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I. Let T be a closed operator acting in a Hilbert space G, for which

Tycr, T CTy, (1)

where T}, is a symmetric operator with dense domain. Consider the Hilbert
space G, = DTS with scalar product

(f?g)+ = (Tgkfa,‘r(?g>0+(fag>0 (f7g€-9+)' (2)

Construct a triple of spaces G, C G5 C G_, where G_ is the space of generalized

elements generating antilinear functionals on G, (see (*,4)).

In (*°) it was shown that 7" and T can always be extended to G, = Dy, in
such a way that the resulting extensions Tg+ and Tgx+ are adjoint to one another
in the generalized sense; moreover, T, was called a generalized extension of the
operator T

M. S. Livsic is responsible for (1) the well-known theorem that every quasidis-
sipative extension without spectrum of a simple symmetric operator with defi-
ciency index (1, 1) is unitarily equivalent to the differentiation operator T°

ri=1d =0 0<a<n.
d
ri=19 (=0 0<wsn Q
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It is therefore natural that it is of interest to give a description of all generalized
extensions of the differentiation operator (3).

In the present paper we give a description of the generalized extensions Tg+ of
this operator that have a one-dimensional imaginary component (Tg+ — T9X+) /1,
which makes it possible to single out in a natural way an important class of such
extensions.

II. Let G, = Ly[0,7], and let

1df
W=t () =) =0)
. 3 . Ldf . .
It is known (°) that Tjf = = ——, and Dy, consists of absolutely continuous

functions on [0, 7] whose derivatives belong to L,[0,7]. Obviously, the operators
T and T* satisfy condition (1). It follows from (2) that G, = Wél)[O,n] = Dy,
and the scalar product in G, is given by the formula

(f.9), = / F(@)g@) de + / f(x) g(@) de.
0 0

Let us construct the space G_, so that G, C G, C G_.

Consider the family of operators acting from G into G_:

Te ()f = + 5 +if(0) (9960 — ) — 5(2), (1)
—00 < € < 400
< O<z<n )
15, = T i e ien (o996 — ) — o(a); (5)

here §(xz — 1), 6(x) are generalized elements (delta functions) generating the
functionals

(5(1'777)3.]0)0 :Wa (5(‘7:)711)0 :m

It is not hard to see that for each fixed ¢ the operators Ty (£) and T¢; (§) are
extensions of T" and T, respectively, and moreover

(T () f,9)0 = ([.T5 (&9 (f.9€5,)
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In addition, it follows from (4), (5) that

Ty (6) — T4 (6)

- f=(f:1e%7(z —n) = 8(x)])o J [e"6(z —n) — d(=)]

(J =—1). (6)

Relation (6) shows that for every £ the imaginary component of the family of
operators T () is one-dimensional.

We shall show that the family of operators (4) exhausts all generalized exten-
sions of the operator 7" on G, = DTS that have a one-dimensional imaginary
component.

ITI. In what follows we shall need one theorem, whose proof may be found in
(%) and whose statement we give for convenience.

Theorem 1. Let the operator T satisfy conditions (1). In order that the
operators T" and T* be extendable to the whole space

9+ :DT(’; :DT+DT*

in such a way that the resulting extensions T; and TCX;+ are adjoint to each
other in the generalized sense, it is necessary and sufficient that there exist linear
operators P(Dp. — G_) and Q(Dp — G_) possessing the following properties:

1) (Pf2792>0 = (f2aT*g2)O7 (Qf1a91)0 = (f1aT91)0
(f1,91 € D, f9,92 € Dp.);

2) (Pfa,91)0 = (f2,Q91)0 (91 € Dy, fy € Dp.);
3) Po=Ty, Qp=T"¢ (p€Dg =DpNDrg.).

Moreover,

TG+f = Tf1 JFPfQ’

f=f+fy €Dy, fEG,). 8
e f=aniry, UThthofiebrges)®)
Theorem 2. There do not exist two distinct generalized extensions Ty; and
T C’;+ of the operator

1df
Tf=--—"— 0)=0,0<z<
f==L gm=00<z<y
on G, = Dy, for which the real parts would be extensions of the self-adjoint
+ Ty

operator
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1 dy

Agtp = T dr (1(0) + Ob(n) =0, [6] =1).

Proof. Let

Tg, = A+iB, TG, = A +iB, (9)

where A = (T, + TGX+)/2, A = (Té+ +1¢7)/2, ete.

From theorem (1) it follows that

qu+f:Tf1+Pf27 Té+f:Tf1+P/f2»

Te f=QN+Tfy, Te f=Q [ +T"f, (10)

From (9) and (10) it follows that

Af =5(Tfi+ T f, +Qfy + Pfy),
(f=fi+ fo f1 €Dy, fo € D), (11)

A/f = %(Tf1 +T*f2 +Q/f1 +P/f2)'

In (5) it was shown that T f =Tf, + T*f, (f = fi + fo, f1 € Dp, fo € Dype).
Therefore, taking (11) into account, we obtain

Af =3T5f+Qf + Pfy),  Af=3Tof+Q fi+Pf). (12

Suppose now that A and A’ are extensions of the self-adjoint operator A,
Le. Afy = Agfo, A'fo=Aofy (fo € Dy,). Since Ty C Ay C gy, we have

Aofo = 5(Aofo+ QY + Pf3),

Aofo = 3 (Ao fo+Q fL+P' £7), (fo=f+£3, 1} € Dy, f3 € Dy, fo € Dy).

From the last relations it follows that

Q-QN =—(P=P)f;. (13)
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From equalities (7) and (13) it follows that

(Q— Q/)f?vgl)o =—((P— P/)fgvgl)o =0,

(P =P')f3,92)0 = —((Q = Q") 1 92)0 = 0.

Hence

((Q—Ql)ﬁo»gl)o =0, ((Q_Q/>f?192)0207

therefore,

(Q-=Q)f,90=0  (9=9,+9y 91 € Dy, g, € D)

and, consequently, (Q — Q') f? = 0. Similarly, (P — P’)fY = 0. From (8) and
(12) it follows that T f, = Tg oo Afo= A’ fy.

Thus, we have proved that the generalized extensions qu and Té of the oper-
ator T coincide on the subspace D A, under the condition that their real parts
are extensions of the self-adjoint operator A,. We shall now show that Ty, and
TQ’,,+ coincide on the whole space &, .

Let fY be an arbitrary function from D,.. Then, as is easy to see, one can choose
a function f9 € Dy. such that f, = f9 + f9 belongs to the set D,,. From 9)
it follows that Té+ = A—1iB, TQ’SX+ = A’ —iB’. Therefore

T =Af+iBf),  Tf) =Af) +iB f,

Tf) = A'fg —iB'f3,  T'f3 = Af) —iBf;. (14)

From relations (14) it follows that

T +Tf3 = A(ff + f2) +iB(ff — £2),

TR+Tf3 = A+ f5) +iB'(f) = f2);

whence it follows immediately that

(A-ANfo+i(B=B) (1 —f)=0  (fo=f+1 fo€Dy) (15)
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Since, as we have shown, Tg+ fo= Té+ fo, it already follows easily that Bf, =
B'fy, Afy = A'f,. Therefore from (15) (B — B')(f) — f9) =0, i.e.,

(B—Bf! = (B-DB)f;. (16)

Since fY + f9 = f,, we have

(B=B)fl +(B—B')f; =0. (17)

From (16) and (17) we obtain that (B — B’)f{ = 0 for an arbitrary function
fY € Dy. Similarly one proves that (B — B’)fY = 0 for an arbitrary function
fY € Dp.. Hence it follows that (B— B’)f = 0 (f € ). Since, when the
imaginary components coincide, B = B’, the generalized extensions Tg+ and
Ty, as is known (5), also coincide, it follows that Ty = Ty . The theorem is
proved.

Theorem 3. In order that a generalized extension Tg+ of the operator

have a one-dimensional imaginary component, it is necessary and sufficient that
the real part (Ty + T) /2 be an extension of some self-adjoint operator A,
which is an extension of the operator

Tof =24 (f0) = fy =0, 0 <z <.

i dx
Proof. It is known (3) that all self-adjoint extensions of the operator T}, have
the form

1O =1 (7o) +osm =0 0=1, 0<z <. (8)
Let now Tg+ be some generalized extension of the operator T, for which (Tg+ +
Ty )/2 is an extension of the operator T'(9) for fixed 6 (|6| = 1). From (4)
it follows that & can be chosen so that (T (§) + T (§))/2 will also be an
extension of T'(f) for the same 6. By virtue of Theorem 2, T and Tg (£)
must coincide. From (6) it follows that T has a one-dimensional imaginary

component. Sufficiency is proved.

Let now Tg‘ be a generalized extension of the operator T having a one-
dimensional imaginary component, i.e.,

Ty =A+i(-,e0)oJeg (A=A", J=+1). (19)
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From (19) it follows that

Tf = Afi+i(fi,e0)0deq, T*fo = Afa—i(fa,e0)0)€, (fi € Dy f2 € Dpo),

hence

Af =T5f —i(f1 — faseo)odeo  (f = f1+ fas f1 € Dy, fo € Dpe). (20)

It is not difficult to show that for any f; € Dy one can indicate such an fy € Dy
that (fi,eq)g = (fa,€0)o- Therefore the operator A, as is seen from (20), will
act on vectors f = f; + fo ((f1,e0)0 = (f2,€0)0) as an operator in the space &,
and will be a symmetric extension of Tj,. Consequently, as is known (3), it must
coincide with one of the operators T'(6) (see (18)). The theorem is proved.

Corollary. The totality of generalized extensions with one-dimensional imag-
inary component of the differentiation operator T' (3) consists of the family

(4)-
Let us note in conclusion that all generalized extensions (4) in the space & also
have no spectrum in the finite part of the plane (see (5)).
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