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1. In this note the limiting spectrum of any permutation and rotational symme-
try is found for the energy operator (5) of a system of molecule type (Theorem
1). For the energy operator of an atom with a moving nucleus (9), a discrete
spectrum of any type of symmetry is detected. In this case the eigenvalues of
some types of symmetry turn out to lie on the limiting spectrum of other types
of symmetry (Theorem 2).

The spectrum of an operator of the form (5) for molecules without taking sym-
metries into account was studied in (!). The case of atoms with fixed nuclei for
physically realizable types of symmetry was considered in (2,). The spectrum
of systems of atom type without taking symmetries into account in an external
electromagnetic field was investigated in (*).

2. Consider a quantum system of (n+1) moving particles of k+1 different types.
9. is the set of numbers of particles of the k-th type; S(T) is the group of all
permutations of indices of particles identical to one another, whose numbers are
contained in the set T = (¢; ...t,,) C N = (0,1, ...,n);

k
S = S(M,,), S=S(N)= H Ski Dgf’;’“) is an irreducible representation
k=0

of the group S(9M;,), determined by an arbitrary partition «;, of the number n,,
of elements of 9, into positive integral summands:

m k
1 m % o a
ap= (i) Y =m0 DO =T Dli¥
i=1 k=0
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is a representation of the group .S;

( l(ak)
Pig) = 37y (R) T,

k* Res
where lif;’“) is the dimension of the representation Di{i’“); x(@*)(R) is the character
of the element R in the representation Dgf;’”; T is a unitary operator in the
space of functions of 7, ... T, (q1 - G, ) =My, (see (%));

k
pla) — H i)
k=0

is a projection operator in £%(ry...7,).

3. The Hamiltonian A of the system under consideration has the form

n 0,n
H = _ZaiAi+Z‘/;j(ri>' (1)
i=0

i<
0.

Here

A, = 0?/0z7 + 0%/9y? + 0%/02%; r, = (2,9, 2;); T =T — T

) J

V;j(r;;) are measurable functions satisfying the following conditions: for some

6, 0< <1,

—1-6/2

sup | Vilria)P (iry =4+ Iy = r32) " drfdry <+,
7 —r 247, 251

T1,72

i,j=0,1,..., (2)

2
lim |Vi;(rio)|” dridry =0, i,7=0,1,... (3)
Izl =00 ity 4 —ry <1

(see (4)) and
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V%j(z7yvz) :V;/j/(.’f,y,Z), (Zal/> Gmkv (]7]/) Emk’a ka k’:(),l,...,k,

Vvi’(_x?_:%_z) :Vj(.’B,y,Z), (Zm]) emk’ kZO,L...,k‘,

,

a; =a;, (i,j)=M,, k=01,. k

(4)
The conditions (2), (3) are satisfied, in particular, by the potentials V;;(r;;) =
Irij =7, 0 <y < 1.5 (°). The relations (4) reflect the identity of particles in each
of the sets 9.

The operator J, in the space invariant for it (by virtue of (4))

9 = {(rg...T,), ¥ € L2, Py =y}

has purely continuous spectrum. Separating the motion of the center of mass
and introducing relative coordinates r; = r, —rq, i = 1,2,...,n, we arrive at the
problem of investigating the spectrum of the operator

n

1,n 0,n

H= Ho,l,...,n = Z(a‘i +ag)A; —ag Z(Vp Vj) + Z Vz‘j(rij) (5)
=T i# i
.9 [N

in the space invariant for it

V;j(rij) = V;j(mﬂ)» (6)
then the original system possesses, along with permutational, also rotational

and reflection symmetry. In this case it is important to know the spectrum of
H in the space

9% =9Ube = {o(ry..r,), ¢ € L2, PPo(r —ry) = o(r — 1)},

where P? = P@) x Ph¥ is the projection operator, [ is the weight of a represen-
tation of the rotation group, and w is the parity (3).

Let H? be the self-adjoint extension of H in the set of functions

{W(rl ...T‘n), ¥ € 007 ¥ € 5736}’
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where the sign € C|, indicates finiteness and infinite differentiability of the func-
tion in all arguments.

Lemma 4. Let T} = (ig...4;), Ty = (J1 - Jns), G0 = 0, Js < Jips 15 < p, s < p,
T,UT, = N; § = S(T}) x S(T;,), D(R) = D'%(R), R € S. Each irreducible
component D7) (R) of the representation D(R) of the group S is a direct product

of certain irreducible representations D@) and D@") of the groups S(T}) and
S(T) (7)

DA — D) pla”), (7)

Let w(a; Ty, T5) be the set of all such pairs (a’,a@”) of types of irreducible repre-
sentations of the groups S(7) and S(T;), for each of which (7) holds for some
irreducible component of the representation D(R); 7(a; Ty) is the set of all types
of irreducible components of the representation D’'(R) = D'%)(R), R € S(T}),
of the group S(T}).

Let, further, I’,w’ and [”,w” be arbitrary irreducible types of the full rota-
tional symmetry (f.r.s.) for functions, respectively, of r; ...r; ,r; ..r; , and
7y, w(l w; Ty, Tsy) is the set of all tetrads (I',w’;

* That is, I’w’ are indices of irreducible representations of the rotation and
reflection groups for which P!« £? (r;, ...m;,) # 0; analogous relations hold for
I”,w” and I, w.

1”,w”, for which the tensor product of the representations D'« and D!"
contains the representation D", i.e. (8)
- <i<U+l,  w=uw o (8)

7(l,w; T}) is the set of all types I',w’ of p.v.s. functions of 7 .1, for each

of which there exists such a type I”,w” of p.v.s. functions of r; ...r;  that
Vw17 W) e m(lyw; Ty, Ty).

Let

m(d; 1y, Ty) = {(6",6"), (a&' = (a',l',0'), ¢" = (a",l",w"),
(@,a") € n(@ T, Ty), (w5l w") €n(l,w Ty, Ty,

T(&le) = {a-/ = (&/71/70“]/)7 d/ € T<aaT1>7 (l/aw,) € T(law; Tl)}

We shall call the pair (¢’,6”) compatible with & if (¢",6”) € ©(c; Ty, T,).
p. 5. Put
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]1 Tn-t ZazkAk+Z Jk]m Mm

l<m
l,m

t 0,t
10 a4y T Z a +a0 Zao ’Viz>+zv;siz(risiz)’
s=1

s#l s<l
s,l s,l

where r; ; =1, . Let (6',6") € 7(5;T,T5),

Q = {g(ril -~-7”it) € Gy, P° g(ril_’"m “'Tit_TO) = g(ril_rm ~-~7"¢t_’"0)7 lgl =1},

Q" = {@(T’jl ”'Tjn—t) e Cy, Pa”gg(?"j1 ...rjnit) = <p(rj1 '"Tjn—t)’ lel = 1},
Qo = (V{1 o) € Cou PAUT—10) = Ulr —7)}

Py Py

A7 (i - tylig) = mf( igeiy 9); AT (1 e ) = (Piefg,,(}[jl...jnfﬁﬂﬁp)y

Ag = inf(HO,l.“nw)w% 1/) € Q07

1% = min{inf[A% (iy ... 7,]ig) + A7 Gy oo G )]}

Tl UT2 = N7 (a/vaﬂ) € ﬂ-(a';TlvTQ)a

where first, for fixed 7} = (iy...4,) and Ty = (4 ... J,,_;), the lower bound is

=/ =2/

taken over all pairs of symmetry types (6",6") compatible with &, and then the
minimum over all possible decompositions 77 UT, = N.

(A) Suppose that for some k the number of elements of 9, is odd.*

Theorem 1. The entire limiting spectrum of the operator H° coincides with
all points of the ray [p, +00).

For the existence of a discrete spectrum it is necessary and sufficient that

NG < ul.
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The theorem applies to the operators H? of any quantum systems for which
the particle interaction potentials satisfy conditions (2)—(4), (6). In particular,
it is valid for the energy operator of an arbitrary molecule for which (A) holds.
Theorem 1 expresses the following

* That is, the system does not admit a separation into two physically indistin-
guishable subsystems.

energy principle. For a quantum system to have bound states of symmetry o,
whose energy levels do not lie in the continuous spectrum of the same type of
symmetry, it is necessary and sufficient that the decomposition of the system into
any mutually noninteracting subsystems 7 and T, of symmetry types (¢",5”)

compatible with ¢ be energetically unfavorable.

If in the expression H, V;; > 0, 7, j # 0, then

= min inf A% (4y .1, 4|17 where T} = (ig, ..., %, _1)-
K TlcN{a,eT@Tl) (g oo | o)}: 1= (igy s in_1)

p. 6. Consider a system of atomic type: 9, = (0), M; = (1,2,...,n),

n

H:*Z(%Jfao aoz bZ‘Tﬂ 1+CZ|T'L| L)

i=1 i#£j 1<i
4,J 2%

Theorem 2. Let a = (oY, ..., a®), o¥ >a® > .. >a® >0,1< s <n,
Z‘;: o) = n, and let ¢ = (a,l,w) be any type of symmetry of functions
of ry...r,, (lLLw) # (0,—1) for n = 2*. Then the entire limiting spectrum
of the operator H? consists of all points of the ray [u?,+00), where u” =
infA?’ (1,2,...,n—110), o’ € 7(o;T}), Ty = (0,1,...,n — 1).

If the numbers b and ¢ in (9) are such that

b>(n—1)c>0,

then there exists an infinite sequence of points of the discrete spectrum A7, p =
0,1, ..., of the operator H?, accumulating at u”, and for o # oy = (¢, 0, +1),
where a, = (n,0), one has \j® < AJ.

By definition, 7(c; Tl) =7(« Tl) X 7(l,w;Ty). The set 7(a; T} ) consists of those
symmetry types of = (@M. a1 o —1 o+ al®)) determined by the
given a = (aV ... al®)), for which a( 1> a<i+1); moreover, if a/®) = 1, then
o = (oM. oM. als7Y) (see (°), p. 191). The set 7(I,w; T;) was found in ().

Corollary of Theorem 2. Let o,,, = (a;,m,(=1)"), i = 0,1; m =
0,1,...; 0g = 0¢ 9, Where ag = (n,0), a; = (n—1,1). Then
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uoo = p%iom < u’ o#o0,,, =01 m=0,1,.. (10)

)

It follows from (10) that for o # o, ,, the limiting spectrum and the eigenvalues
of the operator H?, with the exception of at most a finite number of them, lie
in the limiting spectrum of the operators H%m=, i =0,1; m =0,1,....

p- 7. If 0 = a, i.e., we are interested only in the permutation symmetry of
the wave functions, then restriction (A) of p. 5 is dropped. The formulations of
Theorems 1 and 2 remain valid if there and in the definitions of u° and H? one
replaces o by (a), (6',6”) by (a’,a”"), o by «, 0 by g, and o, ,,, by a;.

The author expresses gratitude to Prof. A. G. Sigalov for posing the problem
and for valuable advice.
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Note: Figure translations are in progress. See original paper for figures.
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