Soviet-era science, translated into English

ON THE SOLUTION OF
EQUATIONS OF THE
CHU-LOW EQUATION
TYPE

PHYSICS
1967

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196701.79308

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196701.79308

Abstract

Full Text
UDC 539.12.01
PHYSICS

V. A. MESHCHERYAKOV

ON THE SOLUTION OF EQUATIONS OF THE
CHU-LOW EQUATION TYPE

(Presented by Academician N. N. Bogolyubov, 18 VII 1966)

It is known that pion scattering by a fixed source is described in the two-particle
approximation under the condition of unitarity by the Chu-Low equation (1)

ha(w) =2 4 1 /100 (Imh"(”/) J Ay hj(wl)) dw', (1)

w T w—w w4 w

where the functions h;(w) are related to the matrix elements of the S-matrix
S;(w) by means of the Fourier transform of the source function u(q?) through
the relation

8)(w) = 1+ 2ig?* 1 (g?)h (w); (2)
A; are given numbers such that A;;A; = —\;. Equations of type (1) are obtained
in the static limit from the dispersion relations rigorously proved by N. N. Bo-
golyubov for a fixed value of the momentum transfer (?). With this approach,
instead of (1) one may consider an equation with an arbitrary number of sub-
tractions. The crossing-symmetry matrix A;; is determined by the group with
respect to which the interaction of the source and the particle is assumed to
be invariant. It is therefore useful first to consider the most general properties
of the solutions of (1). We shall formulate them in terms of analytic functions
h;(z) of the complex variable z, where h;(w) = lim_, oh;(z + ). Among
such properties of h;(z) we include the following: meromorphy of h;(z) in the
z-plane with cuts (—oo, —1], [+1, +00), reality of h;(2), i.e. hj(z) = h;(2*), uni-
tarity of h;(z), crossing symmetry h;(—z) = A;;h;(2). The crossing-symmetry
condition establishes relations between the symmetric and antisymmetric parts
of the functions h;(z). The unitarity condition leads to the fact that the Rie-
mann surface of the functions hj(z) is, generally speaking, infinitely sheeted.
Indeed, by the change of variable z it is easy to linearize the unitarity condition
z = sinmw; H;(w) = h;[z(w)]:
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®(w) = 2ig* (@), 0 H(w) + O(w) = Hi (1 —w). (3)
A solution of (3) that does not possess symmetry with respect to z(w) contains
the new variable w explicitly. Taking this into account, we shall regard S,(z) as
functions of w. Transferring to S;(w) the properties of the functions S;(z), we
obtain:

1) S;(w) are meromorphic functions of w; 2) Si(w)=S;(w);
3) S;(w)S;(1—w) =1, 4) S;(—w) = Az’jS'(w>'

The conditions (4) do not determine S;(w) uniquely. If S;(w) are any functions
satisfying (4), then S;[w + i8(w)]|D(w) also satisfy (4), provided that

Dw)D(1—w)=1;  D(w)= D(-w);  D*(w)= D(w");

Blw)=pw+1);  flw) =—=p(-w); B (w) = Hw"). ()

The solution for a two-row matrix of crossing symmetry A, ;,, describing the
scattering of a particle on a source with moments [, 1/2, respectively, can be
found in (3). With the aid of the product (5) it is represented in the form

1|1 20+ w—(1+1)
Ahl/? = A+1 H 21 +1 H» 51—1/2(w> = Tw+l ¢ (w),  (6)

B . T TR —w—=0)/2T(w—-1)/2]
Stp(w) =1—@(w);  gw) = —tgZw T[(1+w—10)/2T[(1—w—1)/2]

For integer I, the function ¢;(w) contains a finite number of factors of the form
m(w,a) = [w— (1 —a)]/(w— a), each of which satisfies conditions 1)—3). The
solution (6) has the remarkable property, namely

Jim Sy o (w) /Sy jp(w) = 1.

Below a method will be given for constructing functions S;(w) in the class of
functions for which

lim S; (w)/S;(w) = 1.

In this case, for each S;(w) the representation
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2

S;(w) = I (w)p(w), where II, (w) = ' 7 (w, a]-). (M)
aj; 1

Substituting the representation (7) into the crossing-symmetry condition 4), we
obtain that II,(w) satisfy the equation

and N, is finite.

(8)

)

Ny,
I0; (—w)TTy (w) = A;; 11 (w), where IT, (w H

For equations (8) there exists an R such that, for |w| > R, the expansions

an
Mi(w) =1+ —t _1+an+1 )

n>0 n>0

Substituting the expansions (8) into the unitarity condition 3), one can obtain

equations for the coefficients a(rf)

2n+1 g

a2n+1 + Z; Z q +1Cq a27’)1, qa’(q> - 07 n= 07 (10)
q=0 ¢’<0

where a(;,)L are arbitrary. In an analogous way, from equations (8) there follows

a system of crossing-symmetry equations for the coefficients a£f>

Az’jaglj) = )‘n + Z )‘n—ma’ggfl(_l)m + (_1)n+1a("l)' (11)
m=1

The different real (by virtue of condition 2)) solutions of the infinite system
of equations (10), (11) determine the different solutions of problem (4). The
solution of the infinite system of equations (10), (11) is found in a finite num-
ber of steps. Indeed, by virtue of the boundedness of the number of poles in
IT;(w), and hence also in ITy (w), not all coefficients of the expansions (9) are
linearly independent. Only the first N, coefficients will be linearly independent,
where N; is the number of poles of IT;(w), counted with their multiplicity (*).
The construction of the functions S;(w) is completed by finding ¢(w) from the
equations

pw)p(l—w) =1  p(—w)/o(w) =, (w), (12)
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a particular solution of which has the form

p(w) = [T ea(w),
X

where @, (w) is defined in (6). We shall illustrate the construction scheme de-
scribed above by the example of the matrix A; ;

2 1 ay _(1+a1>
A, =F—- by bya; —by(1+ay)ff, (13)
’ 1 b, —b,(1
Fab —b{1ta) by bya; —by(1+ay)
Sl 1 L,
TR LTI S

Including IT; (w) in ¢(w), we obtain from (10), (11) for S;(w)

w—(20+1)/2
wt (20— 1)/2

Pl Sy() = plws Sy(u) = TR )
(19

So(w) =

and in the equation for p(w) we have

w (2043)/2 w— (20— 1)/2
w—(20+3)/2 w+ (20 —-1)/2°

I (w) =

Finally, the function ¢(w) is equal to

w—(20+3)/2 w+ (20 —1)/2
w+ (20+1)/2 w—(21+1)/2°

(W) = P(ar43)/2(W)P_(21-1) 2 (W) = (15)

In the course of obtaining (14), (15), the integrality of ! was nowhere used;
therefore the result is valid for arbitrary real [. Further, using the arbitrariness
in (6), one can construct functions satisfying particular equations of type (1).

The author expresses his gratitude to Acad. N. N. Bogolyubov for a valuable
discussion of the work.
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