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An Example of a Complex Equilibrium Point
A. D. MYSHKIS, L. E. REIZIN

In the article [?], the question was raised regarding the possibility of constructing
an example of an isolated equilibrium point that belongs to the limit set of some
other trajectory, but does not serve as either a positive or negative limit set for
any trajectory other than the point itself. In the present article, such an example
is constructed. Consider the system of differential equations:

𝑑𝜁
𝑑𝑡 = 𝑃(𝜁, 𝜂, 𝜁),

𝑑𝜂
𝑑𝑡 = 𝑄(𝜁, 𝜂, 𝜁),

(1)

𝑑𝜁
𝑑𝑡 = 𝑅(𝜁, 𝜂, 𝜁),

where

𝑃(𝜁, 𝜂, 𝜁) = …, 𝑄(𝜁, 𝜂, 𝜁) = …. The functions are defined as 𝑃(𝜁, 𝜂, 𝜁) =
∑(2𝜁𝑖 … ) and 𝑄(𝜁, 𝜂, 𝜁) = ∑(𝑆𝑖 … ), where the sums are taken over all inte-
ger values of 𝑘.
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𝑓𝑘 = 𝑓(𝜌; 2−𝑘𝜁, 2−𝑘𝜂),
£ (((6 cos - : ( - l ) 0, sin (*/36)), 3-2-W+i))—+ 2 ) , - 0 ,

exp (2 − 2(𝑏 − 𝑎)2(𝑡 − 𝑎)−1(𝑏 − 𝑡)−1 + 1) , if 𝑎 < 𝑡 < 𝑏,

𝑓(𝑡; 𝑎, 𝑏) = … , if 𝑡 ∈ (𝑎, 𝑏),

𝑔(𝑡; 𝑎, 𝑏) = ∫
𝑡

𝑎
𝑓(𝜏; 𝑎, 𝑏) 𝑑𝜏/ ∫

𝑏

𝑎
𝑓(𝜏; 𝑎, 𝑏) 𝑑𝜏,

ft a cp = £(a 2 /p 2 ; sin 2 (2^/9), 1/2),

P = (£ 2 + ^ 2 + C 2 ) 1 / 2 ,

As shown in [FIGURE:N], it is easy to see that at any given point, no more
than two terms under the summation sign in expressions (2) are non-zero. Con-
sequently, the functions 𝑃(𝜉, 𝜂, 𝜁) and 𝑄(𝜉, 𝜂, 𝜁) possess continuous derivatives
of all orders throughout the entire space. This ensures that the theorems re-
garding the existence and uniqueness of solutions for system (1) are applicable
at every point in the space. Furthermore, it is straightforward to verify that
this system possesses a unique equilibrium point at the origin 𝑂(0, 0, 0).
In the region defined by 𝑎2/𝑝2 > 1/2, system (1) transforms into the following
system:

𝑑𝜉/𝑑𝑡 = −𝜂 exp(−1/𝑝),

𝑑𝜂/𝑑𝑡 = 𝜉 exp(−1/𝑝). (3)

d Vdt = 0.

An Example of a Single Complex Equilibrium Point: The trajectories in this
region are circles centered on the axis. Within the cone 𝑎(2𝜋/9) for 𝜌 = 0, the
system takes the following form:

𝑑𝜉/𝑑𝑡 = 𝜉 exp(−1/𝜌),

𝑑𝜂/𝑑𝑡 = 𝜂 exp(−1/𝜌),

𝑑𝜁/𝑑𝑡 = 𝜁 exp(−1/𝜌),
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That is, its trajectories intersect the sphere along the normals. The graphs of
the functions 𝑓 and 𝑔 are provided. For 𝜌 = (𝑧 + 2), the system is expressed as:

𝑑𝜉/𝑑𝑡 = ((−1)𝑘𝜂 − 𝜉(1 − 𝜁)) exp(−1/𝜌),
𝑑𝜂/𝑑𝑡 = (𝜉 cos(𝜋/18) − (−1)𝑘𝜂 sin(𝜋/18) + 𝜉(1 − 𝜁)) exp(−1/𝜌),

𝑑𝜁/𝑑𝑡 = ((−1)𝑘𝜂 sin(𝜋/18) + 𝜁𝜂) exp(−1/𝜌),

From this, since 𝑞 = 1 when 𝑝 → 0, we obtain 𝑑𝑞
𝑑𝑡 = 2 𝑑 ln 𝑡

𝑑𝑡
𝑑𝑞
𝑑𝑡 exp(1/𝑝), where 𝑑𝑝

𝑑𝑡
is non-zero only in specific regions. If we perform a change of variables,

𝑙𝑖 = 5 cos(𝑚𝜋/18) − (−1)𝑘𝐶 sin(𝑚𝜋/18),
(−1)𝑘𝑆 sin(𝜋/18) + cos(𝜋/18), when 𝑎 = (𝜋/36). The only region where the
system trajectories can pass through the sphere is 1/2. We shall show that
between the spheres 𝜌 = 3 ⋅ 2𝑘+1 and 𝜌 = 2𝑘, the trajectories of the system are
contained within circular cones with a common axis. If 𝑐 < sin(𝛼), the system
transforms into the following system within this region:
𝑑 ln 𝑑

𝑑𝑡 = ((−𝑚𝑖𝑗 + 𝑏𝑖𝑔𝑗)𝑓𝑡 + 𝛿𝑖𝑗ℎ𝑗) exp(−1/𝑝),
𝑑𝑀𝑖
𝑑𝑡 = ((𝜉𝑖𝑗 + 𝜂𝑗𝑔𝑗)𝑓𝑡 + 𝑞𝑖𝑗) exp(−1/𝑝),

d k/dt = (C; ft/,- + C; A/) exp ( - 1 / p ) ,

𝑦 = 𝑖, if 3 ⋅ 2−(𝑖+2) < 2−𝑖, and 𝑗 = 𝑖 + 1, (𝑖 + 1)(𝑖 + 2). Consequently, we obtain
𝑎 = const. From points 2° and 3°, it follows that those trajectories passing
through the sphere 𝑟 = 3 ⋅ 2−𝑖 reach the sphere and fall into the region defined
on it.

a? + ,/p<sin(*/36), (5)

A. D. MYSHKIS and L. E. REIZIN demonstrated that those trajectories passing
through the sphere 𝜌 = 3 ⋅ 2−𝑘 reach the sphere 𝜌 = 2−𝑘 and enter a specific
region upon it defined by

𝑎2/𝜌2 < sin2(𝜋/36). (6)
If there were trajectories that passed through both spheres, they would neces-
sarily have to fall into both regions (5) and (6) simultaneously. However, this
is impossible because the simultaneous fulfillment of both inequalities (5) and
(6), in view of (4), leads to the contradictory inequality

𝑐2 cos2(𝜋/18) + 𝑐2 sin2(𝜋/18) < 𝜌2 sin2(𝜋/36).
Thus, no trajectory can cross two spheres of the form 𝜌 = 3 ⋅ 2−𝑘 in succession.
[This
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Figure 1: Figure 2
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2. Distribution of various regions for system (1)
This demonstrates that no trajectory of system (1) can contain the origin in its
limit set

. Finally, it should be noted that system (1) remains invariant under the trans-
formation 𝜉 = −𝜉′, 𝜂 = −𝜂′, and 𝜁 = −𝜁′, as all functions 𝑃𝑖 are odd with
respect to these variables. In particular, the field directions at symmetric points
are opposite. We now construct the system:

𝑑𝜉/𝑑𝑡 = ∑
𝑘

𝑃(𝜉, 𝜂, 𝜁 − 2𝑘𝜋)𝐹𝑘,

𝑑𝜂/𝑑𝑡 = ∑
𝑘

𝑄(𝜉, 𝜂, 𝜁 − 2𝑘𝜋)𝐹𝑘, 𝑑𝜁/𝑑𝑡 = 𝑅(𝜉, 𝜂, 𝜁),

where the sums are taken over all integers 𝑘. The right-hand sides of system (7)
possess continuous derivatives of all orders throughout the entire space; there-
fore, the existence and uniqueness of a trajectory passing through any point in
space is guaranteed for system (7). System (7) is periodic with respect to 𝜁
with a period of 2𝜋. Indeed, if 𝜁 is replaced by 𝜁 + 2𝜋 and 𝑘 is replaced by
𝑘 +1, the form of the system remains unchanged. It follows from (8) that in the
regions −2𝜋/3 < 𝜁 −2𝑘𝜋 < 2𝜋/3, each of the sums in (7) contains only one term,
and the entire system (7) coincides with system (1). Consequently, it follows
from Section 4 that the points 𝜁 = 𝜋 are isolated equilibrium points that do not
belong to the limit sets of any other trajectories. System (7) possesses other
isolated equilibrium points as well, specifically 𝜁 = (2𝑘 + 1)𝜋. However, these
other equilibrium points will not be of interest to us in the following discussion.

Among the properties of system (7), it should be noted that for large 𝑎, it takes
the form (3). Finally, we construct the system:

𝑑𝜉/𝑑𝑡 = (2𝛿 sin(𝜁/2)(sin(𝜁/2) + cos(𝜁/2))𝐻/(2𝑎),

𝑑𝜂/𝑑𝑡 = (2𝛿 sin(𝜁/2)(sin(𝜁/2) + cos(𝜁/2)) − 𝑎𝐻/(2𝑎),

𝑑𝜁/𝑑𝑡 = ∑
𝑘

𝑅(𝜉, 𝜂, 𝜁 − 2𝑘𝜋)𝐹𝑘,

(𝑎, 𝜉, 𝜂) exp (2𝛿(𝜁/2)) if 𝑎 > 2𝛿 sin(𝜁/2), and 𝑎 < 2𝛿 sin(𝜁/2).
Distribution of various regions for system (9). The right-hand sides of system
(9), like those of system (7), have continuous partial derivatives of all orders
throughout the space. For |2𝛿 sin(𝜁/2)| and for 𝑎 > 7, system (9) coincides with
system (7), and specifically for 𝑎 > 7, it coincides with system (3). The surface

̇𝜙 = 2𝜁 sin2(𝜁/2) (11)
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Figure 2: Figure 3
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The phase space is filled with closed trajectories where const, which degenerate
into points on the 𝜁-axis as they approach the limit. For 5| sin(𝜁/2)| < 𝛿, we
have ̇𝜁 = 2𝜁 sin(𝜁/2) cos(𝜁/2). In this equation, 𝛼(𝜁/2) serves as the solution
toward which all other solutions converge as 𝜁 → 𝜙

Figure 3: Figure 3

. Indeed, if we denote (𝜁/2) = …
= |𝐴|, then
(—1/fx), d-Udt = exp (—1/p.)

dfx/dC = —

From equation (12), it is evident that as 𝐶 → ∞, the value of 𝜙 also approaches
infinity, although the rate of increase decreases as 𝐶 grows. As 𝑡 → ∞, the
variable 𝜇 increases and eventually exceeds the limit 36 − 25(𝐶/2). It is easy to
see that while 𝐶 → ∞, the term 𝜇 tends toward a finite limit by virtue of the
expression for the factor in (10).

DIFFERENTIAL EQUATIONS A. D. MYSHKIS, L. E. REIZIN Let us define
the mapping:
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𝑥 = (8 + 𝜙 + (𝑆2 + 16)1/2) cos𝐶

𝑦 = (8 + 𝜙 + (𝑆2 + 16)1/2) sin𝐶

The inverse mapping is given by:

g = ( r - 8 ) / ( 2 r ) 1 / 2 ,

𝑧 = 𝜁/(2Γ)1/2

arctan(𝑦/𝑥) = 𝜙. The general equilibrium points are (0, 0, 0), from which it is
evident that the mapping is topological and even analytic in both directions,
provided that in the (𝑥, 𝑦, 𝑧) space we restrict ourselves to the domain 𝑥2 +𝑦2 >
0, −∞ < 𝑧 < +∞, and in the (𝜉, 𝜂, 𝜙) space we identify points with coordinates
𝜙 and 𝜙 + 2𝜋. Due to the periodicity of the right-hand sides of system (9) with
respect to 𝜙, the trajectories of the system will transform into the trajectories
of the system obtained from (9) after substitution (13). For 𝑎 > 𝛾 (i.e., outside
the region 𝑆), the system after mapping (13), according to Section 7, yields

𝑑𝑥/𝑑𝑡 = −2𝑥𝑧(𝑧 + 8)−1

• dy/dt = —2yz(r^8)- 1 ,

𝑑𝑧
𝑑𝑡 = −𝛿 − 𝜙𝑧 − 𝑧2 𝑧 + 𝛿 + (2𝑧)1/2

2𝑧(𝑧 + 𝛿)

From this, it is evident that for 𝑧 > 0, the right-hand sides of the derivatives
are continuous. It would have been possible to maintain the continuity of the
derivatives of all orders by multiplying the right-hand sides by exp(−1/𝑧); how-
ever, this is not essential for our purposes. Under the mapping (13), the 𝜁-axis is
transformed into the circle 𝑥2 +𝑦2 = 𝛿2, and the equilibrium point 𝑂 is mapped
to the equilibrium point 𝑥 = 𝛿, 𝑦 = 0.

0. All
Trajectories passing through the points of the circle 𝜃 = 0, −𝑎 < 𝑟 < 𝑎 (exclud-
ing the point 𝑟 = 0, 𝜃 = 0), according to Section 8°, have the surface defined by
Eq. (11) as their positive limit set.

Specifically, this includes the point 𝑥 = 0. Thus, while the point belongs to the
positive limit set of other trajectories, it does not constitute the entire limit set
for any trajectory other than itself

. This system possesses properties similar to the system constructed by Zaremba
in his article, yet it maintains a simpler structure.
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Figure 4: Figure 4
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Figure 6: Figure 5
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