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(Presented by Academician A. N. Tikhonov on November 22, 1966)

L. Let © be a domain in the space ¥’ = (2, T, ..., 7,), composed of a finite
number of parallelepipeds with faces parallel to the coordinate planes,
and let in Qp = Q x [0 < zy < T one seek the solution of the system of
equations

LoDgu + Lyu = f(z), (1)

satisfying the initial and boundary conditions

uly,—o = p(2); Dy =0 for 2’ € T and |a| < m = max(mg,my), (2)
where v = (uy(z),...,uny(x)); =z = (zqg,2"); D, = 0/0x,; D% =
DI'DY? ..Dp% a = (0, 09,..,0,); la| = Y ag at’(x),a(x) are

bounded matrices of order N; I' is the boundary of ;

Ly= Y Dap’(@)D%)+ > ag(x)D* (k=0,1) (3)

‘Ial‘gmk |a[<my,
Bl<m,,

are strongly elliptic operators (1).

Let hy > 0, 7 > 0 be the mesh steps with respect to z, (s = 1,2,...,p)

and =z, respectively: i = (iy,ig,...,%,); z; = ih; v} = v(n7,2;); Q) =

{z, + =z € Qf Q, = {z, : z; € Qfor[j| < mp I}y = Q,\

Qy; A%, Av, vy, [v,w], |of, [v|wg are the notations from [2];

Aps =20 o (DAL 5 () - AY), s =1,2,..,p; k= 0,1; b ,.(x,) are
5 r<my ,S,
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diagonal nonnegative matrices of order N; A, is the difference approximation
obtained from (3) by replacing D by A® and D? by A#;

P p
Ao=J40s  A=D Ags Ao, Ay Ay, Mgy,
r=1

s=1
Consider the difference scheme*

P
H(Ao,s + AL v, + (A — Ao)vﬁo’l + A" = 1 z; € (4)
s=1

) = 5 vi=p; v =0 for x; €Ty, (5)

* Scheme (4), (5) was presented in a communication by the author at the Inter-
national Mathematical Congress in Moscow in August 1966.

where all coefficients in (4) are computed at z, = n7, while ¢! ~ u! and can be
found, for example, by means of two-level difference schemes. To formulate the
stability theorem we introduce the notation w;, = {« : Qg s Oy, O SN,

and the remaining o, < myg}, [v]7 = > [A%v|?, and assume that

acp;

1 - .
UG o] + [AG w, wl} + [(AF = AG™Hv, w] = Gy ([0l mo + [w]Fyma )i (6)

A=A+ Z A%(c*P(x)AP), (7)
|a[<my
|Bl<m,
where ¢®?(z) are bounded, [A,v,w] = [v, A w],
~ A’ﬂ“rl _ ]\n
[A1U7 U] 2 61 Hv”%;[/;”lv 171”? ’U‘| < 6““”?/[/;”1 ’
2[]\1% o] = [Ayo, 0] = &0, (8)

v, w are arbitrary grid vector-functions vanishing on I';; § are constants inde-
pendent of the grid; dy, d;,, > 0.

Theorem 1. Let conditions (6)—(8) be satisfied and let the vector-function v
be a solution of (4), (5) with
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p
f= Z Acf, + Ao fo + 7M1 + {H(Ao,s +7A ) — A TAl} far (9)

laj<m s=1

Then for k < T/t the estimate holds

k—1 k-1 P
Vi) =7 [ep [vmo + 10" 15y + DD M enl? <
n=0 n=1[1=1

k—1 P
< M{Tﬂvﬁollg Rl e +> [Z e VES b +72||f?|?] + ||f|f«}, (10)
n=1

=2
where
k—1 k—2 k—1
=S Y e Y {Tzum%nu|f;n2}+TzT|fgna for my < .
n=1|a|<m, my<|a|<m n=1 n=1

k—1
IfIF=7>" ( > e +72|Aof€||2) for mg > my,

n=1 \Jal<m,

and the constant M does not depend on 7, hg, k.

Estimate (10) is related to the results (3,* ) and remains valid when the operators
Ay, , are chosen from a more general class (see (2,)).

Condition (6) is satisfied, for example, when

Ay =Ag+ Ry, [Ajoow) = [ Ajwl,  [Ajvv] = 26 vlfme, (67

|[R6Lva w]l S 60(”””?}[/’”0 + HwH%/V"Lo)a [Agva U] S [AOUa U]‘
2 2
An important example of (1), for which Theorem 1 is valid, is the equation

—ADgu + vA%u = f, v>0.

It is not difficult to see that the theorem is easily generalized also to the case
when, instead of f(x), one has f(z, D*u), |a| < m, and the nonlinearity in D%u
is weak (see, for example, (%)).

sovietrxiv.org/items/ru-196701.83007 Machine Translation


https://sovietrxiv.org/items/ru-196701.83007

2. Let a(x) € H,(0) mean that in Q, a(x) has continuous derivatives D’a
(8 < «) satistying the Lipschitz condition in all 2, whose indices coincide
with the indices of the nonzero components of a. We also assume that
hy = hx,, where 0 < x < x, <X and x, X do not depend on the mesh.

Theorem 2. Let the conditions of Theorem 1 be satisfied, agﬂ € H,(0), by, €
H,(r) (see (2)), mg < mq, and let the solution of (1), (2) exist and possess in
Qr continuous derivatives D%u, |a| < 2m + 1; D*Dy°u, ay < 2, a € wy,
la] < my(2p —1); D*Dgu, oy < 1, a € wy; D*Dgu, ay < 1, a € wy,
la] <mqil+my(p—1—1),1=2,...,p; D*Dyu, |a| < mp. Then for z=u—v
the estimate is valid

[V < M {7+ B2 4 71210 o + |2y } (11)

moreover, if m <1, T, €T, then in (11) one may replace h'/? by h.

Remark 1. Estimate (11) remains valid also in the case when there are dis-
continuities of a®®, |a| = «a,, on a finite number of smooth surfaces =, =
T (T1y T 1,Tg41,--,Tp), under the condition that between the indicated
surfaces a®* has the same derivatives as were required throughout @) by the
notation a*® € H,(0). Naturally, in this case, on the surfaces of discontinuity
it is required, instead of (1), that DPu, B < a, and a®*D“u be continuous.

Remark 2. The quantities 71/2||z20 o and HZ1HW2""1 in (11) may be replaced by
R, = 7'1/2||/A\0Dou|m:O —ap(x")], if v* = ! is found from

P
H(Ao,s + 7A1,s)”20 + (Mg — Ap)vo(a”) + A = f9, T, €. (4)
s=1

Here, for /A\(]Douuo:07 one can sometimes find an approximation (z’) such
that R, = O(7'/2h). This can be done, for example, when from (1) for z, = 0
and (2) one can obtain a boundary-value problem for w(z’) = EODOu\%:O; the
solution of this problem by the mesh method may be taken as 1(x’), if w(z’) is
sufficiently smooth.

Remark 3. For the stationary problem L;¢ = f(2’); D%p|p = 0, |a| < myq,
under the condition (Ayv,v) > 6[v]2,m,, & > 0, it follows from the proof of
2
Theorem 2, based on representing the approximation error of (1) and (2) in the
form (10), that [l — vfym = O(h'/?). A similar result for one equation with

constant coefficients was obtained in (°).
3. For schemes (4), (5), in the case when {2 is a parallelepiped, one can also
obtain a priori estimates of the solution, similar to the estimates from (¢,7).
For example, multiplying (4) by 7A, v = 7(=1)"™ Y7 AT AT=0? and
summing over n from 1 to k — 1, one can obtain the estimate
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P kf
= n

k—1
<M{Tuv%u W IR, | +T;|fn||2}, (2
n=

where ||fu||f\0’;\1 denotes Zaﬁﬁ |AFTB+7y|2, the vectors a, 3,7 being such that

lo| = |8l =my and af” #0, |y =2m, =7, dafv} =" |A%|*

acwl

@, differs from w; only in that one of the components « is additionally permitted
to be < 2m, instead of < m4. For (12) to hold when my > my, it is sufficient
that the conditions

Yo{[Apzn, Ky 2] + [AZ 221 A2 1)+ [(Ap — Kg)z" 1, Ay 2" >

> ofl=" 13 5, + 12" 7R

Ag A1 Ag Al}

(28, — &)z, K, 2] > 8] 22, (14)
p - - - p
HH(Ao,s +7A ) = Ag — TAI} z, Aﬂ“] > 8y 77 (15)
s=1 =2

In the case my < mq, in (12) the term

k—1
IEE
n=1
should be replaced by

TZ I 12+ 112

and one should assume (14), (15), and also that
Ay =My + Ry,
where

~ ~ ~ — —n —n—1 — ~
Rz Koyl = Rz Kyl (AT =8 )z 2| < Mol o (B2 >

>3z, 5 0 (@A~ KDz Rzl 20}, Ri= Y ra(@)A°

lor|<2my
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and
|A%r, (z)] < M, q<2(my —myg).

Let us note, in conclusion, that there exists a whole class of a priori estimates
similar to (12), obtained, for example, by multiplying (4) not by TA vy, but by

p
TAgul 5 TR {H (Mg +7Ap ) — Ag —TA} v

s=1
and so on.
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