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The investigation, by the variational method, of hyperelliptic equations degen-
erating on the boundary has led to the necessity of studying the boundary
properties of functions from weight spaces of functions with dominant mixed
derivatives, which is what is done in the present work. These spaces in the
unweighted case were studied in the papers (*%%10) and the general theory of
weight spaces is set forth in (3).

+
Let E™ be the n-dimensional Euclidean space of points = = (z4,...,x, ). E™ =
{z; ; >0 (i =1,...,n)}. Suppose that e is an arbitrary subset of the set of
natural numbers e, = {1,...,n}. If K = (ky, ..., k,,) is a given vector, then, for

each fixed subset e, let K¢ = (k§, ..., k%), where ki =k; for j € e and k; = 0 for

j € e, \ e. The carrier of the vector K is called the smallest subset e of the set
e, such that K¢ = K, and it is denoted by e,.

Let r = (rq,...,7,) be a vector with nonnegative components and with nonempty
carrier e,.. Put r; = r,+ f3;, where r, is the integral part of r;, so that 0 < 5, < 1,
and also 7, =T, +,;, where T, is the greatest integer less than r;, consequently
0 < <1 Ifr, =0, then put 7, = 0 and 7, = 0. Thus, to each vector

r = (rq,...,7,) there correspond the vectors ¥ = (74, ...,7,) and T = (7, ..., T,,).

r'n

Let f(x) be a sufficiently smooth function defined in E™. By A?’ (t;)f(z) we
denote the finite difference of the function f of order k; with respect to the
variable z; with step ¢;. For each subset e of e, and for integer-valued vectors
k= (ky,...,k,) and m = (mq,...,m,,), put

AR () f(2) = [[[AY ;)

jEe

f('r)7
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D7 fa) = DY D () = 9T .

ozt dapn

Let e be the set of indices from e, such that, for ¢ € €}, r; is not an integer; let
a = (aq,...,q,) be a vector whose components satisfy the conditions «; > —1

(i=1,..,n).

For any fixed e from e,, put, when e* = e Nel = (),

+ +
IS, Ly o (E™)| = D™ f, Ly, o (E™)],

and when e* = eNek # 0,

+ =, +
Ifs Lo (B = 1D fy Ly o (E™)| + Lo (f),

where
" 1/p
1. Ly (B")] = (/ [ |pda:) ;
J=1
oo 1/p
o= ([ / A% (DDEF, L ;
o= ([ O T

w=(1,...,1) is a vector all of whose components are equal to one; 1 < p < occ.

Definition 1. The space S;,QW(Fn) will mean the closure of the set of smooth
finite functions in E™ with respect to the norm

I#. 85w = 3|

—’I’L

f L?"e

where the sum is taken over all possible subsets e of the set e,. Further, for
each e from e, let

1/p
£re H — (/ / HAQwe Def, o H Jll t1+’71p) .

Definition 2. The space S;VQB(ETL) will mean the closure of the set of smooth
finite functions in E™ with respect to the norm
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—77.

f £T€

=21

Definition 3. The space S;ﬁa}[(fn) will mean the closure of the set of smooth
finite functions in E™ with respect to the norm

£, S5 H (BN = Ma(f)

eCe,.

where

Mg(f) =sw [ ] 67 [A@DLS, Ly (B7)])

jEe

Theorem 1. Let: 1) 1 < p < ¢ < o0; 2) r = (rq,...,7,) be a vector with
nonnegative components and with nonempty support e,; if ¢ > p, thene, =e¢,
3)v = (vq,...,v,) be avector with integer nonnegative components with support
e, Ced)a=(ag,...,a,) and u = (pq,..., 1,) be two vectors with supports
e, C e, Coep, and the components of these vectors are related as follows:
a;/p>p;/qg>0forjee, and a; >0 for j€e,\e, 5)e=(e,...,6,) bea
vector with support e, = e,., where

’ n

ej=r;—v;—((1+ay)/p—1+p)/a) >0 (jE€e,);

6) fe Sy W(E".

Then DV f € Sg,MW(En), where p = (py,...,p,) is a vector with support e, C
e, and with components 0 < p; < ¢} for j € ey Ne, and 0 < p; < ¢; for
j€e,\(erNe,), and the inequality holds

D7 £, 85, WE"| < C|f. S5 WE")

)

where C is a constant independent of f.

We shall denote the results of this theorem by the relations

n

St WI(E") = S{W(E").

Theorem 2. Suppose the conditions 1)—5) of Theorem 1 are satisfied. Then
the embedding holds

S;,OLB(F )H S(;I)TI»LB(E )7
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where p* = (pi,...,p;,) is a vector with support e,. C e, and 0 < pj < ¢
(JE€ey)
Theorem 3. Under conditions 1)—5) of Theorem 1, the embedding
. +" o +7
Sp,a}[(E ) - Sq,H}[(E )7
holds, where p* = (p3,..., p}) is the same vector as in Theorem 2.
Theorem 4. Under conditions 1)—5) of Theorem 1, the embedding

+" o 4"
Sy W(E ) = SquB(E ),
holds, where p™ = (pi*,...,p) is a vector with support e C ey and 0 <
p;" <egjforjE€e,. Ney,and 0 < pj* <e; for j € e, \ (e, Nep).
Theorem 5. Under conditions 1)—5) of Theorem 1, the embedding

. +" o +"
Sp,aB(E )_> S‘LH‘?{(E )7

holds, where the vector p* is the same as in Theorems 2 and 3.

Below we give several theorems characterizing the boundary properties of func-
tions from the corresponding weighted functional spaces.

Theorem 6. Let: 1)1 < p < ¢ < o0; 2) r = (14, ...,7,) be a vector with positive
components; 3) m be a natural number < n; 4) v = (vq,...,v,) be a vector
with nonnegative integer components; 5) a = (Qy, ..., ) and @ = (fi1, ., thy,)
be, respectively, n- and m-dimensional vectors, where «; /p > uj/q >0(=
1,...,m)and o; > —1 (i =m+1,...,n); 6) x = (X1, -, X,) be an n-dimensional
vector with components

Xj:Tj_’/j_(<1+aj)/p_(1+ﬂj>/q) >0 (j=1,..,m),

X;=r—v;—(1+a)/p>0 (i=m+1,..,n)

+’I’L

7 feS, WE ).

Then, for z,,,; = 0,...,x,, = 0, with respect to the variables z,...,z,,, the
function

m

+
Drfe Sg’#W(E )7 p= (p1>"' 7pm)ﬂ

sovietrxiv.org/items/ru-196701.77009 Machine Translation


https://sovietrxiv.org/items/ru-196701.77009

where 0 < p; < x; for j € e; Ney, and 0 < p; < x; for j € e, \ (e, N e);
moreover, the inequality

1D, S5 W(E Il < CIf, S} W(E )
holds, where C' is a constant independent of f.
For m = n, this theorem is a special case of Theorem 1.
Theorem 7. S};ppose that conditions 1)—6) of Theorem 6 hold; in addition,
let f € ST B(E ).

Then, for z,, ; = 0,...,z,, = 0, with respect to the variables z,...,z,,, the

function

m?

m

.+
Dl/f 6 Sg,uB(E )a p* = (pﬁL 7/):71),
where 0 < p; < x; (j = 1,...,m); moreover, the inequality

m

.+ +7
|1D"f, SquB(E )| < CIf, Sp.oB(E )]

holds, where C' is a constant independent of f.
For m = n, this theorem can be obtained as a special case of Theorem 2.

Theorem 8. Suppose that conditions 1)—6) of Theorem 6 are satisfied. In
addition, let

+n
fes) JH(E).
Then, for z,,,, =0,...,z, =0, as a function of the variables =, ..., z,,,
D*f € S (E™),

where p* is the same vector as in Theorem 7, and the inequality

|\D” f, SeuJH(E™)

| < C|f, S5 H(E™),

holds, where C' is a constant independent of f.
For m = n this theorem is a special case of Theorem 3.

Finally, using Theorem 4 of S. M. Nikol’ skii (*) and Theorem 3 of this note, one
can assert:
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Theorem 9. Let f belong simultaneously to all the spaces

S*LH(E™) (i=1,..,N),

pat

where 1’ = (ri, ... .rl) (i = 1,...,N) are vectors with nonnegatlve components

r'n
and, respectively, with nonempty supports e,. (i = 1,...,N); a* = (ad,...,al)
(i =1,...,N) are vectors with nonnegative components and, respectively, with
supports e, Cep (i=1,...,N); 1<p<oo. Let \,; >0 (i=1,...,N),

Then

where

and the inequalities

’l"

If, s

1O¢ N
z H||<OZ||f, Sl Nf Sy TTHI< CTTIS SE ot
=1

hold, where C' and C are constants independent of f.

The spaces S W with e, = (), i.e. in the unweighted case, coincide with the
spaces 7", first defined, for e} = e,., by S. M. Nikol'skii () and fore: Ce, C e,
by the author 89, In the unweighted case the spaces S, .o B coincide with the

7-9)), and the spaces S; .o with spaces of type STH

known spaces STB (see (

of S M. Nikol’ bkll (), Theorem 6 for ey = e, = e, was proved by the author
(10) " Theorem 9 in the unweighted case belongs to S. M. Nikol’ skii ). The

proofs of the results presented above, based on the new integral representation

obtained in the author’ s work 19 are carried out by the method of integral

representations (see (1:6:10)),

In solving the indicated problems the author used works =11,

I express my deep gratitude to Prof. L. D. Kudryavtsev for valuable advice and

constant attention to the work.
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