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MATHEMATICS
A. D. DZHABRAILOV

WEIGHT SPACES OF FUNCTIONS WITH
DOMINANT MIXED DERIVATIVES AND
DIFFERENTIAL PROPERTIES OF FUNC-
TIONS FROM THESE SPACES
(Presented by Academician S. L. Sobolev on 19 IX 1966)

The investigation, by the variational method, of hyperelliptic equations degen-
erating on the boundary has led to the necessity of studying the boundary
properties of functions from weight spaces of functions with dominant mixed
derivatives, which is what is done in the present work. These spaces in the
unweighted case were studied in the papers (3,5,9,10), and the general theory of
weight spaces is set forth in (3).

Let 𝐸𝑛 be the 𝑛-dimensional Euclidean space of points 𝑥 = (𝑥1, … , 𝑥𝑛).
+
𝐸𝑛 =

{𝑥; 𝑥𝑖 > 0 (𝑖 = 1, … , 𝑛)}. Suppose that 𝑒 is an arbitrary subset of the set of
natural numbers 𝑒𝑛 = {1, … , 𝑛}. If 𝐾 = (𝑘1, … , 𝑘𝑛) is a given vector, then, for
each fixed subset 𝑒, let 𝐾𝑒 = (𝑘𝑒

1, … , 𝑘𝑒
𝑛), where 𝑘𝑒

𝑗 = 𝑘𝑗 for 𝑗 ∈ 𝑒 and 𝑘𝑗 = 0 for
𝑗 ∈ 𝑒𝑛 ∖ 𝑒. The carrier of the vector 𝐾 is called the smallest subset 𝑒 of the set
𝑒𝑛 such that 𝐾𝑒 = 𝐾, and it is denoted by 𝑒𝑘.

Let 𝑟 = (𝑟1, … , 𝑟𝑛) be a vector with nonnegative components and with nonempty
carrier 𝑒𝑟. Put 𝑟𝑖 = ̄𝑟𝑖 +𝛽𝑖, where ̄𝑟𝑖 is the integral part of 𝑟𝑖, so that 0 ≤ 𝛽𝑖 < 1,
and also 𝑟𝑖 = 𝑟𝑖 + 𝛾𝑖, where 𝑟𝑖 is the greatest integer less than 𝑟𝑖, consequently
0 < 𝛾𝑖 ≤ 1. If 𝑟𝑖 = 0, then put ̄𝑟𝑖 = 0 and 𝑟𝑖 = 0. Thus, to each vector
𝑟 = (𝑟1, … , 𝑟𝑛) there correspond the vectors ̄𝑟 = ( ̄𝑟1, … , ̄𝑟𝑛) and 𝑟 = (𝑟1, … , 𝑟𝑛).

Let 𝑓(𝑥) be a sufficiently smooth function defined in 𝐸𝑛. By Δ𝑘𝑗
𝑗 (𝑡𝑗)𝑓(𝑥) we

denote the finite difference of the function 𝑓 of order 𝑘𝑗 with respect to the
variable 𝑥𝑗 with step 𝑡𝑗. For each subset 𝑒 of 𝑒𝑛 and for integer-valued vectors
𝑘 = (𝑘1, … , 𝑘𝑛) and 𝑚 = (𝑚1, … , 𝑚𝑛), put

Δ𝐾𝑒(𝑡)𝑓(𝑥) = [∏
𝑗∈𝑒

Δ𝑘𝑗
𝑗 (𝑡𝑗)] 𝑓(𝑥),
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𝐷𝑚𝑒𝑓(𝑥) ≡ 𝐷𝑚𝑒
1

1 ⋯ 𝐷𝑚𝑒
𝑛𝑛 𝑓(𝑥) = 𝜕𝑚𝑒

1

𝜕𝑥𝑚𝑒
1

1
⋯ 𝜕𝑚𝑒

𝑛

𝜕𝑥𝑚𝑒𝑛𝑛
𝑓(𝑥).

Let 𝑒∗
𝑟 be the set of indices from 𝑒𝑟 such that, for 𝑖 ∈ 𝑒∗

𝑟, 𝑟𝑖 is not an integer; let
𝛼 = (𝛼1, … , 𝛼𝑛) be a vector whose components satisfy the conditions 𝛼𝑖 > −1
(𝑖 = 1, … , 𝑛).
For any fixed 𝑒 from 𝑒𝑟, put, when 𝑒∗ ≡ 𝑒 ∩ 𝑒∗

𝑟 = ∅,

‖𝑓, 𝐿𝑟𝑒
𝑝,𝛼(

+
𝐸𝑛)‖ = ‖𝐷𝑟𝑒𝑓, 𝐿𝑝,𝛼(

+
𝐸𝑛)‖,

and when 𝑒∗ ≡ 𝑒 ∩ 𝑒∗
𝑟 ≠ ∅,

‖𝑓, 𝐿𝑟𝑒
𝑝,𝛼(

+
𝐸𝑛)‖ = ‖𝐷𝑟𝑒𝑓, 𝐿𝑝,𝛼(

+
𝐸𝑛)‖ + 𝐼𝑒,𝛼(𝑓),

where

‖𝑓, 𝐿𝑝,𝛼(
+
𝐸𝑛)‖ = (∫+

𝐸𝑛

𝑛
∏
𝑗=1

𝑥𝛼𝑗
𝑗 |𝑓(𝑥)|𝑝 𝑑𝑥)

1/𝑝

;

𝐼𝑒,𝛼(𝑓) = ⎛⎜
⎝

∫
∞

0
⋯ ∫

∞

0
∥Δ𝜔𝑒∗(𝑡)𝐷 ̄𝑒

𝑟𝑓, 𝐿𝑝,𝛼(𝐸 𝑛)∥
𝑝

∏
𝑗∈𝑒∗

𝑑𝑡𝑗

𝑡1+𝛽𝑗𝑝
𝑗

⎞⎟
⎠

1/𝑝

;

𝜔 = (1, … , 1) is a vector all of whose components are equal to one; 1 ≤ 𝑝 ≤ ∞.

Definition 1. The space 𝑆𝑟
𝑝,𝛼𝑊(𝐸 𝑛) will mean the closure of the set of smooth

finite functions in 𝐸𝑛 with respect to the norm

∥𝑓, 𝑆𝑟
𝑝,𝛼𝑊(𝐸 𝑛)∥ = ∑

𝑒⊆𝑒𝑟

∥𝑓, 𝐿𝑟𝑒
𝑝,𝛼(𝐸 𝑛)∥ ,

where the sum is taken over all possible subsets 𝑒 of the set 𝑒𝑟. Further, for
each 𝑒 from 𝑒𝑟 let

∥ ̇𝑓, ℒ𝑟𝑒
𝑝,𝛼(𝐸 𝑛)∥ = (∫

∞

0
⋯ ∫

∞

0
∥Δ2𝜔𝑒(𝑡)𝐷 ̄𝑒

𝑟𝑓, 𝐿𝑝,𝛼(𝐸 𝑛)∥
𝑝

∏
𝑗∈𝑒

𝑑𝑡𝑗

𝑡1+𝛾𝑗𝑝
𝑗

)
1/𝑝

.

Definition 2. The space 𝑆𝑟
𝑝,𝛼𝐵(𝐸 𝑛) will mean the closure of the set of smooth

finite functions in 𝐸𝑛 with respect to the norm
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∥𝑓, 𝑆𝑟
𝑝,𝛼𝐵(𝐸 𝑛)∥ = ∑

𝑒⊆𝑒𝑟

∥𝑓, ℒ𝑟𝑒
𝑝,𝛼(𝐸 𝑛)∥ .

Definition 3. The space 𝑆𝑟
𝑝,𝛼ℋ(𝐸 𝑛) will mean the closure of the set of smooth

finite functions in 𝐸𝑛 with respect to the norm

∥𝑓, 𝑆𝑟
𝑝,𝛼ℋ(𝐸 𝑛)∥ = ∑

𝑒⊆𝑒𝑟

𝑀𝑒
𝛼(𝑓),

where

𝑀𝑒
𝛼(𝑓) = sup

𝑡𝑒
∏
𝑗∈𝑒

𝑡−𝛾𝑗
𝑗 ∥Δ2𝜔𝑒(𝑡)𝐷 ̄𝑒

𝑟𝑓, 𝐿𝑝,𝛼(𝐸 𝑛)∥ .

Theorem 1. Let: 1) 1 < 𝑝 ≤ 𝑞 < ∞; 2) 𝑟 = (𝑟1, … , 𝑟𝑛) be a vector with
nonnegative components and with nonempty support 𝑒𝑟; if 𝑞 > 𝑝, then 𝑒𝑟 = 𝑒𝑛;
3) 𝜈 = (𝜈1, … , 𝜈𝑛) be a vector with integer nonnegative components with support
𝑒𝜈 ⊆ 𝑒𝑟; 4) 𝛼 = (𝛼1, … , 𝛼𝑛) and 𝜇 = (𝜇1, … , 𝜇𝑛) be two vectors with supports
𝑒𝜇 ⊆ 𝑒𝛼 ⊆ 𝑒𝑟, and the components of these vectors are related as follows:
𝛼𝑗/𝑝 ≥ 𝜇𝑗/𝑞 ≥ 0 for 𝑗 ∈ 𝑒𝜇 and 𝛼𝑗 ≥ 0 for 𝑗 ∈ 𝑒𝛼 ∖ 𝑒𝜇; 5) 𝜀 = (𝜀1, … , 𝜀𝑛) be a
vector with support 𝑒𝜀 = 𝑒𝑟, where

𝜀𝑗 = 𝑟𝑗 − 𝜈𝑗 − ((1 + 𝛼𝑗)/𝑝 − (1 + 𝜇𝑗)/𝑞) > 0 (𝑗 ∈ 𝑒𝑟);

6) 𝑓 ∈ 𝑆𝑟
𝑝,𝛼𝑊(𝐸 𝑛).

Then 𝐷𝜈𝑓 ∈ 𝑆𝜌
𝑞,𝜇𝑊(𝐸 𝑛), where 𝜌 = (𝜌1, … , 𝜌𝑛) is a vector with support 𝑒𝜌 ⊆

𝑒𝑟 and with components 0 < 𝜌𝑗 ≤ 𝜀∗
𝑗 for 𝑗 ∈ 𝑒∗

𝑟 ∩ 𝑒𝜌 and 0 < 𝜌𝑗 < 𝜀𝑗 for
𝑗 ∈ 𝑒𝜌 ∖ (𝑒∗

𝑟 ∩ 𝑒𝜌), and the inequality holds

∥𝐷𝜈𝑓, 𝑆𝜌
𝑞,𝜇𝑊(𝐸 𝑛)∥ ≤ 𝐶 ∥𝑓, 𝑆𝑟

𝑝,𝛼𝑊(𝐸 𝑛)∥ ,

where 𝐶 is a constant independent of 𝑓 .

We shall denote the results of this theorem by the relations

𝑆𝑟
𝑝,𝛼𝑊(𝐸 𝑛) → 𝑆𝜌

𝑞,𝜇𝑊(𝐸 𝑛).

Theorem 2. Suppose the conditions 1)—5) of Theorem 1 are satisfied. Then
the embedding holds

𝑆𝑟
𝑝,𝛼𝐵(𝐸 𝑛) → 𝑆𝜌∗

𝑞,𝜇𝐵(𝐸 𝑛),
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where 𝜌∗ = (𝜌∗
1, … , 𝜌∗

𝑛) is a vector with support 𝑒𝜌∗ ⊆ 𝑒𝑟 and 0 < 𝜌∗
𝑗 ≤ 𝜀𝑗

(𝑗 ∈ 𝑒𝜌∗).
Theorem 3. Under conditions 1)—5) of Theorem 1, the embedding

𝑆𝑟
𝑝,𝛼ℋ(

+
𝐸

𝑛
) → 𝑆𝜌∗

𝑞,𝜇ℋ(
+
𝐸

𝑛
),

holds, where 𝜌∗ = (𝜌∗
1, … , 𝜌∗

𝑛) is the same vector as in Theorem 2.

Theorem 4. Under conditions 1)—5) of Theorem 1, the embedding

𝑆𝑟
𝑝,𝛼𝒲(

+
𝐸

𝑛
) → 𝑆𝜌∗∗

𝑞,𝜇𝐵(
+
𝐸

𝑛
),

holds, where 𝜌∗∗ = (𝜌∗∗
1 , … , 𝜌∗∗

𝑛 ) is a vector with support 𝑒𝜌∗∗ ⊆ 𝑒𝑟, and 0 <
𝜌∗∗

𝑗 ≤ 𝜀𝑗 for 𝑗 ∈ 𝑒𝜌∗∗ ∩ 𝑒∗
𝑟, and 0 < 𝜌∗∗

𝑗 < 𝜀𝑗 for 𝑗 ∈ 𝑒𝜌∗∗ ∖ (𝑒𝜌∗∗ ∩ 𝑒∗
𝑟).

Theorem 5. Under conditions 1)—5) of Theorem 1, the embedding

𝑆𝑟
𝑝,𝛼𝐵(

+
𝐸

𝑛
) → 𝑆𝜌∗

𝑞,𝜇ℋ(
+
𝐸

𝑛
),

holds, where the vector 𝜌∗ is the same as in Theorems 2 and 3.

Below we give several theorems characterizing the boundary properties of func-
tions from the corresponding weighted functional spaces.

Theorem 6. Let: 1) 1 < 𝑝 ≤ 𝑞 < ∞; 2) 𝑟 = (𝑟1, … , 𝑟𝑛) be a vector with positive
components; 3) 𝑚 be a natural number ≤ 𝑛; 4) 𝜈 = (𝜈1, … , 𝜈𝑛) be a vector
with nonnegative integer components; 5) 𝛼 = (𝛼1, … , 𝛼𝑛) and 𝜇 = (𝜇1, … , 𝜇𝑚)
be, respectively, 𝑛- and 𝑚-dimensional vectors, where 𝛼𝑗/𝑝 ≥ 𝜇𝑗/𝑞 ≥ 0 (𝑗 =
1, … , 𝑚) and 𝛼𝑖 > −1 (𝑖 = 𝑚+1, … , 𝑛); 6) 𝜒 = (𝜒1, … , 𝜒𝑛) be an 𝑛-dimensional
vector with components

𝜒𝑗 = 𝑟𝑗 − 𝜈𝑗 − ((1 + 𝛼𝑗)/𝑝 − (1 + 𝜇𝑗)/𝑞) > 0 (𝑗 = 1, … , 𝑚),

𝜒𝑖 = 𝑟𝑖 − 𝜈𝑖 − (1 + 𝛼𝑖)/𝑝 > 0 (𝑖 = 𝑚 + 1, … , 𝑛);

7) 𝑓 ∈ 𝑆𝑟
𝑝,𝛼𝒲(

+
𝐸

𝑛
).

Then, for 𝑥𝑚+1 = 0, … , 𝑥𝑛 = 0, with respect to the variables 𝑥1, … , 𝑥𝑚, the
function

𝐷𝜈𝑓 ∈ 𝑆𝜌
𝑞,𝜇𝒲(

+
𝐸

𝑚
), 𝜌 = (𝜌1, … , 𝜌𝑚),
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where 0 < 𝜌𝑗 ≤ 𝜒𝑗 for 𝑗 ∈ 𝑒∗
𝜌 ∩ 𝑒∗

𝑟, and 0 < 𝜌𝑗 < 𝜒𝑗 for 𝑗 ∈ 𝑒𝜌 ∖ (𝑒∗
𝜌 ∩ 𝑒∗

𝑟);
moreover, the inequality

‖𝐷𝜈𝑓, 𝑆𝜌
𝑞,𝜇𝒲(

+
𝐸

𝑚
)‖ ≤ 𝐶‖𝑓, 𝑆𝑟

𝑝,𝛼𝒲(
+
𝐸

𝑛
)‖

holds, where 𝐶 is a constant independent of 𝑓 .

For 𝑚 = 𝑛, this theorem is a special case of Theorem 1.

Theorem 7. Suppose that conditions 1)—6) of Theorem 6 hold; in addition,

let 𝑓 ∈ 𝑆𝑟
𝑝,𝛼𝐵(

+
𝐸

𝑛
).

Then, for 𝑥𝑚+1 = 0, … , 𝑥𝑛 = 0, with respect to the variables 𝑥1, … , 𝑥𝑚, the
function

𝐷𝜈𝑓 ∈ 𝑆𝜌∗
𝑞,𝜇𝐵(

+
𝐸

𝑚
), 𝜌∗ = (𝜌∗

1, … , 𝜌∗
𝑚),

where 0 < 𝜌∗
𝑗 ≤ 𝜒𝑗 (𝑗 = 1, … , 𝑚); moreover, the inequality

‖𝐷𝜈𝑓, 𝑆𝜌∗
𝑞,𝜇𝐵(

+
𝐸

𝑚
)‖ ≤ 𝐶‖𝑓, 𝑆𝑟

𝑝,𝛼𝐵(
+
𝐸

𝑛
)‖

holds, where 𝐶 is a constant independent of 𝑓 .

For 𝑚 = 𝑛, this theorem can be obtained as a special case of Theorem 2.

Theorem 8. Suppose that conditions 1)—6) of Theorem 6 are satisfied. In
addition, let

𝑓 ∈ 𝑆𝑟
𝑝,𝛼ℋ(

+
𝐸

𝑛
).

Then, for 𝑥𝑚+1 = 0, … , 𝑥𝑛 = 0, as a function of the variables 𝑥1, … , 𝑥𝑚,

𝐷𝜈𝑓 ∈ 𝑆𝜌∗
𝑞,𝜇ℋ( ⃗𝐸 𝑚),

where 𝜌∗ is the same vector as in Theorem 7, and the inequality

‖𝐷𝜈𝑓, 𝑆𝜌∗
𝑞,𝜇ℋ( ⃗𝐸 𝑚)‖ ≤ 𝐶‖𝑓, 𝑆𝑟

𝑝,𝛼ℋ( ⃗𝐸 𝑛)‖,

holds, where 𝐶 is a constant independent of 𝑓 .

For 𝑚 = 𝑛 this theorem is a special case of Theorem 3.

Finally, using Theorem 4 of S. M. Nikol’skii (3) and Theorem 3 of this note, one
can assert:
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Theorem 9. Let 𝑓 belong simultaneously to all the spaces

𝑆𝑟𝑖
𝑝𝛼𝑖ℋ( ⃗𝐸 𝑛) (𝑖 = 1, … , 𝑁),

where 𝑟𝑖 = (𝑟𝑖
1, … , 𝑟𝑖

𝑛) (𝑖 = 1, … , 𝑁) are vectors with nonnegative components
and, respectively, with nonempty supports 𝑒𝑟𝑖 (𝑖 = 1, … , 𝑁); 𝛼𝑖 = (𝛼𝑖

1, … , 𝛼𝑖
𝑛)

(𝑖 = 1, … , 𝑁) are vectors with nonnegative components and, respectively, with
supports 𝑒𝛼𝑖 ⊆ 𝑒𝑟𝑖 (𝑖 = 1, … , 𝑁); 1 < 𝑝 < ∞. Let 𝜆𝑖 ≥ 0 (𝑖 = 1, … , 𝑁),

𝑁
∑
𝑖=1

𝜆𝑖 ≤ 1.

Then

𝑓 ∈ 𝑆 𝑟− 1
𝑝 𝛼

𝑝 𝐻( ⃗𝐸 𝑛) (see (3)),

where

𝑟 =
𝑁

∑
1

𝜆𝑖𝑟𝑖, 𝛼𝑖 =
𝑁

∑
1

𝜆𝑖𝛼𝑖,

and the inequalities

‖𝑓, 𝑆 𝑟− 1
𝑝 𝛼

𝑝 𝐻‖ ≤ 𝐶
𝑁

∑
𝑖=1

‖𝑓, 𝑆𝑟𝑖
𝑝,𝛼𝑖ℋ‖, ‖𝑓, 𝑆 𝑟− 1

𝑝 𝛼
𝑝 𝐻‖ ≤ ̄𝐶

𝑁
∏
𝑖=1

‖𝑓, 𝑆𝑟𝑖
𝑝,𝛼𝑖ℋ‖𝜆𝑖 ,

hold, where 𝐶 and ̄𝐶 are constants independent of 𝑓 .

The spaces 𝑆𝑟
𝑝,𝛼𝒲 with 𝑒𝛼 = ∅, i.e. in the unweighted case, coincide with the

spaces 𝑆𝑟𝑊
𝑝 , first defined, for 𝑒∗

𝑟 = 𝑒𝑟, by S. M. Nikol’skii (5), and for 𝑒∗
𝑟 ⊆ 𝑒𝑟 ⊆ 𝑒𝑛,

by the author (8,9). In the unweighted case the spaces 𝑆𝑟
𝑝,𝛼𝐵 coincide with the

known spaces 𝑆𝑟𝐵
𝑝 (see (7−9)), and the spaces 𝑆𝑟

𝑝,𝛼ℋ with spaces of type 𝑆𝑟𝐻
𝑝

of S. M. Nikol’skii (3). Theorem 6 for 𝑒∗
𝑟 = 𝑒𝑟 = 𝑒𝑛 was proved by the author

in (10). Theorem 9 in the unweighted case belongs to S. M. Nikol’skii (3). The
proofs of the results presented above, based on the new integral representation
obtained in the author’s work (10), are carried out by the method of integral
representations (see (1,6,10)).

In solving the indicated problems the author used works (1−11).

I express my deep gratitude to Prof. L. D. Kudryavtsev for valuable advice and
constant attention to the work.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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