. (3)

Replacing « in (3) by = + ¢, we also obtain

xyzt + xzyt + yatz + zaty + tyza + tzyx + ytez + ztxy = 0. (4)

To each element = € A there corresponds the operator of right multiplication
R, : a — ax, which is an endomorphism of the additive group A (in the case
of Lie algebras this operator is denoted by adz). The operators R, (x € A),
with respect to the usual operations of addition, multiplication, and multiplica-
tion by scalars, generate an associative algebra A, called the algebra of right
multiplications of the algebra A. If B is a subalgebra in A, then by B we
denote the subalgebra in A generated by all operators of the form R, x € B.
Relations (3), (4) mean that in A relations of the form

Ryp o =R2R, + R, R, — Ry, (3")

RzRny = R.’L’RZRy - RwRyRZ + RszRy + RyuLRz + Rysz - RyLZ - Ryzx, (4’)

One says that an algebra A satisfies Engel’ s condition if, for every z € A,
the operator R, is nilpotent.

Theorem. If a binary Lie algebra A satisfies Engel s condition and the maxi-
mality condition for subalgebras, then the algebra A is nilpotent.

Proof. The assertion that the algebra A is nilpotent is obviously equivalent to
the assertion that the algebra A is nilpotent. Suppose that the algebra A, and
consequently the algebra A, is not nilpotent. Consider the set o of subalgebras
B C A for which the algebra B is nilpotent. The set ¢ is nonempty, since, for
example, every one-dimensional subalgebra of the algebra A belongs to o. Let
B be a maximal element of ¢, and let n be the index of nilpotency of B. We
shall show that in A \ B there exists an element s such that

(x) sbe B forevery b€ B.

Indeed, take an arbitrary element s, € A\B. If s = s, does not satisfy condition
(%), then there exists an element b, € B such that s; = syb; € A\ B. Repeating
this reasoning, we obtain a sequence of elements s, (s, = s,_1b;) such that
s, € A\ B. This process must terminate at some step, since s, = s3b,b5...b,, =
soRyp, r, =0 € B. Denote by C the algebra B+ (s), B C C C A, and prove

that the algebra C is nilpotent. The resulting contradiction to the maximality
of the subalgebra B proves the theorem.
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Let {¢;¢y...c,) denote a product of the elements ¢, ¢, ..., ¢, € C with an arbi-
trary placement of parentheses, and let C? be the subalgebra in C' generated by
all possible elements of the form (cqc,...c,), ¢; € C. We shall call the degree
of an element ¢ € C' the maximal number ¢ such that ¢ € C? (in the case where
this number exists). Denote this number by v(c). If

o0
cE ﬂ Cct,
=1
then set v(c) = co. Suppose some element R € C' is written in the form

R=R,R, ..R, (c,€C).

c17 ey (9

Then put v(R) = Zle v(c;). The number v(R) will also be called the degree
of R. If R = 0, then we agree to take v(R) = co. We note that here the degree
is assigned essentially not to the element R € C' itself, but to its written form.

Lemma 1. Let each of the elements ¢; (1 <i <k, k> 1) either belong to B or
be equal to s. Then the expression R = R, ...R. can be represented as a linear
combination of analogous expressions R;, with v(R;) > v(R) for every j, and
R; contains in its writing no subwords of the form RzRyRS and RzRyRs, where
Yy, 2 € B.

For the proof, relations (3"), (4") and induction on the number g(R) are used,
where

Lemma 2. Let ¢ = ¢i¢q...c,, (m > 1), where each of the elements c; either
belongs to B or is equal to s; ¢, € B. Then for every k > 1 there exists a number
N (k) such that, for all m > N(k), the element ¢ is representable as a linear
combination of analogous expressions (possibly of smaller length) in which the
first k factors belong to B, and the first factor contains c,. If r is the nilpotency
exponent of the operator R, then one may take

N(k) = (251 —1)r + 1.

For k = 1,2 the lemma is obvious. Suppose the lemma has already been proved
for k — 1; then the element ¢ is considered for m > 2N(k — 1) + r — 1, and
the induction step is carried out with the help of Lemma 1. Setting N(1) = 1,
N(k) =2N(k—1)+r—1, we obtain N(k) = (2*"! —1)r + 1. From Lemma 2 it
follows, obviously, that the algebra C' is nilpotent; using Lemma 1, we conclude
from this that the algebra C is also nilpotent. The theorem is proved.
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Remark 1. The proof of the theorem remains valid also for arbitrary binary Lie
rings satisfying the Engel condition and the maximality condition for subrings.

Remark 2. The scheme of the proof of Engel’ s theorem proposed in the
present paper also applies to some other classes of anticommutative algebras
with fourth-degree identities, for example, to algebras defined by the identities

xyzt —xytz — ztxy + zt yx + y(zy)(tz) = 0,

where 7 is an arbitrary scalar.
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