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Let D be a finite simply connected domain bounded by the segment AB of the
x-axis and by a Jordan curve o, lying in the half-plane y > 0 and with endpoints
at A and B. The equation

Gu = y"u,, +u,, — f(z,y,u,u,,u,) =0, (1)
where m > 0, and f is a given function of its arguments, is elliptic for y > 0,
while on the line y = 0 it degenerates parabolically.

In [1] the solvability of the Dirichlet problem for equation (1) was investigated.
In the present paper the problem E (see [2]) for equation (1) is studied.

Problem E. Find a twice continuously differentiable in the domain D solution
of equation (1), bounded in the domain D, continuous up to o, and taking
prescribed continuous values on o.

Without loss of generality, we shall assume that zero values are prescribed on
.

Suppose that the function f and the curve o satisfy the following conditions:

Condition A. 1) f is continuously differentiable with respect to its arguments,
and —f, < —k < 0 for (z,y) € D and all values of u,u,,u,; 2) for (z,y) € D,
luf < N, —00 < ug,u, < oo, the estimates |f,| < M, [f, | < M, |fuy| <M

hold, where M (N) is some positive number.

Condition B’. a) For m =1, —0f/0u, > 1 in the domain
%h = {(xay) € D_bhm |u| SN, —00 <uzvuy < OO},

where
Dh = {(I,y) €D7 y>h}7

and h is a sufficiently small positive number; b) for 1 <m < 2, —0f/0u, > ym ot
in Ry,; ) for m > 2, —=9f/0u, >0 in R,
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Condition C. Let the curve o at the points A(a,0) and B(b,0) (a < b) end
in arbitrarily small arcs AA” and BB’, whose equations may be given in the
form y = I(z), where I'(x) > 0 on AA” and I'(x) < 0 on BB’. The remaining
part o’ of the curve o is such that, for the oj-image of ¢’ under the mapping
§ =z, t = 2/y, at each point ¢ € o there exists a certain circle S whose

intersection with the closed domain D,, consists of just one point ¢, SN D, = ,
where Dy is the image of the domain D.

Theorem. If the function f satisfies conditions A and B’, and the curve o
satisfies condition C, then the solution of problem E for equation (1) exists and
is unique.

We note that, under conditions A and B’, for the solution u(z,y) of problem E
the estimate

1
lu| < %I@leo(x,y)\ =u, (2)
D

holds, where k is the number from condition A, and f,(z,y) = f(z,y,0,0,0).
The uniqueness of the solution of problem E follows from the following lemma:

Lemma. Let the linear equation

YUy, + Uy, + auy, + buy, + cu = F(z,y) (3)

with coefficients bounded in D, where ¢ > 0 and the conditions are fulfilled: a)
form=1,b>0in D—D,;b)for 1l <m <2, b>y"™ 1 in D— D,; c) for
m>2,b>0in D — D,

Then the solution of problem E for equation (3) is unique.

This lemma is proved analogously to the uniqueness lemma in [2]. The proof of
the existence of a solution is carried out according to the scheme of [1], which
is a certain modification of Perron’ s method [3].

Let a continuous function p(z,y) be given in the closed domain D + 9D, and
let a disk K C D be given. By My (¢) we denote the function which, outside
the disk K and on its boundary 9K, coincides with ¢, while inside K it is the
solution of equation (1) constructed from the boundary values ¢ on 0K.

The function ¢ is called a supersolution (subsolution) if for every disk K C D
one has ¢ > My (v) [ < My (p)]. A supersolution (subsolution) ¢ is called an
upper (lower) function if ¢ > 0 (¢ < 0) on 9D.

From condition C it follows that for each point (z,,y,) € o (we consider o
closed) there exists some point (Z, %) (y > 0) such that for any point (z,y) € D

= (2 —2) + AV — V) > R = (20— 2)* + 4V — V)™
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The function
w(x,y; 2o, yo) = p[1— (1+ R?)P(1+12)77],

where p is the number from formula (2), for a suitable choice of the parameter
p > 0, satisfies the conditions: 1) w(x,y;zy,yy) > 0 in D, 2) w(zy, Yo; Tos Yo) =
0, (z9,yg) € 0,3) Gw < 0in D.

Using w(x, y; xy, yg), we form new functions

Pol(w,y) = /2 + w(z,y; 20, Yo), Yo(w,y) = —€/2 —w(z,y; 70, Yo),

which will be, respectively, upper and lower functions for equation (1), and
Po(z,y) =¢€/2, Po(z,y) = —€/2.

Since ¢, and 1), are continuous functions, there is a certain neighborhood 2(;, C o
of the point Py(x,yy) such that ¢, — 1, < 2 for all (z,y) € 2A,. Choosing, by
the Heine-Borel lemma, a finite number of neighborhoods A, C o (i =0, 1,...,n)
covering the whole curve o, we obtain upper functions ¢, ¢4, ..., ¢,, and lower
functions vy, ¥y, ..., ¥,, such that @, —1, < 2¢ for (z,y) € ;. Then the functions
© = min(@y, 1, -, ¥,) and P = max(¢y, 1y, ..., 1, ) are, respectively, upper
and lower functions, and ¢ — ¢ < 2¢ for (z,y) € o. Hence, in view of the
arbitrariness of € > 0, it follows that the lower envelope of the upper functions
and the upper envelope of the lower functions coincide everywhere on o.

We shall show that the lower envelope of the upper functions and the upper
envelope of the lower functions coincide also inside the domain. For this it is
enough to construct some upper function @ and lower function J for which at
each point (z,y) € D, 2,5—{/7 < ¢ for any € > 0. Denote by A the maximum of the
difference ¢ — v in the domain D, where ¢ and v are the functions constructed
above.

We construct an upper function 01 and a lower function ¥!) such that, for an
arbitrary domain D;, D; C D,

r%aiX(w“) — M) < gA, (4)

where 0 < ¢ < 1 is a certain number independent of A.

For some disk K; C D we form the functions ¢; = My () and ¥, = My (¥).
We shall show that /

H}:@X(% — ;) < A, (5)

i

where L, is a disk concentric with K;, with L, C K;, and 0 < ¢; < 1 is a number
depending only on L;.

In the disk K, the function x = ¢; — ¢, satisfies the equation
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where the notation adopted is

_ 0 0
g=g {337?/71/% +0(p; — ), %[wz +01(p; — V)], @[¢z + 05(p; — 1/%)]} , 0<6,0,,0, <1
Consider the function

X ={expa(r? — R?) + A[1 — (1 +y)7"}A,

where r? = (z—1)?+ (y—vy,)?, (21,;) is the center, R is the radius of the disk
K, and 0 < A = const < 1. Choosing sufficiently small a > 0 and sufficiently
large v > 0, one can ensure that F'Y < 0. Then choose A from the inequality

expa(p? — R?) + A < 1, (6)

where p is the radius of the disk L,. Since inside the disk K, Fx < 0, and
on 0K, ¢, — 1, < X, it follows that everywhere in the disk K, ¢, — ¢, < X.
Consequently,

max(p; —1,) < max Y < maxy
A (‘pz wz) 7 XX na X

i i i

= {expa(p® — R?) + A[1 — (1 +Y)"[}A = g;A,

where Y is the maximum of the ordinates of points of dL;. Hence, and from
(6), (5) follows.

Take a finite covering of the domain D, by disks L, C D (i = 1,2,...,1) and
construct the functions ¢, and v,. For each function ¢, in 1, inside the disk L;
we obtain inequality (5).

The functions ¢ = min(e,, ..., ;) and Y = max (s, ..., ;) will be, respec-
tively, an upper and a lower function. Since every point of the domain D,
belongs to some disk L;, we have

r%axw“) — ) <max(ip; — ;) < ;A < g,
1 J

where ¢ = max(qy, ..., qp)-
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Thus we have constructed functions 1) and ¢! satisfying inequality (4). Con-
tinuing this process, we construct a sequence of upper functions (p(1>, <p(2), ... and
lower functions "), (?)| .., whose difference p®) — (%) is everywhere in the
domain D, less than ¢°A.

Since ¢ < 1 and D, is an arbitrary subdomain of the domain D, we obtain that
the lower envelope of the upper functions and the upper envelope of the lower
functions coincide everywhere in the domain D. Denote this common envelope
by v(z,y).

We shall prove that v(z,y) is a solution of equation (1). To this end it suffices
to show that for any disk K C D,

v =Mk (v).
Using the constructed upper functions ¢, o(2), .., form the functions

Outside the disk K and on 0K, the sequence {v,} converges uniformly to the
function v, while inside K it is a sequence of solutions of equation (1) converging
uniformly on the boundary 0K. By Harnack’ s theorem (see, for example, (1)),
the sequence {v,,} converges uniformly inside K to the solution of equation (1)
taking the value v on OK. From the continuity of this limiting function in
K + 0K it follows that

v =Mg(v).

The boundedness of the solution in the domain D follows from the inequality

Y(z,y) < v(z,y) < p(,y),

where ¢ and 1 are some upper and lower functions.

Remark. The uniqueness of the solution of problem E holds without the addi-
tional requirement of condition C on the curve o.
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