
Soviet-era science, translated into English

THERMODYNAMIC
PROPERTIES OF
SUPERCONDUCTORS
WITH A
NONMAGNETIC
IMPURITY.
PHYSICS

1967

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196701.77573

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196701.77573


Abstract
Full Text
UDC 537.312.62

PHYSICS

V. A. MOSKALENKO

THERMODYNAMIC PROPERTIES OF SU-
PERCONDUCTORS WITH A NONMAG-
NETIC IMPURITY.

ALLOWANCE FOR THE OVERLAP OF EN-
ERGY BANDS
(Presented by Academician N. N. Bogolyubov, 12 XII 1966)

The theory of superconductors with overlapping energy bands in the vicinity
of the Fermi energy was considered in works (1−5). On the basis of the results
obtained in these works, we shall consider the thermodynamic properties of a
two-band model of a superconductor with small amounts of a nonmagnetic im-
purity. We shall investigate the nature of the change in the order parameters
with increasing impurity concentration, determine the energy gap in the spec-
trum of Fermi elementary excitations, and calculate the electronic heat capacity.
The calculations will be carried out in the limiting cases of temperatures close
to the critical temperature (𝑇𝑐) and to zero temperature. The notation is the
same as in works (3−5).
Let us denote by 𝐺𝑛, 𝑃𝑛, and 𝑅𝑛 the temperature Green’s functions of the 𝑛-th
band of a superconductor with an impurity (after averaging over the positions
of the latter). Then one may write:

𝐺𝑛(k|Ω) = [𝑖Ω + 𝜀𝑛(k) − 𝜎𝑛(−k| − Ω)]/𝐴𝑛(k|Ω),
𝑃 𝑛(k|Ω) = [Γ𝑛 + Σ𝑛(k|Ω)]∗/𝐴𝑛(k|Ω), (1)

𝐴𝑛(k|Ω) = [𝜀𝑛(k) + 𝑖Ω − 𝜎𝑛(−k| − Ω)][𝜀𝑛(k) − 𝑖Ω − 𝜎𝑛(k|Ω)] + |Γ𝑛 + Σ𝑛(k|Ω)|2,

where

Γ∗
𝑛 = ∑

𝑚
𝑉𝑚𝑛

1
𝛽𝑉 ∑

kΩ
𝑃 𝑚(k|Ω); (2)

𝑉𝑚𝑛 are the constants of the effective electron–electron interaction of the two-
band model (on the Fermi surface). The function 𝑅𝑛, not written out, is the
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complex conjugate of the function 𝑃 𝑛. The contribution of the impurity inter-
action to the mass operators 𝜎𝑛 and Σ𝑛 has the form:

𝜎𝑛(k|Ω) = 𝑐
𝑉 ∑

𝑚
∑
k′

|𝑢(k − k′)|2𝐺𝑚(k′|Ω)|𝜒(𝑛k, 𝑚k′)|2,

Σ𝑛(k|Ω) = 𝑐
𝑉 ∑

𝑚
∑
k′

|𝑢(k − k′)|2𝑅𝑚(k′|Ω)|𝜒(𝑛k, 𝑚k′)|2, (3)

where 𝜒(𝑛k, 𝑚k′) is the integral over the unit cell of the modulating factors 𝑢𝑛k
and 𝑢𝑚k′ of the Bloch functions of the electrons in the metal.

Taking into account that the principal values of the Green’s functions are con-
centrated near the bands of the Fermi surface (we assume them to be spherical),
with radii 𝑘𝐹

𝑛 and 𝑘𝐹
𝑚, we solve equations (1)—(3) in the following way:

𝜎𝑛(k|Ω) ≃ 𝑖Ω𝑡𝑛(Ω); Σ𝑛(k|Ω) ≃ Γ𝑛𝑋𝑛(Ω), (4)

𝑡𝑛(Ω) = ∑
𝑚

ℏ
2𝜏𝑛𝑚|Ω|

𝑢𝑚
√𝑢2𝑚 + 1

,

Γ𝑛𝑋𝑛(Ω) = ∑
𝑚

ℏ
2𝜏𝑛𝑚

1
√𝑢2𝑚 + 1

, 𝑢𝑚 = |Ω|
Γ𝑚

1 + 𝑡𝑚
1 + 𝑋𝑚

,

where in the two-zone case we have

𝑢1 + 𝛼1(𝑢1 − 𝑢2)/√𝑢2
2 + 1 = |Ω|/Γ1, 𝛼1 = ℏ/2𝜏12Γ1,

𝑢2 + 𝛼2(𝑢2 − 𝑢1)/√𝑢2
1 + 1 = |Ω|/Γ2, 𝛼2 = ℏ/2𝜏21Γ2.

(5)

On the basis of these formulas, for the order parameters Γ𝑛 we obtain the
equations

Γ𝑛 = ∑
𝑚

𝑉𝑚𝑛𝑁𝑚
𝜋
𝛽 ∑

Ω

1
√𝑢2𝑚 + 1

. (6)

Let us now proceed to the investigation of the order parameters at zero temper-
ature.

Although the impurity concentration considered by us does not exceed several
percent, we can distinguish two limiting cases: a low impurity concentration
(𝛼𝑖 ≪ 1) and a high impurity concentration (𝛼𝑖 ≫ 1). The solution of equations
(6) in the first case differs from the values of the gaps 𝛾𝑛 of the pure substance
by small corrections:
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Γ𝑛 = 𝛾𝑛 + 𝛾′
𝑛, (7)

where

𝛾′
1 = ℏ

2𝜏12
[ 2𝛾2

𝛾1 + 𝛾2
𝐾 [|𝛾1 − 𝛾2|

𝛾1 + 𝛾2
] − 𝐸 [|𝛾1 − 𝛾2|

𝛾1 + 𝛾2
]] (1 − 𝑉21𝑁2𝛾2

𝑑𝛾1
)

+ 𝑉21𝑁2
𝑑

ℏ
2𝜏21

[ 2𝛾1
𝛾1 + 𝛾2

𝐾 [|𝛾1 − 𝛾2|
𝛾1 + 𝛾2

] − 𝐸 [|𝛾1 − 𝛾2|
𝛾1 + 𝛾2

]] ,
(8)

𝑑 = 𝑎 + 𝑁1𝑉12𝛾1/𝛾2 + 𝑁2𝑉21𝛾2/𝛾1, 𝑎 = 𝑁1𝑁2(𝑉11𝑉22 − 𝑉12𝑉21).

𝐾, 𝐸 are complete elliptic integrals. The quantity 𝛾′
2 is obtained from 𝛾′

1 by
replacing the index 1 ⇄ 2. Both of these quantities are negative, i.e., the impu-
rity reduces the order parameters. In the case of a high impurity concentration
(𝛼𝑖 ≫ 1) we obtain the following results:

𝛾1/Γ1 = 𝛾2/Γ2,

ln [ 𝛾1
Γ1

√𝑧 (𝑁1 + 𝑁2)
(𝑁2 + 𝑁1𝑧) ] = −𝑁1𝑁2(1 − 𝑧)2

(𝑁2 + 𝑁1𝑧)2 ln [2√𝑧 ̄𝛼1 (1 + 𝑁1
𝑁2

)]+(𝑁1 + 𝑁2)(𝑁2 − 𝑁1𝑧2)
2(𝑁2 + 𝑁1𝑧)2 ln 𝑧,

(9)

where

𝑧 = 𝛾1/𝛾2, ̄𝛼1 = ℏ/2𝜏12𝛾1, ̄𝛼2/ ̄𝛼1 = (𝑁1/𝑁2)𝑧. (10)

Thus, in this limiting case the ratio 𝛾1/Γ1 increases with increasing impurity
concentration according to a power law, i.e., a further decrease of the quantity
Γ𝑛 occurs. In the concentration range considered by us, the order parameters
do not, generally speaking, become zero and, consequently, the superconducting
state of the metal is preserved.

Let us calculate the density of states 𝒩𝑛(Ω) in this temperature region. This
quantity is defined as follows:

𝒩𝑛(Ω) = 𝑁𝑛 Re [𝑢𝑛/√𝑢2𝑛 − 1] , (11)

where in the present case the quantities 𝑢𝑛 and the frequency Ω are related by
the equations
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Ω/Γ1 = 𝑢1 + 𝑖𝛼1(𝑢1 − 𝑢2)/√𝑢2
2 − 1, Ω/Γ2 = 𝑢2 + 𝑖𝛼2(𝑢2 − 𝑢1)/√𝑢2

1 − 1,
(12)

which are obtained from (5) by the replacement (6)

𝑢𝑛 → −𝑖𝑢𝑛, Ω → 𝑖Ω, Γ𝑛 → Γ𝑛.

It can be shown that when one of the two densities 𝒩𝑛 is equal to zero, the other
density is also equal to zero. Both densities begin to take on nonzero values at
a certain frequency Ω0, which, according to (6,7 ), plays the role of a gap in the
electronic energy spectrum. At a high impurity concentration (𝑎𝑖 ≫ 1), the
energy gap has the form

Ω0 = Γ1Γ2(𝑎1 + 𝑎2)/(𝑎1Γ1 + 𝑎2Γ2). (13)

It follows from this that the quantity Ω0 is greater than the smaller of the two
order parameters Γ𝑛 and smaller than the larger of them. Since, as was shown,
the Γ𝑛 decrease with increasing concentration, while remaining nonzero, the
same statement is true for the energy gap Ω0. At a low impurity concentration
(𝑎𝑖 ≪ 1) we have

Ω0 ≃ Γ2 + ℏ
2𝜏21

√𝜉 − 1
𝜉 + 1 for Γ1 > Γ2,

Ω0 ≃ Γ1 + ℏ
2𝜏12

√1 − 𝜉
1 + 𝜉 for Γ2 > Γ1,

(14)

where 𝜉 = Γ1/Γ2.

For what follows, it is of interest to calculate the densities of states 𝒩𝑛 in the
neighborhood of Ω ≃ Ω0. The calculations performed lead to the following
results.

For 𝑎𝑖 ≫ 1,

𝒩𝑛(Ω)
𝑁𝑛

≃ √2
3 ( Γ1Γ2

Γ1 − Γ2
)

4/3 (𝑎1 + 𝑎2)2

(𝑎1𝑎2)2/3
√Ω − Ω0

Ω11/6
0

, (15)

where by Ω0 in the present case one should mean expression (13).

For 𝑎𝑖 ≪ 1 and Γ1 > Γ2:
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𝒩1(Ω)
𝑁1

≃ √2
3

√Ω − Ω0
√Γ2

𝑎1/3
1

𝑎2/3
2

(1 + 1
𝜉 )

−1/2
(1 − 1

𝜉 )
−5/6

,

𝒩2(Ω)
𝑁2

≃ √2
3

√Ω − Ω0
√Γ2

(𝑎1𝑎2)−2/3 (1 + 1
𝜉 ) (1 − 1

𝜉 )
−1/3

,
(16)

and for Γ2 > Γ1:

𝒩1(Ω)
𝑁1

≃ √2
3

√Ω − Ω0
√Γ1

(𝑎1𝑎2)−2/3(1 + 𝜉)(1 − 𝜉)−1/3,

𝒩2(Ω)
𝑁2

≃ √2
3

√Ω − Ω0
√Γ1

𝑎1/3
2 𝑎−2/3

1 (1 + 𝜉)−1/2(1 − 𝜉)−5/6.
(17)

On the basis of these results, for the low-temperature electronic heat capacity
in the limit 𝑎𝑖 ≫ 1 we obtain:

𝐶𝑠 ≃ 2√2𝜋𝑘𝐵
3𝑇 (𝑁1 + 𝑁2)Ω1/6

0 𝑒−3Ω0 ( Γ1Γ2
Γ1 − Γ2

)
4/3 (𝑎1 + 𝑎2)2

(𝑎1𝑎2)2/3 , (18)

and in the case of a low impurity concentration 𝑎𝑖 ≪ 1,

𝐶𝑠 ≃ 2√2𝜋𝑘𝐵
3𝑇

Ω2
0𝑒+𝛽Ω0

(𝑎1𝑎2)2/3

⎧{{
⎨{{⎩

𝑁2
√Γ2

(1 + 1/𝜉)
(1 − 1/𝜉)1/3 , Γ1 > Γ2,

𝑁1
√Γ1

(1 + 𝜉)
(1 − 𝜉)1/3 , Γ2 > Γ1.

(19)

Let us now turn to the limiting case of temperatures close to the critical tem-
perature 𝑇𝑐. In this case the parameters Γ𝑛 are small. Expanding with respect
to them,

Γ𝑛 = (ln 𝛽
𝛽𝑐

)
1/2

[𝐶𝑛 + ln 𝛽
𝛽𝑐

𝐶1
𝑛 + …] , (20)

we obtain, in the limit of a high impurity concentration (ℏ𝛽𝑐/2𝜏𝑛𝑚 ≫ 1), the
expressions

𝐶2
𝐶1

= 1 − 𝑉11𝑁1 ln(2𝛾𝛽𝑐𝜔1/𝜋)
𝑉21𝑁2 ln(2𝛾𝛽𝑐𝜔2/𝜋) , 𝐶2 = 8

7𝜁(3) ( 𝜋
𝛽𝑐

)
2

, (21)

where
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𝐶 = (𝐶1𝑁1 + 𝐶2𝑁2)/(𝑁1 + 𝑁2). (22)

On the basis of these formulas and the expression for the difference of the
thermodynamic potentials, obtained under the same assumptions, we obtain
for the critical magnetic field 𝐻𝑐 and the jump of the heat capacity 𝐶𝑠 at the
critical point the expressions

𝐻2
𝑐

8𝜋 = Λ (ln 𝛽
𝛽𝑐

)
2

, 𝐶𝑠(𝑇𝑐)−𝐶𝑛(𝑇𝑐) = 2𝛽𝑐Λ, Λ = 4
7𝜁(3) ( 𝜋

𝛽𝑐
)

2
(𝑁1+𝑁2).

(23)

The expressions obtained coincide in form with the analogous formulas for pure
one-band substances if 𝛽𝑐 is understood as the quantity determined on the two-
band basis (3), and if it is assumed that, instead of the density of states of the
one-band model, the total density 𝑁1 + 𝑁2 enters. Equation (23) also coincides
in form with the analogous formulas for pure two-band substances in which
interband transitions are absent, provided, however, that the quantity 𝛽𝑐 is
defined according to Ref. (3).

The author expresses his deep gratitude to Academician N. N. Bogolyubov for
his interest in the work and for discussion of the results.
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