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MATHEMATICS

G. M. VERZHBINSKII, V. G. MAZ’YA

ON THE ASYMPTOTICS OF SOLUTIONS OF
THE DIRICHLET PROBLEM NEAR AN IR-
REGULAR BOUNDARY
(Presented by Academician V. I. Smirnov on 23 XI 1966)

In this work the asymptotic behavior of solutions of the first boundary-value
problem for the equation −Δ𝑢 = 𝑓 is studied. We restrict ourselves to consider-
ing the Laplace operator and the simplest singularities on the boundary of the
domain. However, the method admits generalization to second-order elliptic
equations with variable coefficients, and also makes it possible to consider cases
of more complicated boundary configurations.

1∘. Let Ω be a finite domain in 𝑅𝑛 with boundary Γ; let the origin 𝑂 ∈ Γ;
⃗𝑥 = (𝑥1, … , 𝑥𝑛−1); 𝑥 = ( ⃗𝑥, 𝑥𝑛); 𝜑𝑥 = |𝑥|−1𝑥; cos 𝜃 = |𝑥|−1𝑥𝑛; Σ𝑟 = {𝑥 ∶ |𝑥| ≤ 𝑟};

𝜎𝑟 is the boundary of Σ𝑟; 𝐾𝑟 is the projection of 𝜎𝑟 ∩ Ω from the point 𝑂 onto
𝜎1; 𝜈𝑛 = mes𝑛 Σ1; 𝑠𝑛 = mes𝑛−1 𝜎1. For definiteness we assume that Ω ⊂ Σ1,
and choose 𝛿 > 0 such that Ω ∩ 𝛿𝛿 ≠ ∅.
Everywhere below by a solution we shall mean a solution of the equation −Δ𝑢 =
𝑓 such that 𝑢 ∈ 𝐿1

2(Ω ∖ Σ𝑟) and 𝑢 = 0 on Γ ∖ Σ𝑟 for all 𝑟 > 0. We shall call a
solution 𝑢 growing if 𝑢 ∈ 𝐿1

2(Ω). Introduce the notation: 𝐽(𝑟) = ‖𝑢(𝑟, ⋅)‖𝐿2(𝐾𝑟);
𝜆𝑟, Λ𝑟 are the first and second eigenvalues of the Dirichlet problem for the
Beltrami operator in 𝐾𝑟, if 𝑟 ≤ 𝛿. For 𝑟 > 𝛿 put 𝜆𝑟, Λ𝑟 = 0. Denote by 𝑦1, 𝑦2
the solutions of the equation 𝑦″ + (𝑛 − 1)𝑦′ − 𝑟−2𝜆𝑟𝑦 = 0 such that 𝑦1𝑦−1

2 → 0
as 𝑟 → 0 and 𝑦2(1) = 0.
Theorem 1. a) Let 𝑢 ∈ 𝐿1

2(Ω) be a solution of the equation −Δ𝑢 = 𝑓 , where
𝑓 ≡ 0 in Σ𝜀. Then, for 𝑟1 < 𝑟2 < 𝜀, the estimate

𝐽(𝑟1) ≤ 𝑦1(𝑟1)𝑦−1
1 (𝑟2) 𝐽(𝑟2)

is valid. b) Let 𝑢 be a growing solution of the equation Δ𝑢 = 0. Then

𝐽(𝑟1) ≥ 𝑦2(𝑟1)𝑦−1
2 (𝑟2)𝐽(𝑟2)

for 𝑟1 < 𝑟2 < 1.
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Theorem 2. There exists no more than one growing solution of the equation
Δ𝑢 = 0 satisfying the condition

lim
𝑟→0

𝐽−2(𝑟)𝑟2−𝑛 ∫
1

𝑟
exp{∫

1

𝑡

√4Λ𝑠 + (𝑛 − 2)2 + √4𝜆𝑠 + (𝑛 − 2)2

2𝑠 𝑑𝑠} 𝑑𝑡
𝑡 = ∞.

Such a solution preserves its sign in Ω.

If 𝜆𝑟 “sufficiently regularly”tends to a limit 𝜆0 ≤ ∞ as 𝑟 → 0, then one
can indicate asymptotic formulas for 𝑦1,2. These formulas, in combination
with Theorem 2, make it possible to obtain the following exact conditions
for uniqueness of a nontrivial solution of the equation Δ𝑢 = 0, satisfying
the inequality 𝐽(𝑟) ≤ 𝑐𝑦2(𝑟): a) (Λ𝑟 − 𝜆𝑟)𝑟−1 ∈ 𝐿(0, 1) for 𝜆0 < ∞; b)
(√Λ𝑟 − √𝜆𝑟)𝑟−1 ∈ 𝐿(0, 1) for 𝜆0 = ∞.

From Theorem 1 one can obtain estimates near the point 𝑂 for the Green
function 𝐺(𝑥, 𝑠) and the harmonic measure 𝐻(𝑥, 𝐸), 𝐸 ⊂ Γ, 𝑥 ∈ Ω (cf. (1)).
Theorem 3. For any 𝛼 > 1, 𝛽 < 1 there exists a constant 𝑘 = 𝑘(𝛼, 𝛽) such
that

𝐺(𝑥, 𝑠) ≤ 𝑘𝑦1(𝛼|𝑥|)𝑦−1
1 (𝛽|𝑠|)|𝑠|2−𝑛 for 𝛼|𝑥| ≤ 𝛽|𝑠|;

𝐻(𝑥, Γ ∖ Σ𝜌) ≤ 𝑘𝑦1(𝛼|𝑥|)𝑦−1
1 (𝛽𝜌) for 𝛼|𝑥| ≤ 𝛽𝜌.

The last inequality makes it possible to obtain an estimate for the modulus
of continuity of a harmonic function 𝑣 ∈ 𝐶(Ω) at the point 𝑂. Let 𝛾(𝑡) be a
modulus

continuity of the function 𝑣|Γ at the point 𝑂. Then, for 𝑥 ∈ Ω,

|𝑣(𝑥) − 𝑣(𝑂)| ≤ 𝛾(𝛼|𝑥|) + 𝑘𝑦1(𝛼|𝑥|) ∫
1

𝛼|𝑥|
𝑦−1

1 (𝛽𝑡) 𝑑𝛾(𝑡).

2∘. We shall give asymptotic formulas for an increasing solution of the equation
Δ𝑢 = 0. We confine ourselves here to the case when Ω, in a neighborhood of
the point 𝑂, is a body of revolution {𝑥 ∶ 𝜃 ≤ 𝜃𝑟}, and 𝜃𝑟 tends to the limit 𝜃0
as 𝑟 → 0. Put 𝜔𝑟 = mes𝑛−1 𝐾𝑟, 𝜔0 = lim𝜔𝑟 as 𝑟 → 0, and 𝜒𝑟 = 𝜔0 − 𝜔𝑟. In
deriving the asymptotic formulas one has to require that the function 𝜒𝑟 and
its derivatives satisfy, as 𝑟 → 0, certain integral decay conditions characterizing
the remainder term. Since these general conditions are rather cumbersome, we
restrict ourselves here to indicating asymptotics for the particular, but typical,
case

𝜒𝑟 = 𝑐𝑟𝑐0(ln 𝑟)𝑐1(ln ln 𝑟)𝑐2 … (ln𝑘 𝑟)𝑐𝑘 ∗.

Let 𝜃0 ∈ (0, 𝜋). Then, as 𝑟 → 0,
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𝑢 =

⎧{{
⎨{{⎩

𝑟2−𝑛−𝑚0 [𝐶 𝑛/2−1
𝑚𝑟 (cos 𝜃) + 𝑂 (∫

𝑟

0
|𝜒𝑡|

𝑑𝑡
𝑡 )] , if 𝜒𝑟𝑟−1 ∈ 𝐿(0, 1) and 𝑐0 ≤ 1;

𝑟2−𝑛−𝑚0 exp{𝜇−1 ∫
1

𝑟
𝜒𝑡

𝑑𝑡
𝑡 } [𝐶 𝑛/2−1

𝑚𝑟 (cos 𝜃) + 𝑂 (|𝜒𝑟| + ∫
𝑟

0
𝜒2

𝑡
𝑑𝑡
𝑡 )] , if 𝜒𝑟𝑟−1 ∉ 𝐿(0, 1), 𝜒2

𝑟𝑟−1 ∈ 𝐿(0, 1),

(1)

where 𝐶 𝑛/2−1
𝑚 is the Gegenbauer function, 𝑚 = 𝑚𝑟 satisfies the equation

𝐶 𝑛/2−1
𝑚𝑟 (cos 𝜃𝑟) = 0, and

𝜇 = 𝑠𝑛−1(𝑛 − 2 + 2𝑚0)
(𝑛 − 2)2 sin2 𝜃0

[𝐶 𝑛/2
𝑚0−1(cos 𝜃0)]

−2
∫

1

cos 𝜃0

(1 − 𝑡2)(𝑛−3)/2 [𝐶 𝑛/2−1
𝑚0 (𝑡)]

2
𝑑𝑡.

If 𝜃0 = 0 and 𝜃𝑟𝑟−1 ∈ 𝐿(0, 1), then, as 𝑟 → 0,

𝑢 = (𝑟𝜃𝑟)(2−𝑛)/2 exp{𝜈 ∫
1

𝑟
𝜃−1

𝑡
𝑑𝑡
𝑡 } [(𝜃𝑟

𝜃 )
(𝑛−3)/2

𝐽(𝑛−3)/2 (𝜈 𝜃
𝜃𝑟

) + 𝑂 (∫
𝑟

0
𝜃𝑡

𝑑𝑡
𝑡 )] ,

(2)

where 𝜈 is the least positive zero of the Bessel function 𝐽(𝑛−3)/2.

We pass to the case 𝜃0 = 𝜋. If 𝑛 = 3, 𝑟−1 ln−1 𝜒𝑟 ∈ 𝐿(0, 1) and 𝑟−1 ln−2 𝜒𝑟 ∈
𝐿(0, 1), then there exists a solution having, as 𝑟 → 0, the form

𝑢 = 𝑟−1 exp{− ∫
1

𝑟
ln−1 𝜒𝑡

𝑑𝑡
𝑡 } [1 − 2 ln cos 𝜃/2

ln𝜒𝑟
+ 𝑂 (| ln−1 𝜒𝑟| + ∫

𝑟

0
ln−2 𝜒𝑡

𝑑𝑡
𝑡 )] .

(3)

If 𝑛 > 3 and 𝜒2(𝑛−3)/(𝑛−1)
𝑟 𝑟−1 ∈ 𝐿(0, 1), then, as 𝑟 → 0,

𝑢 = 𝑟2−𝑛 exp{(𝑛 − 3)𝑠𝑛−1
(𝑛 − 2)𝑠𝑛

𝜈(3−𝑛)/(𝑛−1)
𝑛−1 ∫

1

𝑟
𝜒(𝑛−3)/(𝑛−1)

𝑡
𝑑𝑡
𝑡 } [1 + 𝑜(1)]. (4)

Under the same condition, formula (4) admits a refinement, which we do not
present because of its cumbersomeness.

If 𝑓(𝑥) satisfies the condition 𝐹(𝑟)𝑦1(𝑟)𝑟𝑛−1 ∈ 𝐿(0, 1), where 𝐹(𝑟) = sup |𝑓(𝑥)|
on 𝜎𝑟, then there exists an increasing solution of the equation −Δ𝑢 = 𝑓 , the
principal term of whose asymptotics is determined by formulas (1)—(4).
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We note that for the“spherical”cone 𝜃 ≤ 𝜃0 ∈ (0, 𝜋), asymptotic expansions of
solutions of general elliptic problems are given in (2).
For unbounded domains one can obtain analogous asymptotic representations
of solutions in a neighborhood of an infinitely distant point. As an example,
let us consider a “quasi-cylindrical”domain Ω. Let Ω𝑡 be the section of Ω
by the hyperplane 𝑥𝑛 = 𝑡 ≥ 0. We shall assume that the projection of Ω𝑡
onto 𝑥𝑛 = 0 is obtained from Ω0 by a similarity transformation with respect
to 𝑂 with coefficient 𝛼(𝑡) and shift by the vector ⃗𝛽(𝑡) = (𝛽(1)(𝑡), … , 𝛽(𝑛−1)(𝑡)).
Because of the cumbersomeness of the exact conditions and of the remainder
term, in the general case we give the formula only for the case when 𝛼 and 𝛽(𝑖)

are functions of the form 𝑐𝑡𝑐0(ln 𝑡)𝑐1 ⋯ (ln𝑘 𝑡)𝑐𝑘 . Namely, if
𝛼𝑎′ 2(𝑡)𝛼−1(𝑡) ∈ 𝐿(0, ∞), | ⃗𝛽|2𝛼−2 < 𝑐 < ∞, then there exists a solution of the
equation Δ𝑢 = 0, 𝑢 = 0 on Γ, such that as 𝑥 → ∞

𝑢(𝑥) = 𝛼(2−𝑛)/2(𝑥𝑛) exp{𝜆1/2
0 ∫

𝑥𝑛

0

𝑑𝑡
𝛼(𝑡) [Ψ (𝒳⃗ − ⃗𝛽(𝑥𝑛)

𝛼(𝑥𝑛) ) + 𝑂 (|𝛼′(𝑥𝑛)| + ∫
∞

𝑥𝑛

𝛼𝑎′2

𝛼 𝑑𝑡)]} ,

where 𝜆0 is the first eigenvalue, and Ψ(𝒳⃗) is the eigenfunction of the Dirichlet
problem for the Laplace operator in Ω0. This formula generalizes, to the case
𝑛 > 2, the asymptotic formula for a conformal mapping of an infinite strip,
obtained in (3) under less stringent conditions.

Let us return to the case of a bounded domain Ω. It can be shown that increasing
solutions of the equation Δ𝑢 = 0 admitting asymptotic representations of the
type (1)—(4) have the form

𝑢(𝑥) = lim
𝑠→0

𝐺(𝑥, 𝑠)𝐺−1(𝑥0, 𝑠),

where 𝑥0 ∈ Ω, and 𝑠 → 0 along a nontangential path*. Hence it follows that

lim
𝑠→0

lim
𝑥→0

𝐺−1(𝑥, 𝑠)𝑦1(|𝑥|)Ψ|𝑥|(𝜑𝑥)𝑦2(|𝑠|)Ψ|𝑠|(𝜑𝑠) = 𝑐 ∈ (0, ∞),

where Ψ|𝑦|(𝜑𝑦) is the first eigenfunction of the Dirichlet problem for the Beltrami
operator in 𝐾|𝑦|, and 𝑥, 𝑠 → 0 along nontangential paths.

3°. Let us note some applications of the results obtained. First consider the
question of the deficiency index of the operator Δ. The case 𝑛 = 2 was studied
in (4,5 ). Here and below we assume that the boundary Γ is sufficiently regular
everywhere except at the point 𝑂. Let the operator Δ be defined on
𝒟(Δ) = 𝐿2

2(Ω)∩𝐿̇1
2(Ω), and let Δ be the closure of Δ, Δ̃ the Friedrichs extension
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of Δ, and Δ∗ the operator adjoint to Δ. From Theorem 1 it follows that Δ = Δ̃
if 𝑛 > 3, or if 𝑛 = 3 and 𝑟𝑦2(𝑟) ∈ 𝐿2(0, 1). Under certain qualitative restrictions
on Γ the latter condition is also necessary. If it is violated, the deficiency index
is equal to 1. In this case the asymptotic behavior of the solution of the equation
Δ∗𝑢 = 0 is described by formulas of the type (1)—(4). If Δ ≠ Δ̃, then 𝑣 ∈ 𝒟(Δ∗)
belongs to 𝒟(Δ̃) if and only if 𝑣(𝑠)𝐺−1(𝑥0, 𝑠) → 𝑐 < ∞ as 𝑠 → 0 along a
nontangential path. Moreover, 𝑣 belongs to 𝒟(Δ) if and only if 𝑐 = 0. If 𝑛 = 3
and Γ near the point 𝑂 is a cone with regular boundary, then Δ = Δ = Δ̃ for
𝜆0 > 3/4, Δ = Δ ≠ Δ̃ for 𝜆0 < 3/4, and Δ = Δ, dim𝒟(Δ) (mod𝒟(Δ)) = ∞
for 𝜆0 = 3/4.
Let Ω in a neighborhood of the point 𝑂 be a body of revolution, and suppose
( 1

2 𝑠𝑛 − 𝜔𝑟)2𝑟−1 ∈ 𝐿(0, 1). Then the condition

lim
𝑟→0

∫
1

𝑟
( 1

2 𝑠𝑛 − 𝜔𝑡)
𝑑𝑡
𝑡 < +∞

is necessary and sufficient in order that all harmonic functions,

* This means that lim 𝜌𝑑−1 > 0, where 𝜌 is the distance from 𝑠 to Γ∩𝜎|𝑠|, 𝑑 is the diameter of Ω∩𝜎|𝑠|.

having a minimum at the point 𝑂, satisfy the inequality lim |𝑥|−1(𝑢(𝑥)−𝑢(0)) >
0 as 𝑥 → 0 along a non-tangential path (cf. (6)).

In conclusion let us consider the question of the validity of the estimate ‖𝐷2𝑢‖𝑝 ≤
𝑐‖Δ𝑢‖𝑝 (cf. (7)) under the assumption that Γ near 𝑂 is a cone with regular
boundary. This estimate holds for all 𝑝 > 1 if 𝜆0 ≥ 2𝑛. If, however, 𝜆0 < 2𝑛,
then it is valid for

𝑝 < 2𝑛(𝑛 + 2 − √4𝜆0 + (𝑛 − 2)2)−1;

the only exception is the case of a regular boundary when 𝜆0 = 𝑛 − 1, but the
estimate is valid for all 𝑝 > 1.
Let us also note that the results obtained in 1∘, 2∘ turn out to be useful in
proving pointwise estimates for derivatives of solutions, as well as assertions of
the type of the Phragmén—Lindelöf principle.
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