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1. In paper (1), J. Chazy classified the final behavior (as t — 00) of solutions of
the three-body problem of celestial mechanics. Among other logical possibilities,
he singled out a class of oscillatory motions, for which at least one of the mutual
distances between the bodies is unbounded, although it does not tend to infinity.
For a long time the question of the existence of such motions remained open.

In 1954 A. N. Kolmogorov proposed, in order to search for oscillatory motions,
carrying out an analysis of the following special case of the three-body problem.
Two bodies of equal mass m; = m, are placed symmetrically with respect to
OZ and have symmetric velocities. A third body of mass m4 is situated on
the axis OZ itself and its velocity is vertical. From symmetry considerations it
follows that ms remains on OZ forever, while m; and m, describe symmetric
orbits about it. If m4 = 0, then these orbits are Keplerian.

In 1960 K. A. Sitnikov (?) succeeded in actually proving the existence of os-
cillations in this model. A. N. Kolmogorov (oral communication) found that
Sitnikov’ s reasoning is based on a very general geometric construction. De-
veloping this point of view further, the author discovered the applicability to
this problem of the methods of “symbolic dynamics.” Familiarity with Smale’
s construction () proved very useful here, although the assertions of (3) are
apparently not directly applicable to the problems considered below.

The present paper is devoted to the investigation of a certain class of differential
equations

i=—Q(t,z) (1)

with right-hand side periodic in ¢. This class also includes the special case of the
three-body problem described above, if mq = 0. For solutions of equation (1),
under the conditions formulated below, the phenomenon of “quasi-randomness”
in the sense of (%) takes place.
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We shall say that in the three-body problem there is the phenomenon of com-
plete capture if, as t — 400, the mutual distances between the bodies are
bounded, whereas as t — —oo one of the bodies goes off to infinity. J. Chazy
and E. Hopf showed that, if complete capture is possible at all, then the corre-
sponding trajectories in phase space form a set of zero Lebesgue measure. For
an arbitrary equation (1) an analogous result is contained in Theorem 1. Nev-
ertheless the question of the existence of complete capture remains open. The
well-known example of K. A. Sitnikov (°) does not relate to this case, since there
one of the bodies recedes to infinity both as t — 400 and as t - —oo. From
the theorems formulated below it follows that complete capture is possible in
the restricted problem. It is very likely that the method of proof will also prove
applicable in the case of bodies of arbitrary mass.

The class of equations (1) considered below is a natural supplement to the class
considered in (4), but differs from it by the existence of infinite (hyperbolic)
motions.

2. Consider equations (1), whose right-hand side satisfies the following con-
ditions:

1°. The functions Q(t, z), @, and Q; are continuous for all ¢ and x.

2°. Q(t,z) is odd in x and has period 27 in .

3°. @ >0 for z > 0;
00 27
/ / Q(t,x)dt de < oo.
0o Jo

Q)(t,2)| < b(@): /0 $la) d < oo

4°.

5°. The ratio ¢(x)/Q(t,x)? is uniformly bounded for x > z* > 0.
6°. Q. <0 for x> az*>0.

Definition. A solution z(t) is called hyperbolic as t — +oo if there exists

&(+o00) = lim &(t);
t—+o00
parabolic if
. i B — i .
#00) = Jim #()=0, I a(t) = oo
oscillatory if x(t) has, for ¢ > 0, infinitely many zeros forming a sequence
tending to +o0o. Analogous definitions apply for t — —oo.

From conditions 2° and 3° it follows easily that every nontrivial solution of
equation (1), both as ¢ — +oo and as ¢ — —oo, belongs to one of the three
classes.
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Theorem 1. Almost all (in the sense of Lebesgue measure) solutions that are
oscillatory as t — —oo are also oscillatory as t — 4oco. Almost all solutions
that are hyperbolic or parabolic as t — —oo are also such as t — +o00.

Denote by z(t; v, 7) the solution determined by the initial conditions x(7;v,7) =
0, &(m;v,7) = v. For ¢ > 7, this solution either increases monotonically (and
then it is hyperbolic or parabolic), or it reaches a certain maximum X (v, 7),
and then begins to decrease until it again reaches the value = 0. Put

2
Q) =5 [ @

. 9 o
@ +/ Qo(x)dz, in the first case,
o
ht(v,7) = X o)
/ Qo(z) dx, in the second.
)

Analogously one defines the function h~ (v, 7), associated with the behavior of
the solution for ¢ < 7. In the stationary case, when @ does not depend on time,
both functions coincide and are the energy integral. In the nonstationary case
this is, generally speaking, no longer so.

As in (4), v and T may be regarded as polar coordinates in a certain auxiliary
plane ®. In this plane the level lines

h:(v,7)=C >0

are smooth Jordan curves. A special role among them is played by the lines
I = {(’U,T); h*(v, 7) 2/ Qp(x) dx}.
0

If the point (v, 7) lies outside (on) the line II¥, then the solution z(¢;v,7) mo-

monotonically and will be hyperbolic (parabolic) as ¢ — +oo. If, however,
(v,7) belongs to the domain R;, bounded by the curve I}, then the solution
x(t;v,7) has at least one zero for ¢ > 7. Let among them 7’ be the zero nearest
to 7, and let v = —&(7";v,7). Then (v',7") € Ry—the domain bounded by
Iy, and the mapping S : R} — Ry, which carries (v,7) into (v/,7'), is a
succession function. A fixed point of the mapping S corresponds to a solution
x(t; v, 7) whose antiperiod is equal to some multiple of 27, and whose period is
correspondingly twice as large.

Since S preserves area, the curves IIJ and II; necessarily intersect.

Theorem 2. If at the point of intersection (vy,7y) the curves IIj and II; have
different tangents, then there exists a sequence of points (v,,,7,) — (vg, Ty) Such

that, for n > N, the solution x(t;v,,,T,) has period 47n, antiperiod 2mn, and

rvny 'n

on the interval (7,,,T, + 2mn) this solution is > 0.

n)»'n
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3. To arbitrary N and a we assign a graph G(NN, a), whose vertices are: a) the
points P, = (v, 7,) from Theorem 1 for n > N; b) the points v~ € [0, al,
called entry points; ¢) the points v € [0, al, called exit points.

A path in the graph G will mean a sequence of its vertices which may either be
infinite in both directions and consist of vertices of type a), or be bounded on
the left or on the right or at both ends. In the latter case the beginning must
be an entry point, the end an exit point, and the intermediate points must as
before be of type a).

Denote the successive zeros of an arbitrary solution z(t;v,7) by t;, numbering
them to the left and to the right from ¢, = 7; if the solution is oscillatory as
t = 400 (—00), then the sequence {t,} is unbounded to the right (to the left),
while in the opposite case it breaks off at some term.

Theorem 3. If the curves I} and II; have distinct tangents at the point of
intersection, then for every € > 0 there exist such N and a that to each path
7= {a™} in the graph G(N,a) there corresponds a solution x(t) for which:

1) |t —tpq — 21| <, ifa® =P, ;

s
2) x(t) has no zeros for t > t,_, and #(+oc) = v*, if a¥) = v+;
3) (t) has no zeros for t < t,_; and #(—o0) = v, if a¥) = v,

By choosing paths in the graph G in different ways, we obtain solutions of dif-
ferent types. In particular, periodic paths correspond here to periodic solutions
of equation (1), for example paths {a'®}, where all a*) = P, correspond to

ns
the solution z(t;v,,,7,,) itself.

An increase in the interval between two successive returns of the solution to the
value z = 0 is accompanied by an increase in the amplitude of oscillation, and
if ¢, ., —t, — oo, then also

sup |x(¢)| = +o0.

[thothia]

Therefore, taking a path m = {Pnk} for which n;, — 400, we obtain an oscil-
latory solution of equation (1). If, however, the path begins at an entry point
and then passes through vertices P, with bounded indices, then we obtain a
solution which as t — —oo grows without bound in modulus, while as t — +o0
remains bounded; this is an analogue of total capture for equation (1).

Since to any sequence of integers {n;} there corresponds a path {P, } and a
solution for which the intervals between successive zeros differ little from 2mn,,,
knowing the distances between an arbitrarily large number of successive zeros of
the solution, we nevertheless cannot predict the distance to the next zero. Thus
quasi-randomness in the sense of (4) is present.

4. The motion of a body of mass ms = 0 in a particular case of the three-body
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problem (Fig. 1) is described by the differential equation
£= =2/ + PP,

where r(t)—the radius vector of the elliptic Keplerian motion—is obtained from
the equations

r(t) =1/(1 4 ecos p); dp/dt = (1 + ecos )?; ©(0) =0.

The verification of conditions 1°—6° presents no difficulty. It is more difficult to
prove that the curves II} and II; are not tangent at the point of intersection.
When the eccentricity e = 0, these curves turn into the circle v = v/2. From
symmetry considerations it is clear that, for e > 0, they intersect on the ray
7 = 0. Computing, at the point 7 = 0, v = /2, the derivatives

0] (dv)
Oe \dt
along the curves II] and II;, one can show that they do not coincide; and

therefore the slopes dv/dr of the curves II} and II; are different at this point,
at least for small e.

Corollary. In the restricted three-body problem, where m; = m, and ms =0,
there exist motions with complete capture.

It also follows from Theorem 3 that the four possible types of behavior of a
solution—hyperbolic, parabolic, oscillatory, and bounded—as ¢ — —oo and as
t — 400 are combined in all 16 logical possibilities.

Moscow State University
named after M. V. Lomonosov

Received
13 IT 1967

REFERENCES

1 J. Chazy, Ann. Ecole Normale, sér. 3, 39 (1922). 2 K. A. Sitnikov, DAN,
133, No. 2, 303 (1960). 3 S. Smale, Diffeomorphisms with Many Periodic Points.
Differential and Combinatorial Topology. A Symposium in Honour of M. Morse,
Princeton, 1965, p. 63. * V. M. Alekseev, DAN, 177, No. 3, 7 (1967). 5 K. A.
Sitnikov, Matem. sborn., 32 (74), No. 3, 693 (1953).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196701.79640 Machine Translation


https://sovietrxiv.org/items/ru-196701.79640

	Abstract
	Full Text
	QUASI-RANDOM OSCILLATIONS AND THE CAPTURE PROBLEM IN THE RESTRICTED THREE-BODY PROBLEM
	REFERENCES


