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For definiteness, here the unit disk Q(0 < r < 1, 0 < d < 27) is considered.
The well-known theorem of Schwarz (1) states that, among all functions U(r, a)
harmonic inside @, bounded there in absolute value by one and vanishing at
zero at the center of the disk, the function whose boundary values are U(1, ) =
po(a—1) assumes the greatest value in absolute value at a given point (r,t) € @,
where

cole) = 23 ()
—0

v

ycos2v+ 1o |1, —7m/2<a<m7/2,
2v+1 | -1, 7/2<a<3/2m

We shall use the notation Uy(r, ) for the solution of the Dirichlet problem
corresponding to the function f(t) prescribed on the boundary of the disk Q.
Then this assertion means that, under the conditions

lf@®) <1, (1)
[ swa=o @
0
the inequality
[Ug(r,t) = Uz (0,8)] < Uy, (r,0) = U, (0,0)] (3)

is valid.
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If one considers the difference of the values of Uy(r,t) at two arbitrary points
(r1,t) and (rq,t) on some radius, then the following proposition holds, general-
izing inequality (3):

Theorem 1. Let 0 < ry,ry < 1. In order that, for r; # r,, the inequality

Uyp(ri,t) = Ug(ra, t)] < Uy, (11,0) = U, (3, 0)]

- P %o

hold for every function f(«) satisfying conditions (1) and (2), it is necessary
and sufficient that the point with coordinates (r;,7,) in the plane ryr, lie on
the curve belonging to the square 0 < 7,75 < 1 with equation

r%r% — T%Tl — T%TQ —2rirg —719—7;+1=0

or below (to the left of) this part of the curve (in the shaded region in Fig. 1).

Let p be an arbitrary natural number; WP is the class of functions f(t) of
period 27 having an absolutely continuous derivative of order p — 1 and such
that |f®)(t)| < 1 almost everywhere. For functions U #(r, @) harmonic inside @

and corresponding to functions f(t) € W), there holds

Theorem 2. Whatever the function f(t) € W®) for any values r,,7, (0 <
71,79 < 1) the inequality

‘Ugop (7"1, 0) - Utpp (T27 O)| ) p evel,

|Uf(7"1at) - Uf(rzvt)| < {
‘U<pp (Tlv 71—/2) - U<pp (7’2, 77/2>| y P Odd7

holds, where ,,(t) is that function from W) for which <p(pp ) = ©o(t).

The indicated extremal role of the functions ¢, (¢) in the class W®) is preserved
also for differences along arcs concentric with @ of circles.

For an arbitrary natural value k, denote by

k

k
th r,t) Z <V>Uf(r,t+uh)

V=

the difference of the function U(r,t) with respect to ¢ of order k with step h.

Theorem 3. Whatever the function f(t) € W and the natural number
k <p+1, for any positive h < 7w everywhere in the disk ) the inequality
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‘AZU% (r,—k(m+ h/2))
| AR, (r,—k(m +1/2) +7/2)

, p — k even,

4
, p—Fk odd. @)

|A§§Uf(r,t)| < {

Inequality (4) for any 0 < ry,r, < 1 remains valid also when p =0, k =1 for
every function f(t) satisfying condition (1).

Difference inequalities with respect to the radius and with respect to circles
analogous to those given above also hold for the harmonic functions ﬁf(r, t)
conjugate to the functions Uf(r, t), i.e., related to them by the Cauchy-Riemann
equations.

Theorem 4. Whatever the function f(t) € W®), for any values r,ry (0 <
r1,79 < 1) the inequality

" " U (r ,7r/2)—’T7 (rq,m/2)|, p even,
T (r1,t) = Ty(ra, )| < ‘f*’ DT | (5)
|U,, (r1,0) =T, (r3,0)], p odd.

Inequality (5) for any r;,ry (0 < ry,ry < 1) remains valid also when p = 0 for
every function f(t) satisfying condition (1).

Theorem 5. Whatever the function f(t) € W®) and the natural number k > p,
for any positive h < 7w everywhere in the disk ) the inequality

_ AT (r,—k(m + 1h/2))|, p—k odd,
|AFT(r,0)] < | ool )
‘A§U¢p(r,—k(ﬂ+h/2)+ﬁ/2) , p—k even.

Replacing condition (1) by the condition

27
/0 FOdt <1, (6)

and the class W®) by the class W)L of all functions f(¢) having an absolutely

continuous derivative of order p — 1 and such that fo% |fP)(t)|dt < 1, one can
obtain sharp inequalities for the mean oscillations of the corresponding solutions
of the Dirichlet problem along radii and along circles concentric with Q.

Theorem 6. If the point (r,r,) belongs to the shaded region in Fig. 1, then

2v+1 T2u+1

27 -
4 T
) Sup2 / ’Uf(rlyt)—Uf(7”27t)’ dt = ; (_1) ﬁ
T f()yde=0, f77|f(t)] de<1 /0 ;:0:
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For all natural p and arbitrary values ry,7, (0 < 71,75 < 1), the inequality

o0

27 4 (p+1) T%V+1 _ r%zﬂrl
su Ui(ry,t) —Us(ry, t)| dt = — —preri ==
fewt%L/o | #r?) stz )| T VZ:O( ) (2 +1)r
holds.

Theorem 7. For all natural k¥ and p (k < p + 1), for arbitrary values r and h
(0<r<1, 0<h< ), the equality

2m [e%e) .
4 5 {2sin(v +1/2)R}"
sup [ 1§ )] e = 23—yt ZIU LB v
few L Jy T 7= (2v+1)
holds.

The equality is also valid in the case p =0, k=1, 0 < r < 1, if the class W» L
is replaced by the class of all functions satisfying conditions (2) and (6).

Theorem 8. For all natural p and arbitrary values ry,7, (0 < 7,75 < 1), the
equality

o " 4| p2vHL _p2ul
sup Ue(ry,t) —Ue(ry, t)| dt = — 2
feWmL/o | 1ru?) 72 >| ™ ;J( ) (2v + 1)pHt

holds.

The last relation remains valid for p = 0, 0 < ry, 7 < 1, if the class W@ is
replaced by the class of all functions satisfying conditions (2) and (6).

Theorem 9. For all natural p,k (k < p), for all values r (0 < r < 1) and
0 < h < 7, the equality

27 00 )
7 4 y 2sin(v +1 2)hk .
sup / |A2Uf(r,t)‘ dt = — E (—1) (kip) L 2( : z/>+1 } p2v|
few® L Jo 5= ( v+ )

The inequalities given here for oscillations of harmonic functions contain a num-
ber of different results obtained earlier in other works.

Theorem 1, for r, = 0, gives the above-mentioned Schwarz inequality for the
maximum of the modulus of a harmonic function; and Theorem 4, when p = 0
and 7, = 0, gives the well-known Kébe inequality (?) for the maximum of
the modulus of a function harmonic in @, whose conjugate is bounded and has
boundary values satisfying conditions (1) and (2). Theorem 2, for r; =0, r, = 1,
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gives an inequality equivalent to the known inequalities of Bohr (®) (when p = 1)
and S. N. Bernstein (*) (when p > 1) for the maximum of the modulus of
functions f(t) € W® satisfying condition (2). For 7, = 1, Theorem 2 gives the
sharp estimate obtained in (7) of the uniform deviation of a harmonic function
from its boundary values. Theorem 6 for natural values of p in the case r, =1
was obtained earlier in (8) (Chapter VI, § 3, p. 155). Theorems 4 and 8, for
ry =0, 7y = 1, give inequalities of N. I. Akhiezer and M. G. Krein (°) (see also
()) for the maximum of the modulus and the mean value of the modulus of
functions conjugate to functions f(t) € W®),

A special case of Theorem 3, when r = 1, kK = 1, gives an inequality for the
modulus of continuity of functions f(t) € W) equivalent to the result obtained
in (9) (Theorem 1). For arbitrary k, in the case when r = 1, Theorems 3, 5, 7,
and 9 give the sharp inequalities obtained in (10) for the moduli of smoothness
of higher orders of functions f(t) € W®) and of their conjugates.
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