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TRARY NONLINEARITY

(Presented by Academician A. Yu. Ishlinskii, 13 I 1967)

In the present paper an approximate method is considered for integrating the
Rayleigh equation

i —p(d—Bi*)+2=0 (1)

for arbitrary values of . The principal difficulties in solving this equation are
connected with the fact that, as p increases from zero to infinity, both the
amplitudes of the periodic motions and their period grow without bound.

In the case of small pu, periodic solutions of equation (1) can be found by the
Poincaré method (*). N. N. Bogolyubov and N. M. Krylov developed an exact
method for determining the transient process and periodic solutions of nonlinear
equations for small i, which, in particular, can be used to study equation (1)
(2). Van der Pol created an approximate method for studying transients and
periodic motions for this case (3*). In the case of large , to solve equation (1)
one may use the approximate method of discontinuous interpretation and the
exact method of constructing asymptotic solutions (3%, 4).

We have developed an approximate method for determining the period of oscil-
lations for arbitrary u, provided that the value of the stationary amplitude is
known (°,%). This method, applied, for example, to the Van der Pol equation
i — (1 —22)2 + 2 = 0, for which the value of the stationary amplitude is ap-
proximately equal to 2, gives expressions for the period T, = 2¢/72 + 2, valid
for arbitrary p. However, applying this method to equation (1) is difficult, since
here the stationary amplitude depends on .

Let us proceed to consider an approximate method for investigating equation
(1). Writing it in the general form

i+ fla,@) =0, 2)
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we make the change of variables (5,9)

x = acos(wt + ), i = —awsin(wt + ),
where a and 7 are certain functions of time, and the angular frequency w is a
constant, which we shall determine below.

Instead of equation (2) we obtain the system

da/dt = —wasinucosu + f(acosu, —awsinu) sin u/w,

du/dt = wsin® u + f(acosu, —awsinu) cos u/aw,

where u = wt + 7.

We shall now choose w in such a way that the mean value of du/d¢ in each i-th
quarter of an oscillation is equal to w = w; for a = a; = const:

9 /2 d
w; = 7/ Mau (i=1,2,3,4). (4)
(

Carrying out the integration, we obtain

4 im/2
wi=— f(acosu, —awsinu) cos u du. (5)
Ta Ji;—1yr/2

The duration of each of the quarters of the oscillation is 7; = 7/2w,. The period
of the stationary oscillations is T' = 7y + 7, + 75+ 74. (Expression (5) is obtained
from (5").) Let us now take the next step. Averaging a also in each of the
quarters of the oscillation, we have

daiav ' 9 im/2 . -
— = (1) — f(acosu, —awsinu) sin u du. (6)
dt 0 Wi Ji1)m/2

aw;

Let us now take into account that the amplitude changes Aa,; in each quarter
of the oscillation are proportional not only to the magnitude a,;, but also to the
duration of this quarter 7; (the latter circumstance is essential for not small p):

Aa, = dav’,ale — daiav ™

—. 7
' dat * dt 2w, Q

The change of the amplitude during one oscillation will be determined by the
expression
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The stationary amplitude is determined by the condition

®(a) = 0. (8)
If, as in the case of equation (1), the phase diagram is symmetric with respect

to the origin, then w; = w3, Wy = Wy, G ay = A3avs Qoay = Qqqay- For Rayleigh’
s equation (1), from formulas (5) and (6) we find:

T 1=, (9a)

—_— J— —_ 1:0' 9
T @aWh — W - + ; 9)

m@:iﬂl<g—£J+g<1+l)—u?&@ym@} (11)

AW ws Wy Wy
We determine the periodic motion from condition (8)

_ dalav ™ dazav ™

d(a) =

:0’
dt 2w, dt  2wq

whence we obtain

S . 4 2 wy—w
a;4 =0 (equilibrium position), Gy = \/36w1w2 (1 + Wfdlfﬂzl)

(11a)

Equation (11a), together with equation (9), in which a; = ay = ay is taken,
determines the frequencies w; and w, and the amplitude a,, of the periodic
motion. The stability of the stationary amplitudes is determined by the sign of
D’ (ay): if ®’(ay) > 0, there is instability; if ®'(ay) < 0, stability. Expressions
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(9) and (11a) give good accuracy for any values of p. For = 0, from (9) and
(11) we have wyy = wyy = 1.

Let us consider the case of small u, using the iteration method and taking as
initial values wyy = wyy = 1 and ayn = 1/4/35. For p # 0, from (9a) we have,
as the next approximation,

pB 4 2p p
%1**7@+*+1§ W11—1+3*,
analogously,
wyy =1 —pu/3m
Then
1 1 1 u? 4 2 1 p?
T=n|—+—|>2n|14+=-=|; >y —l-—=+=].
W<w1+w2> W( +67T2>’ Gt 3ﬂ< 37?2—|—1871'2

Let us now consider the case of finite values of . For convenience of calculation
it is expedient to substitute (11) into (9a) and (9b). We obtain

Ay 8 2% 8
2 _ 1 _ 1= O, 12
“1 (37rw2 3m2w3 + ) o < T 37r2w2> + (12a)
Ap 8 % 8
z -1 - — 1=0. 12b
2 (37rw1 + 3m2w? ) 1 ( T 37r2w1> * (12b)

We see that the obtained expressions determining w; and w, (i.e., ultimately,
the period of oscillations T' = 7 ( Ly i)) do not contain the parameter

71 Wa
Table 1

w 1 T2 T Thu Ty q.p Agt, am.u
0 /2 /2 2w 27 27 1,86 2
1 1,5 1,9 6,8 6,7 7,2 2,02 2,17
5 2,0 4,2 12,4 11,6 — 3,34 4,3
10 3,4 7,8 22,4 19,5 20 6,0 7,5
20 6,4 15 42,8 34,7 — 11,9 14,8

00 0,32u 0,74 2,12u 1,61u 1,61p 0,57u 0,664
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Fig. 1

Figure 1: Fig. 1

B, on which the magnitude of the stationary amplitude depends. This means
that the period of oscillations does not change when the magnitude of the sta-
tionary amplitude is changed by varying the parameter 5. Thus, for any x4 an
important property of the systems under consideration has been established,
which by existing methods can be established only for small and very large p.
The system of equations (12) can be solved with respect to w; and w,; however,
the resulting high-degree equation is difficult to solve. Therefore, from expres-
sions (12a) and (12b), for a chosen value of pu we find w; and w, graphically,
constructing the dependences w; = w; (wy) and wy = wy(w;) on the same graph
and finding their points of intersection, and then determining a,.

Let us consider the limiting case yp — co. Equations (12) give wy =~ 4,9/, wqy =
2,1/p; then from (11a) we have ay, = 0,33 u/v/B; for B = 1/3, ay, = 0,57 p.
The period T = 2(1y + 75) = 2,1 . The exact values for y — oo, found by
Liénard’ s method, are, for 3=1/3: T =1,614p, ay, = 0,38 u/+/B = 0,659 p.

The results obtained from formulas (11a) and (12) agree sufficiently well with
the exact values.

In Table 1, for various values of u, values are given for the period 7T}, and the
quarters of the oscillations 7y and 7,, obtained by formula (9); for comparison
with the values calculated by asymptotic formulas or by a numerical method,
the results of Minorsky and Urabe (8) (Ty;y and ay ) and of Van der Pol
(3b) (T3, qp) are given. The same table gives the values of the stationary am-
plitude ag, determined by formula (11a). We did not find in the literature the
corresponding values calculated by exact formulas (except for the case of very
large and very small ). However, it follows from our work (7) that, for periodic
motion, the stationary amplitude of the Rayleigh equation is numerically equal
to the velocity of passage through the equilibrium position in the corresponding
Van der Pol equation. The last column gives the values from (8).

A comparison of the results obtained shows a sufficiently good agreement be-
tween the approximate and exact values for arbitrary p. In Fig. 1 the curves
Thum and T, are the exact and approximate values of the period of oscillations,
and the curves a,,,, and a,, are the values of the stationary amplitude.

Let us investigate the stability of the stationary amplitudes. From condition
(8) a15 = 0 and a,y, were found. The stationary amplitude a,g, determines the
equilibrium position, while a,, represents the amplitude of periodic motion.

Fig. 1

Find ®’(a) and substitute into the expression obtained a,, and aqy; if ®’'(a) > 0,
then the stationary amplitude is unstable; if ®'(a) < 0, then it is stable. We
have
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af1 /1 1\ pu(1 1\ 38u,
' (a)= |2 - = rl2 ) _ 2P
(a) 2[”(“’% w%>+2<wl W2) @y o) | ¥
3
%(—1)? - 2a(wy + wsy).

Substitute the value a = a4 = 0:

|1 /1 1 [T 1
P0)==|-=——= — | —+—1].
©) 2 LT (w% Wg) - 2 (Wl +W2>]

But w; and w, are determined by equations (9). For a; = a;, = 0 they give:

[1,2 2
wlngr %+1, w2:—%+ %+1.

Hence
2 2 dp [p?
w1 (0)wy(0) = 1, w3(0) — wi(0) = ﬁ-i-l’
wy(0) + wy(0) =2 |
2
Consequently,

, T | p? ( 4 )
P0)=—\/—=+1|(1—— 0.
0) 2 Va2 * 2 -
Thus the equilibrium position is unstable for all u. Further,

, 3Bplwy +wy) 5 7
P (agg) = _¥a§t2§ <.

Consequently, the periodic motion is stable for all pu.

In conclusion, we note that the method presented here is applicable to the
investigation of the equation x” + up(&) +x = 0, where ¢(&) is a polynomial in
z.
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