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MATHEMATICS
Yu. I. LYUBICH

RATES OF CONVERGENCE OF COORDI-
NATE RELAXATION FOR A QUADRATIC
FUNCTIONAL
(Presented by Academician L. V. Kantorovich on 27 IV 1966)

Consider in the real 𝑛-dimensional Euclidean space 𝑅𝑛 the functional 𝜑(𝑥) =
(𝐴𝑥, 𝑥) − 2(𝑓, 𝑥) (𝐴∗ = 𝐴 > 0, 𝑓 ∈ 𝑅𝑛). Let {𝑒𝑖}𝑛

1 be an orthonormal basis,
𝑎𝑖𝑖 = (𝐴𝑒𝑖, 𝑒𝑖). Coordinate-relaxation processes have the following structure
(see, for example, (1), Ch. III):

𝑥𝑘+1 = 𝑥𝑘 − 𝑞𝑘𝑎−1
𝑖𝑘𝑖𝑘

(𝑢𝑘, 𝑒𝑖𝑘
) (𝑘 = 0, 1, 2, …), (1)

where 𝑢𝑘 = 𝐴𝑥𝑘 − 𝑓 are the residual vectors, and 𝑞𝑘 ∈ [0, 2] are relaxation
multipliers. The “relaxationality”of the process is expressed by the fact that
𝜑(𝑥𝑘+1) ≤ 𝜑(𝑥𝑘) (𝑘 = 0, 1, 2, …). The process is called strictly relaxation, if
𝜀 = inf𝑘 𝑞𝑘(2 − 𝑞𝑘) > 0. It follows from the results of S. Schechter (2) that if, in
the controlling sequence {𝑖𝑘}∞

0 of a strictly relaxation process, each index from
Ω𝑛 = {1, 2, … , 𝑛} occurs arbitrarily far out (condition 𝑆), then {𝑥𝑘}∞

0 converges
to the solution 𝑥0 of the equation 𝐴𝑥 = 𝑓 (i.e., to the minimum point of the
functional 𝜑(𝑥)). Still earlier A. Ostrowski obtained (3) convergence with the
rate of a geometric progression (see also (1), pp. 259–262) under the assumption
of “quasicyclicity”: (∃𝑙)(∀𝑁)(Ω𝑛 ⊂ {𝑖𝑘}𝑁+𝑙−1

𝑁 ). The quasicyclic case was also
studied under weaker restrictions than strict relaxationality (3,4 ). Our aim is
to investigate the rate of convergence in the general case. We do this by relying
on the theory constructed in (5).
Notation: 𝜆(𝑁) = min{𝑙 ∣ Ω𝑛 ⊂ {𝑖𝑘}𝑁+𝑙−1

𝑁 }; 𝑁𝑝+1 = 𝑁𝑝 + 𝜆(𝑁𝑝) (𝑝 =
0, 1, 2, … ; 𝑁0 = 0); 𝜈(𝑘) = min{𝑝 ∣ 𝑁𝑝+1 > 𝑘}; 𝜀𝑝 = min 𝑞𝑘(2 − 𝑞𝑘) (𝑁𝑝 ≤ 𝑘 <
𝑁𝑝+1).
Theorem. Let Δ(𝑥) be the quadratic error measure:

Δ(𝑥) = (𝐴(𝑥 − 𝑥0), 𝑥 − 𝑥0) (= 𝜑(𝑥) + (𝐴𝑥0, 𝑥0)).

Under condition 𝑆 the inequality holds
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Δ(𝑥𝑘) ≤ Δ(𝑥0)
𝜈(𝑘)−1
∏
𝑝=0

(1 − 𝜔𝜀𝑝) (𝑘 = 0, 1, 2, …),

where the coefficient 𝜔 (0 < 𝜔 ≤ 1) depends only on the dimension 𝑛 and on
the condition number ℎ(𝐴) = ‖𝐴‖ ⋅ ‖𝐴−1‖.
Obviously, this theorem contains the above-cited results of S. Schechter and A.
Ostrowski. It also leads to the following propositions:

Corollary 1. If condition 𝑆 is satisfied and

∞
∑
𝑝=0

𝜀𝑝 = ∞,

then {𝑥𝑘}∞
0 converges to 𝑥0.

Corollary 2. Under the conditions

̃𝜈 ≡ lim
𝑘→∞

𝜈(𝑢)
𝑘 > 0, ̃𝜀 ≡ lim

𝜈→∞
1
𝜈

𝜈−1
∑
𝑝=0

𝜀𝑝 > 0

there is convergence to 𝑥0 with the rate of a geometric progression:

lim
𝑘→∞

𝑘√Δ(𝑥𝑘) ⩽ 𝑒−𝜔̃ ̃𝜀.

Corollary 3. Under condition 𝑆 and strict relaxationality, the inequality holds

Δ(𝑥𝑘) ⩽ Δ(𝑥0)(1 − 𝜔𝜀)𝜈(𝑘) (𝑘 = 0, 1, 2, …)

𝜀 ≡ inf
𝑝⩾0

𝜀𝑝 = inf
𝑘⩾0

𝑞𝑘(2 − 𝑞𝑘).

The theorem formulated is reduced directly to the following lemma.

Lemma. For every 𝑛 = 1, 2, … there exists a decreasing function 𝜔𝑛(ℎ) (ℎ ⩾ 1),
𝜔𝑛(1) = 1, such that for any chain of vectors {𝑥𝑘}𝑙

0 constructed according to
scheme (1) and such that {𝑖𝑘}𝑙−1

0 ⊃ Ω𝑛, the inequality holds

Δ(𝑥𝑙) ⩽ Δ(𝑥0)(1 − 𝜔𝑛(ℎ)𝜀0),

where ℎ = ℎ(𝐴), 𝜀0 = min0⩽𝑘<𝑙 𝑞𝑘(2 − 𝑞𝑘).
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Proof will be carried out by induction on 𝑛, on the basis of the inequality (see
(5))

Δ(𝑥𝑘+1) ⩽ Δ(𝑥𝑘)(1 − ℎ−1(𝐴)𝑞𝑘(2 − 𝑞𝑘) cos2 𝜃𝑘), (2)

where 𝜃𝑘 is the acute* angle between the residual vector 𝑢𝑘 and the axis of the
versor 𝑒𝑖𝑘

. For 𝑛 = 1 this inequality immediately leads to the required result, if
one puts 𝜔1(ℎ) = ℎ−1. Consider the transition from 𝑛 − 1 to 𝑛 (𝑛 > 1).
In view of the monotonicity of the sequence {Δ(𝑥𝑘)}𝑙

0, one may assume that
{𝑖𝑘}𝑙−2

0 ≠ Ω𝑛. For definiteness take 𝑖𝑙−1 = 𝑛. Let

𝜓(𝜉) = 𝜑(𝑥0 − 𝜉) − 𝜑(𝑥0)

be a quadratic functional in the subspace 𝑅𝑛−1 with basis {𝑒𝑖}𝑛−1
1 . It is easy to

see that

𝜓(𝜉) = (𝑃𝐴𝜉, 𝜉) − 2(𝑃𝑢0, 𝜉),

where 𝑃 is the orthoprojector 𝑅𝑛 → 𝑅𝑛−1. The role of the function Δ(𝑥) here
will be played by

𝛿(𝜉) = (𝑃𝐴(𝜉 − 𝜉0), 𝜉 − 𝜉0) = (𝐴(𝜉 − 𝜉0), 𝜉 − 𝜉0),

where 𝜉0 ∈ 𝑅𝑛−1 is the solution of the equation 𝑃𝐴𝜉 = 𝑃𝑢0. Put ̃𝑥0 = 𝑥0 − 𝜉0.
Then 𝑃(𝐴 ̃𝑥0 − 𝑓) = 0, whence it is seen that the vector ̃𝑥0 − 𝑥0 is 𝐴-orthogonal
to the subspace 𝑅𝑛−1.

Consequently,

(𝐴(𝑥 − ̃𝑥0), 𝑥 − ̃𝑥0) = Δ(𝑥) − Δ( ̃𝑥0) (𝑥 − ̃𝑥0 ∈ 𝑅𝑛−1).

Putting 𝑥 = 𝑥0 − 𝜉, we arrive at the formula

𝛿(𝜉) = Δ(𝑥) − Δ( ̃𝑥0) (𝜉 ∈ 𝑅𝑛−1, 𝑥 = 𝑥0 − 𝜉). (3)

Apply the induction hypothesis to the functional 𝜓(𝜉) and the chain 𝜉𝑘 = 𝑥0−𝑥𝑘
(𝑘 = 0, 1, … , 𝑙 − 1). The multipliers 𝑞𝑘 are preserved; the number 𝜀0 can only
increase**; the condition number of the operator 𝑃𝐴|𝑅𝑛−1 does not exceed ℎ(𝐴).
Therefore

𝛿(𝜉𝑙−1) ⩽ 𝛿(𝜉0)(1 − 𝜂𝜀0), (4)
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* In the extreme case, a straight angle.

** The multiplier 𝑞𝑙−1 drops out of the system of multipliers.

where 𝜂 = 𝜔𝑛−1(ℎ(𝐴)). Taking formula (3) and the equality 𝜉0 = 0 into account,
from (4) we obtain

Δ(𝑥𝑙−1) ≤ (1 − 𝜂𝜀0)Δ(𝑥0) + 𝜂𝜀0Δ( ̃𝑥0). (5)

Now, in connection with the forthcoming passage from (5) to an estimate of
Δ(𝑥𝑙), let us estimate from below cos2 𝜃𝑙−1 (see (2)). We have (𝑢̃0 = 𝐴 ̃𝑥0 − 𝑓)

‖𝑢𝑙−1 − 𝑢̃0‖2 ≤ ‖𝐴‖(𝐴(𝑥𝑙−1 − ̃𝑥0), 𝑥𝑙−1 − ̃𝑥0) = ‖𝐴‖𝛿(𝜉𝑙−1),

whence, by (4) and (3),

‖𝑢𝑙−1 − ̃𝑥0‖ ≤ √‖𝐴‖(1 − 𝜂𝜀0)[Δ(𝑥0) − Δ( ̃𝑥0)]. (6)

But from elementary geometric considerations

cos 𝜃𝑙−1 ≥ 1 − 2‖𝑢𝑙−1 − 𝑢̃0‖ ‖𝑢̃0‖−1 (7)

(the vector 𝑢̃0 is collinear with the unit vector 𝑒𝑛). Since

‖𝑢̃0‖ ≥ √‖𝐴−1‖−1Δ( ̃𝑥0),

it follows, by (6) and (7), that

cos 𝜃𝑙−1 ≥ 1 − 2√ℎ(𝐴)(1 − 𝜂𝜀0)(𝜌−1 − 1);

where 𝜌 = Δ( ̃𝑥0) ∶ Δ(𝑥0) ≤ 1.
We shall regard 𝜌, 𝜀0, ℎ as variables (0 ≤ 𝜌 ≤ 1, 0 ≤ 𝜀0 ≤ 1, ℎ ≥ 1) and set*

𝑟𝑛(𝜌, 𝜀0, ℎ) = max(1 − 2√ℎ(1 − 𝜂𝜀0)(𝜌−1 − 1), 0) (𝜂 = 𝜔𝑛−1(ℎ)). (8)

By virtue of (2), (5), (8),

Δ(𝑥𝑙) ≤ Δ(𝑥0)[1 − 𝜂𝜀0(1 − 𝜌)][1 − ℎ−1𝜀0𝑟2
𝑛(𝜌, 𝜀0, ℎ)] = Δ(𝑥0)[1 − 𝛾𝑛(𝜌, 𝜀0, ℎ)𝜀0],
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where ℎ = ℎ(𝐴), and the function 𝛾𝑛(𝜌, 𝜀0, ℎ) is defined in an obvious way. This
function is everywhere positive, continuous in (𝜌, 𝜀0), decreases in ℎ, and does
not exceed 1. It remains to take

𝜔𝑛(ℎ) = min
(𝜌,𝜀0)

𝛾𝑛(𝜌, 𝜀0, ℎ),

and the lemma is proved.**
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* In this case 𝑟𝑛(0, 𝜀0, ℎ) = 0 by definition.
** We note that 𝜔𝑛(ℎ) ≥ ℎ−1 (𝑛 = 1, 2, …), for 𝛾𝑛(1, 𝜀0, ℎ) ≡ ℎ−1.

Note: Figure translations are in progress. See original paper for figures.
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