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MATHEMATICS
S. A. VERBANOV

A STUDY OF S. N. BERNSTEIN’S AVERAGED
INTERPOLATION PROCESS IN THE COM-
PLEX DOMAIN
(Presented by Academician L. V. Kantorovich, 18 VI 1966)

1°. As is known, there exists no system of interpolation nodes for which, for ev-
ery function continuous on [−1, 1], the Lagrange interpolation process converges
uniformly. In connection with this, S. N. Bernstein (1) introduced sequences of
polynomials of the form

𝑀𝑛(𝑥, 𝑓) =
𝑛

∑
𝑘=1

𝑚𝑛,𝑘(𝑓) 𝑙𝑛,𝑘(𝑥), (1)

where 𝑙𝑛,𝑘(𝑥) are the fundamental Lagrange polynomials for a given system of
nodes 𝑥(𝑛)

𝑘 , 𝑘 = 1, 2, … , 𝑛; 𝑛 = 1, 2, …, and 𝑚𝑛,𝑘(𝑓) are certain linear functionals.
S. N. Bernstein considered the following two processes for the P. L. Chebyshev
nodes

𝑥(𝑛)
𝑘 = cos 2𝑘 − 1

2𝑛 𝜋 ∶

1) 𝑚𝑛,𝑘(𝑓) = 1
4𝑓(𝑥(𝑛)

𝑘−1) + 1
2𝑓(𝑥(𝑛)

𝑘 ) + 1
4𝑓(𝑥(𝑛)

𝑘+1), 𝑘 = 1, 2, … , 𝑛; (2)

2) let 𝑝 be a given natural number and

𝑚𝑛,𝑘(𝑓) = 𝑓(𝑥(𝑛)
𝑘 ) for 𝑘 ≢ 0 (mod 2𝑝),

𝑚𝑛,𝑘(𝑓) =
𝑝

∑
𝑗=1

𝑓(𝑥2𝑝(𝑡−1)+2𝑗−1) −
𝑝−1
∑
𝑗=1

𝑓(𝑥2𝑝(𝑡−1)+2𝑗) (3)

for 𝑘 = 2𝑝𝑡, 𝑡 = 1, 2, … , [𝑛/2𝑝].
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These processes, as S. N. Bernstein showed (1), converge uniformly on [−1, 1]
for any function 𝑓(𝑥) continuous on [−1, 1]. D. L. Berman (2−4) studied the
processes (1), defined by means of (2) and (3) for other nodes, and established
the rate of convergence for an arbitrary function continuous on [−1, 1]. All these
studies concerned the real domain.

The passage from the real domain to the complex domain is, as a rule, associated
with certain difficulties. The first work in which such a passage was carried out
was the work of L. V. Kantorovich (5), in which the classical S. N. Bernstein
polynomials are studied in the complex domain. Until recently the question of
convergence of the processes (1) in the complex domain remained unstudied. In
1965 D. L. Berman (6) showed that the process (1), (3) (for 𝑝 = 1) converges in
the complex domain and proposed generalizing his results. The present note is
devoted to a generalization of the results of D. L. Berman (6).
2°. Let 𝐵 be a bounded domain of the 𝑧-plane whose boundary 𝐿 is a closed
analytic Jordan curve; let 𝐵′ be the complement of 𝐵 in the extended plane; let
𝑤 = 𝜑(𝑧) be the function mapping 𝐵′ conformally onto the domain |𝑤| > 1 and
normalized by the conditions 𝜑(∞) = ∞, 𝜑′(∞) = 𝑐 > 0; and let 𝑧 = 𝜓(𝑤) be
the inverse function to 𝑤 = 𝜑(𝑧).

Set 𝜃(𝑛)
𝑘 = 2𝜋𝑘/𝑛, 𝑘 = 0, ±1, ±2, … ; 𝑛 = 1, 2, … ; 𝑤(𝑛)

𝑘 = 𝑒𝑖𝜃(𝑛)
𝑘 ;

𝑧(𝑛)
𝑘 = 𝜓(𝑤(𝑛)

𝑘 ); 𝜔𝑛(𝑧) =
𝑛

∏
𝑘=1

(𝑧 − 𝑧(𝑛)
𝑘 ), 𝑙𝑛,𝑘(𝑧) = 𝜔𝑛(𝑧)/(𝑧 − 𝑧(𝑛)

𝑘 ) 𝜔′
𝑛(𝑧(𝑛)

𝑘 ).

Let 𝑛 and 𝑠 be natural numbers; 𝑝(𝑛)
𝜈,𝑘, 𝜈 = 0, ±1, … , ±𝑠, 𝑘 = 0, ±1, ±2, …, be

real numbers such that 𝑝(𝑛)
𝜈,𝑘 ≡ 𝑝(𝑛)

𝜈,𝑘+𝑛.

To every function 𝑓(𝑧) regular in 𝐵 and continuous on 𝐵, we assign the polyno-
mial

𝑀𝑛(𝑧, 𝑓) =
𝑛

∑
𝑘=1

𝑓(𝑧(𝑛)
𝑘 )𝑙∗𝑛,𝑘(𝑧), 𝑙∗𝑛,𝑘(𝑧) =

𝑠
∑

𝜈=−𝑠
𝑝(𝑛)

𝜈,𝑘𝑙𝑛,𝑘+𝜈(𝑧). (4)

It is easy to see that

𝑀𝑛(𝑧, 𝑓) =
𝑛

∑
𝑘=1

𝑚𝑛,𝑘(𝑓)𝑙𝑛,𝑘(𝑧), 𝑚𝑛,𝑘(𝑓) =
𝑠

∑
𝜈=−𝑠

𝑝(𝑛)
𝜈,𝑘−𝜈𝑓(𝑧(𝑛)

𝑘−𝜈),

and, consequently, the polynomials (1) specified by means of the numbers (2)
and (3) are special cases of the polynomials (4).

For the study of convergence of the polynomials (4), it is convenient to represent
them in the form
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𝑀𝑛(𝑧, 𝑓) = 𝐼1,𝑛(𝑧, 𝑓) + 𝐼2,𝑛(𝑧, 𝑓),

𝐼1,𝑛(𝑧, 𝑓) =
𝑛

∑
𝑘=1

𝑝(𝑛)
𝑘 𝑓(𝑧(𝑛)

𝑘 )𝑙𝑛,𝑘(𝑧), 𝑝(𝑛)
𝑘 =

𝑠
∑

𝜈=−𝑠
𝑝(𝑛)

𝜈,𝑘, (5)

𝐼2,𝑛(𝑧, 𝑓) =
𝑛

∑
𝑘=1

𝑓(𝑧(𝑛)
𝑘 )

𝑠
∑

𝜈=−𝑠
𝑝(𝑛)

𝜈,𝑘 [𝑙𝑛,𝑘+𝜈(𝑧) − 𝑙𝑛,𝑘(𝑧)].

We shall need several lemmas below.

Lemma 1. The formula

𝑙𝑛,𝑘(𝑧) = 1 + 𝜀(𝑛)
𝑘 (𝑧)

2𝜋𝑖
𝑑𝜓(𝑒𝑖𝜃(𝑛)

𝑘 )/𝑑𝜃
𝑧(𝑛)

𝑘 − 𝑧
2𝜋
𝑛 ,

holds, where 𝜀(𝑛)
𝑘 (𝑧) → 0 as 𝑛 → ∞ uniformly in 𝑧 inside 𝐵 and uniformly in 𝑘.

Proof. We have

𝑙𝑛,𝑘(𝑧) = 𝜔𝑛(𝑧)
(𝑧 − 𝑧(𝑛)

𝑘 )𝜔′𝑛(𝑧(𝑛)
𝑘 )

= 𝜔𝑛(𝑧)
𝑖𝑛(−𝑐𝑛)(𝑧(𝑛)

𝑘 − 𝑧)
⋅ 𝑑𝜓(𝑒𝑖𝜃(𝑛)

𝑘 )/𝑑𝜃
[𝜔′𝑛(𝑧(𝑛)

𝑘 )/𝑖𝑛𝑐𝑛] [𝑑𝜓(𝑒𝑖𝜃(𝑛)
𝑘 )/𝑑𝜃]

,

and the assertion of the lemma follows from the following facts (7,8 ):
1) 𝜔𝑛(𝑧)/(𝑐𝑛) → 1 as 𝑛 → ∞ uniformly inside 𝐵;

2) [𝜔′
𝑛(𝑧(𝑛)

𝑘 )/𝑖𝑛𝑐𝑛] [𝑑𝜓(𝑒𝑖𝜃(𝑛)
𝑘 )/𝑑𝜃] → 1 as 𝑛 → ∞ uniformly in 𝑘.

Lemma 2. Let 𝑠 be fixed; suppose the sequence

𝑝𝑛 = 1
𝑛

𝑛
∑
𝑘=1

𝑠
∑

𝜈=−𝑠
|𝑝(𝑛)

𝜈,𝑘|, 𝑛 = 1, 2, … ,

is bounded. Then 𝐼2,𝑛(𝑧) → 0 as 𝑛 → ∞ uniformly inside 𝐵.

Proof. Introduce the notation: 𝐸 is an arbitrary closed set of points belonging
to 𝐵; 𝛿 is the distance from 𝐸 to 𝐿;

𝑀 = max
𝑧∈𝐿

|𝑓(𝑧)|, 𝜀𝑛 = sup
𝑘, 𝑧∈𝐸

|𝜀(𝑛)
𝑘 (𝑧)|,

𝑚′ = max
−𝜋≤𝜃≤𝜋

∣𝑑𝜓(𝑒𝑖𝜃)/𝑑𝜃∣ , 𝑚″ = max
−𝜋≤𝜃≤𝜋

∣𝑑2𝜓(𝑒𝑖𝜃)/𝑑𝜃2∣ .
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Relying on Lemma 1, for 𝑧 ∈ 𝐸 we obtain

|𝑙𝑛,𝑘+𝜈(𝑧) − 𝑙𝑛,𝑘(𝑧)| ≤

≤ 2𝜀𝑛𝑚′

𝛿
1
𝑛 + 1

𝑛 ∣𝑑𝜓(𝑤(𝑛)
𝑘+𝜈)/𝑑𝜃

𝑧(𝑛)
𝑘+𝜈 − 𝑧

− 𝑑𝜓(𝑤(𝑛)
𝑘 )/𝑑𝜃

𝑧(𝑛)
𝑘 − 𝑧

∣ ≤

≤ 1
𝑛 [2𝜀𝑛𝑚′

𝛿 + 𝑚″

𝛿
2𝜋|𝜈|

𝑛 + 𝑚′2

𝛿2
2𝜋|𝜈|

𝑛 ] ,

and therefore, if 𝑝𝑛 ≤ 𝑚, 𝑛 = 1, 2, …, we have

|𝐼2,𝑛(𝑧, 𝑓)| ≤ 𝑀𝑚 2
𝛿 [𝜀𝑛𝑚′ + (𝑚″ + 𝑚′2

𝛿 ) 𝜋𝑠
𝑛 ] .

Remark. More delicate arguments make it possible to prove Lemma 2 under
weaker restrictions on 𝑠 and on the numbers 𝑝(𝑛)

𝜈,𝑘.

Lemma 3. Let 𝑞 be a fixed natural number, and let the numbers 𝑝(𝑛)
𝑘 have the

following properties:
1) 𝑝(𝑛)

𝑘 ≥ 0, 𝑘 = 0, ±1, ±2, … ;

2) 𝑝(𝑛)
𝑘+𝑞 = 𝑝(𝑛)

𝑘 , 𝑘 = 0, ±1, ±2, … ; 3)
𝑛

∑
𝑘=1

𝑝(𝑛)
𝑘 = 𝑛.

Then 𝐼1,𝑛(𝑧, 𝑓) → 𝑓(𝑧) as 𝑛 → ∞, uniformly inside 𝐵.

The proof is based on Lemma 1.

Lemma 4. Under the conditions of Lemma 2, the polynomials 𝑀𝑛(𝑧, 𝑓) are
uniformly bounded inside 𝐵.

Now the following is obvious.

Theorem 1. Suppose that the conditions of Lemmas 2 and 3 are satisfied.
Then, for every function 𝑓(𝑧) regular in 𝐵 and continuous in 𝐵, the sequence
of polynomials 𝑀𝑛(𝑧, 𝑓), 𝑛 = 1, 2, …, converges uniformly inside 𝐵 to 𝑓(𝑧).
3°. On the boundary 𝐿 of the domain 𝐵, the polynomials (4) may diverge.

Theorem 2. Let 𝐵 be the disk |𝑧| < 1; then there exist numbers 𝑝(𝑛)
𝜈,𝑘 and a

function 𝑓(𝑧), regular in 𝐵 and continuous in 𝐵, such that at some point 𝑧0 on
the circle |𝑧| = 1 the equality

lim
𝑛→∞

𝑀𝑛(𝑧0, 𝑓) = ∞
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will hold.

Proof. Let 𝑠, 𝑟, 𝑞 be fixed natural numbers, with 𝑞 an odd number; let the
sequence

𝑠
∑

𝜈=−𝑠
|𝑝(𝑛)

𝜈,𝑘|, 𝑛 = 1, 2, … ,

be bounded, let 𝑝(𝑛)
𝑘 = 𝑞 for 𝑘 = 𝑡𝑞 + 𝑟, 𝑡 = 0, ±1, ±2, …, and let 𝑝(𝑛)

𝑘 =
0 for the remaining 𝑘. It is not difficult to show that in this case the sum
𝐼2,𝑛𝑞(𝑧, 𝑓) is uniformly bounded on 𝐵. Further, one verifies that 𝐼1,𝑛𝑞(𝑧0, 𝑓),
𝑧0 = 𝑒(𝑞+2𝑟)𝜋𝑖/𝑛𝑞, is the value of the Lagrange interpolation polynomial at the
nodes 𝜁(𝑛)

𝑘 = 2𝑒(2𝑘−1)𝜋𝑖/𝑛 for the function 𝑓(𝑧0𝜁) at the point 𝜁 = 1, and, by
Fejér’s theorem (9), there exists a function 𝑓(𝑧), regular in 𝐵 and continuous
in 𝐵, such that

lim
𝑛→∞

𝐼1,𝑛𝑞(𝑧0, 𝑓) = ∞.

I express my gratitude to D. L. Berman for posing the problem.

Cherepovets State
Pedagogical Institute

Received
1 VI 1966

CITED LITERATURE
1. S. N. Bernstein, Collected Works, 2, USSR Academy of Sciences Press,

1954, p. 130.

2. D. L. Berman, DAN, 85, 461 (1952).

3. D. L. Berman, DAN, 101, 397 (1955).

4. D. L. Berman, Izv. vyssh. uchebn. zaved., Matematika, No. 6 (27) (1965).

5. L. V. Kantorovich, Izv. Akad. Nauk SSSR, ser. fiz.-matem., 1105 (1931).

6. P. L. Berman, DAN, 164, No. 2, 251 (1965).

7. J. Curtiss, Trans. Am. Math. Soc., 38, 458 (1936).

8. D. Gaier, Math. Zs., 61, 119 (1954).

sovietrxiv.org/items/ru-196701.80092 Machine Translation

https://sovietrxiv.org/items/ru-196701.80092


9. L. Fejer, Gött. Nachr., 66 (1916).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196701.80092 Machine Translation

https://sovietrxiv.org/items/ru-196701.80092

	Abstract
	Full Text
	MATHEMATICS
	S. A. VERBANOV

	A STUDY OF S. N. BERNSTEIN’S AVERAGED INTERPOLATION PROCESS IN THE COMPLEX DOMAIN
	CITED LITERATURE


