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MATHEMATICS

E. N. KUZ’MIN

ENGEL’S THEOREM FOR BINARY LIE AL-
GEBRAS
(Presented by Academician A. I. Mal’cev on 10 XII 1966)

The Engel theorem for finite-dimensional Lie algebras is well known; it estab-
lishes the nilpotency of a Lie algebra 𝐿 under the condition that each of the
operators 𝑎𝑑𝑥, 𝑥 ∈ 𝐿, is nilpotent. Here the nilpotency indices of the operators
𝑎𝑑𝑥 are, of course, bounded by the dimension of the algebra 𝐿. As Zorn showed
(see (1)), Engel’s theorem remains valid also in the case when the nilpotency
indices of the operators 𝑎𝑑𝑥 are not assumed to be bounded collectively, while
the finite-dimensionality condition on 𝐿 is replaced by the maximality condition
for subalgebras. Let us also note Kostrikin’s remarkable theorem on the local
nilpotency of Lie algebras satisfying the 𝑛-th Engel condition (2). In a paper
of A. I. Mal’cev (3) the class of binary Lie algebras was defined, as well as
the class of 𝑀𝐿-algebras, in a certain sense intermediate between Lie algebras
and binary Lie algebras; subsequently 𝑀𝐿-algebras came to be called Mal’cev
algebras (4). For finite-dimensional Mal’cev algebras an analogue of Engel’s
theorem turns out to be valid (5); we shall show that Engel’s theorem in Zorn’
s formulation extends also to the broader class of binary Lie algebras.

Let 𝐴 be a binary Lie algebra. Setting, for arbitrary 𝑥, 𝑦, 𝑧 ∈ 𝐴,

𝐽(𝑥, 𝑦, 𝑧) = (𝑥𝑦)𝑧 + (𝑦𝑧)𝑥 + (𝑧𝑥)𝑦,

we obtain that in 𝐴 the identities

𝑥2 = 0,
𝐽(𝑥𝑦, 𝑦, 𝑥) = 0, (1)

hold, or, taking (1) into account,

[(𝑥𝑦)𝑦]𝑥 + [(𝑦𝑥)𝑥]𝑦 = 0. (2)

For convenience of notation, in expressions of the form {[(𝑎1𝑎2)𝑎3] …}𝑎𝑘 (𝑎𝑖 ∈ 𝐴)
we shall omit parentheses. Replacing 𝑦 in (2) by 𝑦 + 𝑧, we obtain the identity
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𝑥𝑦𝑧𝑥 + 𝑥𝑧𝑦𝑥 + 𝑦𝑥𝑥𝑧 + 𝑧𝑥𝑥𝑦 = 0. (3)

Replacing 𝑥 in (3) by 𝑥 + 𝑡, we also obtain

𝑥𝑦𝑧𝑡 + 𝑥𝑧𝑦𝑡 + 𝑦𝑥𝑡𝑧 + 𝑧𝑥𝑡𝑦 + 𝑡𝑦𝑧𝑥 + 𝑡𝑧𝑦𝑥 + 𝑦𝑡𝑥𝑧 + 𝑧𝑡𝑥𝑦 = 0. (4)

To each element 𝑥 ∈ 𝐴 there corresponds the operator of right multiplication
𝑅𝑥 ∶ 𝑎 → 𝑎𝑥, which is an endomorphism of the additive group 𝐴 (in the case
of Lie algebras this operator is denoted by 𝑎𝑑𝑥). The operators 𝑅𝑥 (𝑥 ∈ 𝐴),
with respect to the usual operations of addition, multiplication, and multiplica-
tion by scalars, generate an associative algebra ̄𝐴, called the algebra of right
multiplications of the algebra 𝐴. If 𝐵 is a subalgebra in 𝐴, then by 𝐵̄ we
denote the subalgebra in ̄𝐴 generated by all operators of the form 𝑅𝑥, 𝑥 ∈ 𝐵.
Relations (3), (4) mean that in ̄𝐴 relations of the form

𝑅𝑥𝑅𝑦𝑅
𝑥 = 𝑅2

𝑥𝑅𝑦 + 𝑅𝑦𝑥𝑅𝑥 − 𝑅𝑦𝑥𝑥, (3’)

𝑅𝑧𝑅𝑦𝑅
𝑥 = 𝑅𝑥𝑅𝑧𝑅

𝑦 − 𝑅𝑥𝑅𝑦𝑅
𝑧 + 𝑅𝑧𝑅𝑥𝑅

𝑦 + 𝑅𝑦𝑥𝑅𝑧 + 𝑅𝑦𝑧𝑅𝑥 − 𝑅𝑦𝑥𝑧 − 𝑅𝑦𝑧𝑥. (4’)

One says that an algebra 𝐴 satisfies Engel’s condition if, for every 𝑥 ∈ 𝐴,
the operator 𝑅𝑥 is nilpotent.

Theorem. If a binary Lie algebra 𝐴 satisfies Engel’s condition and the maxi-
mality condition for subalgebras, then the algebra 𝐴 is nilpotent.

Proof. The assertion that the algebra 𝐴 is nilpotent is obviously equivalent to
the assertion that the algebra ̄𝐴 is nilpotent. Suppose that the algebra 𝐴, and
consequently the algebra ̄𝐴, is not nilpotent. Consider the set 𝜎 of subalgebras
𝐵 ⊆ 𝐴 for which the algebra 𝐵̄ is nilpotent. The set 𝜎 is nonempty, since, for
example, every one-dimensional subalgebra of the algebra 𝐴 belongs to 𝜎. Let
𝐵 be a maximal element of 𝜎, and let 𝑛 be the index of nilpotency of 𝐵̄. We
shall show that in 𝐴 ∖ 𝐵 there exists an element 𝑠 such that

(∗) 𝑠𝑏 ∈ 𝐵 for every 𝑏 ∈ 𝐵.

Indeed, take an arbitrary element 𝑠0 ∈ 𝐴∖𝐵. If 𝑠 = 𝑠0 does not satisfy condition
(∗), then there exists an element 𝑏1 ∈ 𝐵 such that 𝑠1 = 𝑠0𝑏1 ∈ 𝐴∖𝐵. Repeating
this reasoning, we obtain a sequence of elements 𝑠𝑘 (𝑠𝑘 = 𝑠𝑘−1𝑏𝑘) such that
𝑠𝑘 ∈ 𝐴∖𝐵. This process must terminate at some step, since 𝑠𝑛 = 𝑠0𝑏1𝑏2 … 𝑏𝑛 =
𝑠0𝑅𝑏1𝑏2…𝑅𝑏𝑛

= 0 ∈ 𝐵. Denote by 𝐶 the algebra 𝐵 + (𝑠), 𝐵 ⊂ 𝐶 ⊆ 𝐴, and prove
that the algebra ̄𝐶 is nilpotent. The resulting contradiction to the maximality
of the subalgebra 𝐵 proves the theorem.
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Let ⟨𝑐1𝑐2 … 𝑐𝑡⟩ denote a product of the elements 𝑐1, 𝑐2, … , 𝑐𝑡 ∈ 𝐶 with an arbi-
trary placement of parentheses, and let 𝐶𝑡 be the subalgebra in 𝐶 generated by
all possible elements of the form ⟨𝑐1𝑐2 … 𝑐𝑡⟩, 𝑐𝑖 ∈ 𝐶. We shall call the degree
of an element 𝑐 ∈ 𝐶 the maximal number 𝑡 such that 𝑐 ∈ 𝐶𝑡 (in the case where
this number exists). Denote this number by 𝜈(𝑐). If

𝑐 ∈
∞
⋂
𝑡=1

𝐶𝑡,

then set 𝜈(𝑐) = ∞. Suppose some element 𝑅 ∈ ̄𝐶 is written in the form

𝑅 = 𝑅𝑐1
𝑅𝑐2

… 𝑅𝑐𝑘
(𝑐𝑖 ∈ 𝐶).

Then put 𝜈(𝑅) = ∑𝑘
𝑖=1 𝜈(𝑐𝑖). The number 𝜈(𝑅) will also be called the degree

of 𝑅. If 𝑅 = 0, then we agree to take 𝜈(𝑅) = ∞. We note that here the degree
is assigned essentially not to the element 𝑅 ∈ ̄𝐶 itself, but to its written form.

Lemma 1. Let each of the elements 𝑐𝑖 (1 ≤ 𝑖 ≤ 𝑘, 𝑘 ≥ 1) either belong to 𝐵 or
be equal to 𝑠. Then the expression 𝑅 = 𝑅𝑐1

… 𝑅𝑐𝑘
can be represented as a linear

combination of analogous expressions 𝑅𝑗, with 𝜈(𝑅𝑗) ≥ 𝜈(𝑅) for every 𝑗, and
𝑅𝑗 contains in its writing no subwords of the form 𝑅𝑧𝑅𝑦𝑅

𝑠 and 𝑅𝑧𝑅𝑦𝑅
𝑠, where

𝑦, 𝑧 ∈ 𝐵.

For the proof, relations (3′), (4′) and induction on the number 𝑔(𝑅) are used,
where

𝑔(𝑅) = 𝑘 +
𝑘

∑
𝑖=1

𝑝(𝑐𝑖), 𝑝(𝑐𝑖) = {𝑖, 𝑐𝑖 = 𝑠;
0, 𝑐𝑖 ∈ 𝐵.

Lemma 2. Let 𝑐 = 𝑐1𝑐2 … 𝑐𝑚 (𝑚 ≥ 1), where each of the elements 𝑐𝑖 either
belongs to 𝐵 or is equal to 𝑠; 𝑐1 ∈ 𝐵. Then for every 𝑘 ≥ 1 there exists a number
𝑁(𝑘) such that, for all 𝑚 ≥ 𝑁(𝑘), the element 𝑐 is representable as a linear
combination of analogous expressions (possibly of smaller length) in which the
first 𝑘 factors belong to 𝐵, and the first factor contains 𝑐1. If 𝑟 is the nilpotency
exponent of the operator 𝑅𝑠, then one may take

𝑁(𝑘) = (2𝑘−1 − 1)𝑟 + 1.

For 𝑘 = 1, 2 the lemma is obvious. Suppose the lemma has already been proved
for 𝑘 − 1; then the element 𝑐 is considered for 𝑚 ≥ 2𝑁(𝑘 − 1) + 𝑟 − 1, and
the induction step is carried out with the help of Lemma 1. Setting 𝑁(1) = 1,
𝑁(𝑘) = 2𝑁(𝑘 − 1) + 𝑟 − 1, we obtain 𝑁(𝑘) = (2𝑘−1 − 1)𝑟 + 1. From Lemma 2 it
follows, obviously, that the algebra 𝐶 is nilpotent; using Lemma 1, we conclude
from this that the algebra ̄𝐶 is also nilpotent. The theorem is proved.
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Remark 1. The proof of the theorem remains valid also for arbitrary binary Lie
rings satisfying the Engel condition and the maximality condition for subrings.

Remark 2. The scheme of the proof of Engel’s theorem proposed in the
present paper also applies to some other classes of anticommutative algebras
with fourth-degree identities, for example, to algebras defined by the identities

𝑥2 = 0,

𝑥𝑦𝑧𝑡 − 𝑥𝑦 𝑡𝑧 − 𝑧𝑡 𝑥𝑦 + 𝑧𝑡 𝑦𝑥 + 𝛾(𝑥𝑦)(𝑡𝑧) = 0,

where 𝛾 is an arbitrary scalar.

Institute of Mathematics
Siberian Branch of the Academy of Sciences of the USSR

Received
29 XII 1966

REFERENCES
1 P. J. Higgins, Proc. Cambridge Phil. Soc., 50, No. 1, 8 (1954).
2 A. I. Kostrikin, DAN, 119, No. 6, 1081 (1958).
3 A. I. Mal’tsev, Matem. sborn., 36 (78), No. 3, 569 (1955).
4 A. A. Sagle, Trans. Am. Math. Soc., 101, No. 3, 426 (1961).
5 K. A. Zhevlakov, Algebra i logika, Seminar, 4, No. 5, 67 (1965).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196701.84325 Machine Translation

https://sovietrxiv.org/items/ru-196701.84325

	Abstract
	Full Text
	ENGEL’S THEOREM FOR BINARY LIE ALGEBRAS
	REFERENCES


