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Consider in the real n-dimensional Euclidean space R™ the functional ¢(x) =
(Az,xz) —2(f,z) (A* = A >0, f € R"). Let {e,;}} be an orthonormal basis,
a; = (Ae;,e;). Coordinate-relaxation processes have the following structure

(see, for example, (1), Ch. III):

Tpoq zxk—qkailik(uk,eik) (k=0,1,2,...), (1)

where u, = Az, — f are the residual vectors, and g, € [0,2] are relaxation
multipliers. The “relaxationality” of the process is expressed by the fact that
o(xp) < @(zy) (K =0,1,2,...). The process is called strictly relaxation, if
e = inf, ¢, (2 — q;) > 0. It follows from the results of S. Schechter (?) that if, in
the controlling sequence {7, }3° of a strictly relaxation process, each index from
0" ={1,2,...,n} occurs arbitrarily far out (condition ), then {z,}5° converges
to the solution 2° of the equation Az = f (i.e., to the minimum point of the
functional ¢(x)). Still earlier A. Ostrowski obtained () convergence with the
rate of a geometric progression (see also (1), pp. 259-262) under the assumption
of “quasicyclicity” : (31)(VN)(Q" C {i,}¥""1). The quasicyclic case was also
studied under weaker restrictions than strict relaxationality (3,*). Our aim is
to investigate the rate of convergence in the general case. We do this by relying
on the theory constructed in (%).

Notation: A(N) = min{l | Q" C {i}N"'} Ny = N, + AMN,) (p =
0,1,2,...; Ny =0); v(k) =min{p | N,,; > k}; €, = ming, (2 —¢q,) (N, <k <
Np+1)'

Theorem. Let A(x) be the quadratic error measure:

A(z) = (A(z —2°), 2 —2°) (= p(z) + (A2°,27)).

Under condition S the inequality holds
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v(k)—
Azy,) < Alz,) H (1-we,)  (k=0,1,2,..),

where the coefficient w (0 < w < 1) depends only on the dimension n and on
the condition number h(A4) = ||A] - |[A7L|.

Obviously, this theorem contains the above-cited results of S. Schechter and A.
Ostrowski. It also leads to the following propositions:

Corollary 1. If condition S is satisfied and
Z €p =
p=0

then {z}5° converges to z°.

Corollary 2. Under the conditions

there is convergence to z° with the rate of a geometric progression:

lim /A(z),) < e .

k—o0

Corollary 3. Under condition S and strict relaxationality, the inequality holds

Azy,) < Alzg)(1 — we)r ™) (k=0,1,2,...)

€= 11)I>1£€p = 1n£qk(2 —qi)-

The theorem formulated is reduced directly to the following lemma.

Lemma. For every n = 1,2, ... there exists a decreasing function w,, (k) (h > 1),
w, (1) = 1, such that for any chain of vectors {z,}} constructed according to
scheme (1) and such that {i,}5* D Q, the inequality holds

A(zry) < Azg) (1 —w, (h)e),

where h = h(A), g = mingj; ¢(2 — q3,)-
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Proof will be carried out by induction on n, on the basis of the inequality (see
(5))
Awgyr) < Alzg) (1= h 1 (A)g(2 — gi.) cos® b,), ()

where 0, is the acute* angle between the residual vector u; and the axis of the
versor e; . For n =1 this inequality immediately leads to the required result, if
one puts w; (h) = h~1. Consider the transition from n — 1 to n (n > 1).

In view of the monotonicity of the sequence {A(x;)}}, one may assume that
{ix}572 # Q". For definiteness take i, ; = n. Let

Y(&) = p(xg — &) — plz0)

be a quadratic functional in the subspace R™ ! with basis {e;}7 1. It is easy to
see that

where P is the orthoprojector R™ — R™!. The role of the function A(x) here
will be played by

5(6) = (PA(E —€°),6 = &%) = (A(£ = €°),6 =€),
where €2 € R"! is the solution of the equation PA¢ = Puy. Put 2° = x, — £°.

Then P(AZ° — f) = 0, whence it is seen that the vector £° — ¥ is A-orthogonal
to the subspace R" .

Consequently,

(A(x — 2%), 2 — 2°) = A(x) — A(Z°) (x — 2% € R*7L).
Putting = z; — £, we arrive at the formula
0(8) =Ax) —A@EF) (e R z=35—0). ()
Apply the induction hypothesis to the functional ¢(£) and the chain &, = z,—x),
(k=0,1,...,1—1). The multipliers g, are preserved; the number ¢, can only

increase™*; the condition number of the operator PA|pn-1 does not exceed h(A).
Therefore

6(&-1) < 6(8) (1 —ney), (4)
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* In the extreme case, a straight angle.

** The multiplier ¢;_; drops out of the system of multipliers.

where n = w,,_;(h(A)). Taking formula (3) and the equality &, = 0 into account,
from (4) we obtain

Afw ) < (1= ngg)Alg) + neoA(E°). ()

Now, in connection with the forthcoming passage from (5) to an estimate of
A(x,), let us estimate from below cos? 0, ; (see (2)). We have (i° = A7° — f)

oy — @7 < JAN(A(z, -y = 3°), 20 — &%) = |A16(&0),

whence, by (4) and (3),

Juyy — 2% < \/IIAH(l — n29)[Alzo) — A(T0)]. (6)

But from elementary geometric considerations
cosfy_y = 1—2fu_y — @) @) (7)
(the vector %° is collinear with the unit vector e,,). Since

[@°] > VAT A(Z0),

it follows, by (6) and (7), that

cos,_; >1— 2\/h(A)(1 —ngg)(p~t —1);

where p = A(7°) : A(z,) < 1.
We shall regard p, e, h as variables (0 < p <1, 0<e; <1, h>1) and set*

ralpscorh) = max (1= 20/ = 0eg) (7 = 1. 0) (=w, 1 (). (3)

By virtue of (2), (5), (8),

Alzy) < Alzg)[L =neg(1=p)I[1 = b egri(p, €9, h)] = Alzo)[1 =1, (ps €0, P,
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where h = h(A), and the function ~,,(p, £y, k) is defined in an obvious way. This
function is everywhere positive, continuous in (p,&,), decreases in h, and does
not exceed 1. It remains to take

wn(h) = min ’Yn(pvé:Oa h)v
(/)aEO)

and the lemma is proved.**
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