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DIFFERENTIAL EQUATIONS APRIL 1967, VOLUME III, No. 4

Asymptotics of Solutions for Nonlinear Controlled Systems

The proposed method for analyzing nonlinear systems is based on the separation
of “fast” motions from “slow” motions. This approach reduces the problem of
investigating a controlled system to the consideration of a corresponding system
of equations containing a “small” parameter multiplying the derivatives. This
formulation allows for the application of results from works [?, 7, 7, ?] to the
analysis and synthesis of nonlinear controlled systems.

Problem Statement

Below, we consider the solutions of the following system:
T - = Ax + bf(x). (1) dt

Here, n-dimensional column vectors are used; f(z) is a nonlinear function and A
is a square matrix of order n with real elements. Assuming one of the quantities
is sufficiently large, we aim to solve the following problem: to approximately
investigate the solutions of system (1) by first analyzing a system of order m
and subsequently considering a system of order (n —m). We shall refer to the
number m as the number of “fast” motions, and (n—m) as the number of “slow”
motions. Note that the assumption of a sufficiently large magnitude corresponds
to the physically clear concept of the control force bf(x) predominating over
the internal forces of the regulated object. The idea of decomposing the total
motion of a system into “fast” and “slow” components originated in the theory
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of discontinuous oscillations [?] and proved to be highly fruitful in the study
of nonlinear systems with a small parameter multiplying the derivatives [?, ?,
?, ?]. It was precisely on the basis of motion separation—starting with the
primary analysis of “fast” motions—that L. S. Pontryagin and E. F. Mishchenko
[?, ?] constructed the theory of the asymptotic behavior of systems with a
small parameter at the derivatives. In the problem of motion separation, two
aspects can be distinguished: 1) the transformation of coordinates and time
that allows for the separation of motions; and 2) the asymptotic representation
of the solutions. Regarding the separation of motions, we require the following
lemma for the system:

(fl—szx—i—bu

If the system is fully controllable, then there exists a non-singular coordinate
transformation that reduces the augmented matrix to the form:

where m < n; B is a matrix of dimension (n —m) x (n —m + 1); 0 is a
matrix with zero elements; C' is a matrix of order (n —m + 1); and T is a
triangular matrix of order m. Proof: Without loss of generality, we can assume
that |b;[ > |b;| for certain indices. Otherwise, it is sufficient to renumber the
coordinates. According to the condition of the lemma (from the definition of
full controllability [?], p. 129), it follows that the rank is maximal. Suppose, in
addition to this, that certain elements are non-zero. We then transition from
vector x to vector y by means of transformation (3).

£0,7/ /t=1,2 . 11i=/1/=1,2, .

In the new coordinate system, the vector will have its first (n — 1) coordinates
equal to zero and its last coordinate equal to m. Thus, the transformation re-
duces the last (the (n 4 1)-th) column of the augmented matrix to the required
form. Let us consider the first (n — 1) equations of the resulting system. Only
two cases are possible: 1) all coefficients of the (n—1)-th order system are equal
to zero; 2) at least one of the coefficients of the variables is non-zero. In the first
case, the n-th order system (describing the evolution of coordinates x4, ..., x,,_1)
would be uncontrollable with respect to the coordinates (i = 1,...,n—1). How-
ever, it is well known that the property of complete controllability is invariant
under non-singular coordinate transformations. Since detT = 1, the first case
contradicts the conditions of the lemma. In the second case, by treating the
variable as a new control for the (n — 1)-th order system

and performing a transformation analogous to the previous one, we reduce the
column of the augmented matrix to the required form. The validity of the
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lemma follows from the above argument. (For n = 1,2, the lemma is trivial.
The assumption that the lemma holds for n = k implies its validity for n =
k + 1. Thus, by induction, the lemma holds for any n). The presented proof
also provides an algorithm for constructing the transformation that brings the
augmented matrix of the system to the form (2). Suppose that system (1) has
already been brought to the form corresponding to the augmented matrix (2).
Let us set u; = ;. for (i =1,2,...,n —m). Then system (1) takes the form

dz =-Pz-- dvt, dt
(5)

% =vQz + Rv +e;f(z,v)

where the matrices P, () and the vectors are defined by the matrix and take the
following form: P is a square matrix of order (n —m); R is a square matrix of
order m, where r;; = 0 for i > j+2; @) is a rectangular matrix with m rows and
(n—m) columns; e; = (0,0, ...,sign b,)"; and f(z,v) is the function f(z) after
substituting x with its expression in terms of z and v. It is important to note
that as v — 0, the elements of the matrix R located on the main diagonal remain
unchanged (by the condition of complete controllability, they are all non-zero).
At the same time, the elements of the matrix vQ — 0 as v — 0. It follows that
as v — 0, the rate of change of the z coordinates is of order O(v), while the rate
of change of the v coordinates is of order O(1). This justifies calling v the “fast”
coordinates and z the “slow” coordinates. Thus, from Lemma 1 and equations
(4) and (5), we obtain the following theorem.

Theorem. Let the system

d
d—f:Aqubu

be completely controllable and u be sufficiently large. Then, for any such sys-
tem, there exists a non-singular coordinate transformation that allows for the
separation of m fast motions from (n —m) slow motions.

Asymptotic representation of the solution. Under the conditions of smoothness
of the function f, system (5) allows for the investigation of the solutions of
system (1) using the methods of the theory of systems with a small parameter
multiplying the derivatives [?, ?, ?, ?]. This implies the possibility of trans-
ferring the properties of the solutions established by A. N. Tikhonov and L. S.
Pontryagin to the solution of system (1). Given the specific nature of equations
(5), it is more convenient to switch to slow time 7 (¢ = vr) and seek the solution
of the system using the following method of successive approximations.

I. GERASHCHENKO. In slow time, system (5) takes the form:
= vPz -hvdv 1J dx
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dv —=-vQz + Rv + em {(z 9 v). dx

Without loss of generality, we can assume that it is sufficient to denote ¢(z,v)
as a new function. To determine the zeroth-order approximation, we set:

29 (2) = 2(0) = const,

Q0 + (=9, v),

29(0) = 2(0).

The first-order approximation is determined from the following equations:
20 =Pz 4 vp(2V), with the initial condition 21 (0) = 2(0).

Lz = vQz (1) (1) (1) (0) = ¢;(0). Here, the symbol O;—O)(T,Z<) denotes the
following: the second equation in (7) defines the function 0¥ (7, 2(?), in which
the value z(9) enters as a parameter. To determine the i-th approximation of z,
it is necessary to substitute y©(2(%, 7) into the first equation of (6), where 2(©)
is replaced by z<. The approximation is then determined from the system of
equations:

=vQz<*> + RvW +ej (2 (/j),),

Let v(*) > 0 and u(x) > 0. Let us denote 2*) = AF)z and u® = A®y. Then,
from (9) and the Cauchy formula, it follows that:

2k) = /OI [expvP(xz — s)]dv(s)ds,

u®) = / [exp R(z — 5)]|QAF) 2(s)ds + 6,
0

where exp vP(x) is the fundamental matrix of the first of the systems (6) when
@ = 0, and exp R(z) is the fundamental matrix of the second system when

Q=0.

Let (z,v) = 0 and £* = (1,0), where a* denotes the scalar product of vectors (a*
is a row vector). To estimate the error of the k-th approximation, it is necessary
to know the functional dependence of v*~1)(2(0),7) on 2(0). If the standard
method of successive approximations is used, the approximation error is easily
estimated. Indeed, substituting the second equation of (10) into the first, we
obtain the following integral equation for A% z(7):

AW (1) = /0 [expvP (T — 8)]do(s)ds + /0 [expvP (T — 8)]d(s)ds,
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where ®(s) = j(;s [exp R(s — 5,)]QAP) 2(s,)ds,.
(s)=eJ[exp*(S-S0]em/[/(2< -1y
Let us define the norm of the vector A(f.).

1A(f)2(D)]| = _ max [A;(f)z(T)]

i=1,2,....n—m

where A, is the i-th coordinate of the vector A(f,). We shall estimate || A(f,)z||
in terms of ||z|| and ||A(f)_1)z|| using equations (10) and (11). To achieve this,
we first estimate the functions ¢(s) and ¥(s). According to [?], we have:

l¢(s)] < R(s—...)

A Dx(s)l| < [ Ky(s = AW z)ds

Let r = ();), where X\, (i = 1,2,...,m) are the characteristic values of the
matrix R. For the sake of simplicity, we consider the case where all \; are
distinct. Then:

6(s)| < Mer(s—)

where the constant M is determined by the elements of the matrix exp R(s—...).
Similarly:

p(s)] < / Jexpr(s —..) — F(z%1)|ds

Assume that the function f(z,...) satisfies the Lipschitz conditions within a
certain domain from which the functions z(*) (k=1,2,...) do not depart. Then
we can write:

J (@Z**-1)ii<-4> (S1))-/(2<fe~2>i>-2>(S1))I<
<LI||AT-1)z(51)||+L2[]JA("1)o(S1)]|]..

Under the assumptions made, the last inequality provides an estimate for
JA®2(7)]:

[A® ()] < v / fexp vp(1—s)][expr(r—s)]|d|ds+ / foxp vp(T—s)]fexpr(r—s)]| AG-Dz(s)|ds

Here, p = maxRe();(P)) (where all eigenvalues of the matrix P are assumed to
be distinct for ¢ = 1,2, ...,n—m), and r and d are constants determined by the
matrices R and M. In the presence of multiple eigenvalues for matrices P and
R, the form of inequality (13) can be preserved. To achieve this, it is sufficient
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to fix the interval of variation for 7 and, when determining the constants, take
the maximum of the polynomials in (7 — s) corresponding to the elements of
the fundamental matrices defined by the multiple eigenvalues. From expression
(10), we similarly obtain an estimate for (A*)v):

AR < Q, /0 fexpr(r — )||A® 2(s)|ds + ...

o+ epr(r — s)IA®(s)Jds

where the constants () depend on the matrix exp R(7 — s), the vector constants
(in particular, | exp R(7—s)| < Q,+vQ,|d|). Inequality (14) is quite common in
the qualitative theory of ordinary differential equations. Eliminating the integral
fOT[exp r(T7—s)] ... ds in the conventional manner ([?], p. 46) and considering that
| exp R(T — s)| is a non-decreasing function, we obtain:

[A® 2(r)] < v / fexp Q(r — 8)]|AE 2(s) |ds.

Assuming that [2(9(7)|] < M, i.., the solution to system (7) is bounded,
then for a fixed 7: v (7)| = O(v), [AW2(7)| = Ov), |[AMv(7)| = O(v?),
JA® 2(7)|| = O(v*), where O(v*) denotes a quantity of the order of magnitude
vk, From this, it follows:

It follows that for sufficiently small v and under the assumptions made regarding
the conditions on f(z,v) that ensure the uniqueness of the solution to system
(6), the successive approximations converge to the solution of system (6). In this
process, the zeroth approximation differs from the exact solution by a magnitude
comparable to v, the first approximation by a magnitude of order v?, and so
on. We note that from the foregoing, one could obtain corresponding estimates
for 7, p,r, ..., v that ensure the convergence of the successive approximations in
norm to the exact solution of system (6) (to determine |A®u(7)|, one must
first determine [|A®) z(7)]).

However, as noted by Mitropolsky in similar cases, such conditions would turn
out to be so restrictive that they would be of practically no value. Therefore,
we have limited ourselves to establishing estimates of the type O(v*). To ob-
tain precise estimates, it is more expedient (in our view) to use Lyapunov’ s
contactless surfaces. The zeroth approximation of the system provides an un-
derstanding of the nature of the motion (the trajectories), which allows for the
construction of a contactless Lyapunov surface specific to the given system. An
example of constructing such a surface for n = 3 and m = 2 is given in work [?].
On the other hand, more precise convergence conditions can be obtained if the
functions 2(0), v(0) are defined.
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Synthesis of Systems Close to Optimal

Below, we present a method for synthesizing a control f(z) that is close to
optimal. A rigorous justification of the method is not provided here, as it is
based on the question of the stability of the solution to system (6) with respect
to the first approximation (defined by equations (8)). The plausible explanation
provided can be rigorously justified if it turns out that, with the chosen control
1*(z,v), the properties of the first approximation differ only slightly (with an
accuracy up to v) from the properties of the solutions to the system (usually
with a discontinuous function f*(z,v)). Sometimes the property of “stability
with respect to the first approximation” can be established directly; in other
cases, the application of the proposed method allows one to find the structure
(form) of the function f*(z,v) that ensures high dynamic properties for the
system.

Reducing system (1) to (5), (6) allows for a sufficiently close approximate so-
lution to the following optimal problem: find the function f (|f| < A) that

minimizes some functional J(z) = fOT ®(z)dt under the condition-
t>il< M. (16)

To solve this problem, it is natural to proceed as follows. Let us assume that
the optimal control synthesis problem for the slow-motion system has already
been solved; that is, a function v*(z) has been determined such that:

J[2(v")] = min J[z(v)]

Then, we construct a control v* bounded by unity, such that the point v*(z) =
const serves as a “rest point” for the fast-motion system (7), and the trajectory
does not leave the strip (16). (In this case, it is permissible to have either an
exact hit on the surface v = v*(z) or small oscillations with an amplitude on
the order of v relative to that surface).

The resulting control u*(z,y) (under the conditions of “stability of the first
approximation” ) will be close to the optimal one, and as v — 0, it coincides
with it. Indeed, it follows from the definition of v*(z) that for any u that does
not lead the trajectory out of the strip (16),

J[z(v 1 (£))]>J[z(zf(2))].

However, if the control u(z) maintains a value equal to v*(z) with a precision
of €, then (under reasonable constraints imposed on ¢(z)), it yields a value for
the functional J(z) that differs from the lower bound by an amount that tends
toward zero as € — 0. We demonstrate this point with the following example.

Consider the system:

The objective is to construct a control function u (where |u| < 1) that brings
an arbitrary point in the plane to z = 0 in the shortest possible time. During
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DIFFERENTIAL EQUATIONS

APRIL 1967, VoL. III, No. 4

YAK 517.917

ASYMPTOTICS OF SOLUTIONS OF NONLINEAR
REGULATED SYSTEMS

E. I. GERASCHENKO

The proposed method for analyzing nonlinear systems is based on separat-
ting “fast” movements from “slow” ones and reduces the problem of inv-
stigating a regulated system to considering a corresponding system of equa-
crrations with a “small” parameters. at the derivatives. The latter allows
the use of results from works [1—4] in the analysis and synthesis of nonli-
inear regulated systems [1—4].

1. Statement of the Problem. Below we consider the solutions of the following
system:

& _ gx + bf (). o)
dt

Here b, x — n-dimensional column vectors; f(x) — a nonlinear function of x;
A — a square matrix of order n with real elements. Assuming one of the
values of the alrenmines by, bs, ..., b, to be sufficiently large, we sov the
collowing problem: apprroximately investigate the solutions of system (1)
by first studying a system of m-th noprdar and ten poscrderring and
considening a system of (n — m)-th noprrdar. We will call the numbr m the
number of “fast” movements, and n—m — the number of “slow” movements.

Note that the assumption about a sucficienvly large value of [|b]|
(uro by) coortersctriens physitically to a clear conception of the preodmi-
inance of the control force bf(x) naed the internel forces of the regulato-
red objects.

The idea of separating the noll movement of a system into “fast” and “slow-
snow™ components was aonose in the theory of descontinous collellation [1]
and proased to be quite fruitiful when considerning normlineous system
with a small parameterow at the derivatives [1—4]. Specifically, based on the
pasperation movements and the initial passmotmentation of “fast” movements
in pafots of L. S. ITontryagina u E. F. Mishhenko [3, 4], cosstroen a theory of
asymptotusectvic behavior of systems with a small parameters at the de-
lerivatives.

In the sadawe of pasperating movements, two aspects may be bisglented:
1) transpormation koopdinats and time, possoluting the pasperation mowe-
men; 2) asymptotuvectire repressentation poliution.

2. Separation of Motions. For furfurther use, the petlowing is required:

Lemma 1. If the system

dx

ar Ax + bu
is completely controllable, tho there exists a non-singular trensformation coopdinats,
reducing the exspanderrated matruxy ||a;; | b;|| to budy

Figure 1: Figure 1
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this process, the coordinate z must not exceed a certain value z,,,,. Assuming
Zmae 1S sufficiently large, we choose z,,,, = 2 and define the state variables
accordingly. In these new coordinates, the system (17) takes the following form:

Ly = To

jj2:u

For a one-dimensional system of slow motions, the optimal control strategy must
account for the constraints on the state space while minimizing the transition
time to the target manifold.

—=v+dt
The optimal control law u*(t) for |[t| < A takes the following form:

u*(z) = —asign z;. (19)

Following the aforementioned principles, we synthesize f*(z,u) such that, for
z = const, the point u(7) moves according to the system equations until it
reaches the switching line and remains on it. To achieve this, one may set, for
example:

£ (2, u) = sign[z, + asign 2] = signlz + (2] (21)

Systems utilizing a control law similar to (21) were previously examined in [?].
The phase portrait and the region of stabilizability for the fast motions of system
(18) are shown in

An analysis of the first-order approximation indicates that the representative
point, moving according to system (18) under the control f* defined by (21)
or (22), enters a neighborhood of the origin. Within this neighborhood, self-
oscillations are established with an amplitude directly proportional to the value
of v. It can be proven that, in this case, the first-order approximation—accurate
to small terms of order v regarding self-oscillations and transient components
that vanish over a time interval of order v—effectively determines the solutions
of system (18) (or (17)).

The study of fast motions suggests not only a method for synthesizing near-
optimal control but also a technique for suppressing the self-oscillations in-
evitable in relay control systems. Since the amplitude of these self-oscillations
is directly proportional to v, it is advisable to reduce the value of a for small
values of z while keeping v constant. For this purpose, we propose the following
control law:

fr = sign[z, + a2, (23)

where the parameters a; can be selected such that the amplitude of self-
oscillations becomes zero (a; > a). Analog modeling has confirmed that the
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ASYMPTOTICS OF SOLUTIONS OF NONLINEAR
REGULATED SYSTEMS

E. I. GERASCHENKO

The proposed method for analyzing nonlinear systems is based on separat-
ting “fast” movements from “slow” ones and reduces the problem of inv-
stigating a regulated system to considering a corresponding system of equa-
crrations with a “small” parameters. at the derivatives. The latter allows
the use of results from works [1—4] in the analysis and synthesis of nonli-
inear regulated systems [1—4].

1. Statement of the Problem. Below we consider the solutions of the following
system:

& _ gx + bf (). o)
dt

Here b, x — n-dimensional column vectors; f(x) — a nonlinear function of x;
A — a square matrix of order n with real elements. Assuming one of the
values of the alrenmines by, bs, ..., b, to be sufficiently large, we sov the
collowing problem: apprroximately investigate the solutions of system (1)
by first studying a system of m-th noprdar and ten poscrderring and
considening a system of (n — m)-th noprrdar. We will call the numbr m the
number of “fast” movements, and n—m — the number of “slow” movements.

Note that the assumption about a sucficienvly large value of [|b]|
(uro by) coortersctriens physitically to a clear conception of the preodmi-
inance of the control force bf(x) naed the internel forces of the regulato-
red objects.

The idea of separating the noll movement of a system into “fast” and “slow-
snow™ components was aonose in the theory of descontinous collellation [1]
and proased to be quite fruitiful when considerning normlineous system
with a small parameterow at the derivatives [1—4]. Specifically, based on the
pasperation movements and the initial passmotmentation of “fast” movements
in pafots of L. S. ITontryagina u E. F. Mishhenko [3, 4], cosstroen a theory of
asymptotusectvic behavior of systems with a small parameters at the de-
lerivatives.

In the sadawe of pasperating movements, two aspects may be bisglented:
1) transpormation koopdinats and time, possoluting the pasperation mowe-
men; 2) asymptotuvectire repressentation poliution.

2. Separation of Motions. For furfurther use, the petlowing is required:

Lemma 1. If the system

dx

ar Ax + bu
is completely controllable, tho there exists a non-singular trensformation coopdinats,
reducing the exspanderrated matruxy ||a;; | b;|| to budy

Figure 2: Figure 1
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self-oscillation suppression method (23) is highly effective: it not only reduces
the amplitude of self-oscillations but can eliminate them entirely.

In conclusion, we highlight the following characteristic features of the motion
separation method: 1) Unlike methods based on harmonic linearization, the sep-
aration method is essentially based on order reduction. 2) The number of non-
linearities (the form of the function and constraints) does not play as significant
a role as it does in harmonic linearization methods, thanks to the phase-space
approach (see [?] for examples). 3) The most convenient dimension for the fast
subsystem is m = 2. (While a larger m is desirable for the accuracy of the
first approximation, analyzing nonlinear systems for m > 3 becomes difficult).
4) In the separation method, the nonlinear system is treated as substantially
nonlinear even in the zeroth-order approximation. 5) Due to its intuitive nature,
the method is convenient for selecting the structure (algorithm) of the control
device.

The author expresses gratitude to E. A. Barbashin for his guidance.
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ASYMPTOTICS OF SOLUTIONS OF NONLINEAR
REGULATED SYSTEMS

E. I. GERASCHENKO

The proposed method for analyzing nonlinear systems is based on separat-
ting “fast” movements from “slow” ones and reduces the problem of inv-
stigating a regulated system to considering a corresponding system of equa-
crrations with a “small” parameters. at the derivatives. The latter allows
the use of results from works [1—4] in the analysis and synthesis of nonli-
inear regulated systems [1—4].

1. Statement of the Problem. Below we consider the solutions of the following
system:

& _ gx + bf (). o)
dt

Here b, x — n-dimensional column vectors; f(x) — a nonlinear function of x;
A — a square matrix of order n with real elements. Assuming one of the
values of the alrenmines by, bs, ..., b, to be sufficiently large, we sov the
collowing problem: apprroximately investigate the solutions of system (1)
by first studying a system of m-th noprdar and ten poscrderring and
considening a system of (n — m)-th noprrdar. We will call the numbr m the
number of “fast” movements, and n—m — the number of “slow” movements.

Note that the assumption about a sucficienvly large value of [|b]|
(uro by) coortersctriens physitically to a clear conception of the preodmi-
inance of the control force bf(x) naed the internel forces of the regulato-
red objects.

The idea of separating the noll movement of a system into “fast” and “slow-
snow™ components was aonose in the theory of descontinous collellation [1]
and proased to be quite fruitiful when considerning normlineous system
with a small parameterow at the derivatives [1—4]. Specifically, based on the
pasperation movements and the initial passmotmentation of “fast” movements
in pafots of L. S. ITontryagina u E. F. Mishhenko [3, 4], cosstroen a theory of
asymptotusectvic behavior of systems with a small parameters at the de-
lerivatives.

In the sadawe of pasperating movements, two aspects may be bisglented:
1) transpormation koopdinats and time, possoluting the pasperation mowe-
men; 2) asymptotuvectire repressentation poliution.

2. Separation of Motions. For furfurther use, the petlowing is required:

Lemma 1. If the system

dx

ar Ax + bu
is completely controllable, tho there exists a non-singular trensformation coopdinats,
reducing the exspanderrated matruxy ||a;; | b;|| to budy

Figure 3: Figure 1
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where m < n; B — matrix of order (n — m) X (n — m + 1); 0 — matrix with zero
elements; C — matrix of order m x (n — m + 1); T — triangular matrix of
order m; U = by,

Proof. Without loss of generality, we can assume that | b, | > | Gi=1,2,
..., m). In the opposite case, it is sufficient to renumber the coordinates. By the
condition of the lemma (from the definition of conplete controllability [5], p. 129),
it follows that b, 5 0. Let, besides by, the coefficients b;,, b3, ..., b, be non-zero, Let
us pass from the vector x to the vector x¢! by means of the trensformation

xM = Tx; 3)
T =40,

0,i#j [fi=1,2 ...n

P =8,={" it
s {l,f=j (}'=1,2,...,n—l)
M =—bfb, (i=1,2,...,n=1), V=1

In the new system, the vector b = T}b will have the first (n — 1) coordi-
nates equal to nyro, and the lastest, equal to b,, i.e., the trensformation 7' brin-
ng the losled test ((n + 1)-th) colomn of the augumented matrix to the required

orm.

Let passtritper the first (1 — 1) equations of the onlyvenenned custemy. Two
clsses are possisible: 1) all coeffiquients the custem of (n — 1)-th noradka for
%" (= x,) are paual to nyro; 2) at least one of the coeffiquients for x? is not
paual to nyro.

In the first clyvae, the custem n-th noradka (describing the csmenge coordi-
inates x{", x{, ..., x{V) byget uncontrollliable with coordinates x{" (i =1,
2, ..., n — 1). Hot, as is known, the chointry of complete controllability is in-
vanntant with respect to a nonsingulared coordinate transfporatation. Odnave,
det T, = 1. Consequently, the first clyvae npoturepect the contitions lemma.

In the stopod clyvae, cvitar x{! as the new yontroler for custem of (n—1)-th

Figure 4: Figure 2
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of the order and performing a transformation analogous to T;, we transform
the n-th column of the augmented matrix to the required form.

From the foregoing follows the validity of the lemma. (For n=1, 2 the
lemma is obvious. The assumption of the validity of the lemma forn =k — 1
implies the validity of the lemma for n = k. Hence by induction follows the
validity of the lemma for ani' n). : .

From the given proof also follows the algorithm for constructing the
transformation, bringing the augmented matrix of the system to the form (2).

Let us assume that the system (1) is already reduced to the form
corresponding to the augmented matrix (2). We set

vm=b, z;=x; (i=1,2,..,n—m), @
vi=vitlx, s (=1, 2, .., m).

Then the system (1) takes the form

d;
?:— =Pz+ dvl,
(5)
dv
v i vQz + Rv + emfiz, v),

where the matrices P, O, R, the vectors d and ey, are defined by the matrix ||a;; :
ll; : b;|| and have the form: P— a square matrix of order (n — m?‘. R —asquare
matrix of order m, where r;; =0 for j > i +2; Q — a remangular matrix with
m rows and (n — m) columns; e®,, = (0, 0, ..., sign b,); f(z, v)— the function
f(x) with the substitution instead of x its expression in terms of z and v.

It is important to note that as v — 0 the elements of the matrix R, standing
above the main diagonal, remain unchanged (by the condition of full controlla-
blity they are all non-zero). At the same time the elements of the matrix vé;j =0
as v — 0. Hence it follows that as v — 0 the rate of change of the coordinates
v has the order O(v=') — O(v~"), while the rate of change of the coordinates z
has the order O(1). This gives the right to call vy, v;, ..., v,; “fast” coordin-
nates, and z), 2, ..., Zy_m — “slow”. coordinates.

Thus, from Lemmas 1 and (4), (5) follows

Theorem. Let the system

dx
I—Axﬁ-bu

be fully controllable, and b, be suffictiently large. Then for any 0 <m <n
there exists a non-singular coordinate transformation, allowing to separn-
toing “m” fast motions from “n — m” slow ones.

3. Asgmptotie representation of the solution, System (5) under conditions
of smoothness of the function f{z, v) allows investigating the solutions of system
(1 bz methods of the theory of systems with a small parameter with derivatives
[L—4]. Hence follows the possibility of 1ransfem'nf the properties of the solutions
of system (5), ectablished by A. N. Tikhonov and L. S. Pontryagin, to the solution
of system (1). Taking into account the specifics of equations (5) it is convenient

to switch to slow treme t (I = vt) and seek the solution of the system by the following
method of successive approximations.

Figure 5: Figure 3
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In slow time 7, system (5) takes the form
4z =vPz+vdv,
dt
@ ©
.T: =vQz + Rv + enf(z, V),

Without loss of generality, it can be considered that (em) = 1, (en);i =0,i =1,
, ..., m—1). (It is sufficient to denote f(z, v) sign b, by the new function
(2, v)). For the ination of the zeroth approximation we set
20 (r) = 2(0) = const,
@ _
d

=v0z® + R0 + ef (2, V°), ]
20 (0) = v(0).
Let's determine the first approximation from the equations
(1) -
—‘2’1 =vPz) +vady®, 2V (0) =2(0),
@®)
v 0} 0] FV, y), 0
T=VQZ + R + e,f (21, V), vV (0) = v(0).
Here the symbol v (r, () means the following. The second of the equations
(7) defines the function v(® (z, z®), into which the value z(0) enters as a para-
meter. For the ination of the Ist imation to z in the first of equa-
sations S?) it is necessary to substitute v(¥ (1, 2(0)), vdere 2(0) is rmplaced by z(V.
The k-th approximation is deternmined from the system of equations
daz¥)
dt

=vP® +vdofk-D, 2O (0) = z(0), ©)
k)
% =00 4+ Ry 4 e, f (2, V),
T
VOO=vO, ¥ =vDE, W0 -
Denoting
2® (1) = 24D (1) = AR 2 (1), V0 — yED = AB) (),
Here from (9) and the forwhy Cauchu it follows
f
Az=v [ [expvP@E—9)] de; A*V (1) ds, (10)
o
i
AOy=vy J lexpR(— ]QA® z(s)ds +
o

+ [ expRE— ew @@, v0) — 10D, VEMyds,
3

where exp v P (1) — fundamental matrix of the first of the systems (6) when d = 0;
exp Rt — fundamental matrix of the second of the systems (6) when Q =0,

Figure 6: Figure 4
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f@v)=0, & =(1,0,...,0); a* b—scalar product of vectors a and b
(a* — row vector).

To estimate the error of the k-th appmxlmatmn it is necessary to know the
form of the dependence of the fynction v*~" (z(0), 1) on z (0). If the usual
method of successive approximations (v~ =vl-D)), is used, then the
approximation error is easily estimated.

Indeed, substituting the stopod of the ypurations (10) into the first, we oiiyain
for A® z (1) the integral squde equation:

A‘“z(r):vzf [expvP(t—s)]d(s)ds +
[

+vf[expvp(1—s)]dw(y)¢s, 1)
rde os
@@ =e} [ lexpRs—s)1 QA Dz (s)) ds,
o

90 =€ | xR — s)lea 74D, o) — -0, 6D s,
0

Let us define the norm of vector A® z as
1A92@I = _max |aPz(@)],
i

(A®z (7) — i-th coordinate of 1s vector A® 2

Let us etimar |A®z | via A€z | and [|A%-D v, ucmolsing ypabnemus
(10), (11). For this, we first earely etimate the fynktion @ (s) and \ (5). Corcading
to [6], we have

1901 < [ lexpRs—s0l-1Q1- 184Dz l1dsy <
0

< J{ max, I':«(s—n)l}llQll 1%z (s)) 1 dsy.
o

mn Re X; (R), where X; (R) are the characteristic numbers of matri-
m
plcny, we will pascmatratricate the colyvait, worga ace X; (R)

miem R. For
are distins. Torga

o) <M j‘ fexpr (s = s)l 1A%z () | dsy, 12)
[

whee the constant M, onpederiates elements of matrices exp R (s — ) and Q.
Simriorinmo

W) < fo lexpr (s — sl If (2D, v=D) — £(26-2), v-2)|ds;.
0

Figure 7: Figure 5
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Assume that the fung:tion f(z, v) satisfies the Lipschitz condition in a
certain region, from which the functions z(¥(s), v*)(s) do not leave for
k=1, 2, ... Then we can write that

£ (2% (5,), 0%=D (5)) — £z (5,), v,V (5))| <
<L || A%z () | + Ly || A* D v () ]I

The last inequality under the made assumptions gives an estimate for
1A%z (@)|:

1892l < v, [ lexpvpe—9) [ lexprs —s) 1A% D) [ dsds +
0 0

+v M, [ lexpvp (e =)l [ lexpr(s —s)I| A% Dv(s) | dnds.  (13)
0 [

Here p B glax Re X;(P) (all eigenvalues of the matrix P are assumed
n—m

to be distinct), N, and N, are constants determined by the matrices
expvPt and constant L, L,. M; and M,.

In the presence of multiple eigenvalues for matrices P and R, the form
of inequality (13) can be preserved. For this, it is sufficient to fix the interval
of variation t and take for the determination of numbers N, and N, the
magimum of polynomials in (s — ¢,), corresponding to the elements oi' the
fundamental matrices determined by the mulljtip!e eigenvalues.

From expression (10), we similarly obtain an estimate for | A% v |:

149y @)1 < 0, [ expr (s = | A¥ vie) 1 ds +
0

+0s [ lexpr (e =1 A% v ()1 s, (14)
]

where the constants Q; and Q, depend on the matrix exp R (t — s), “Lipschitz
constants L, and L,” and the vector d. (In particular, if ||expR (t —s)|| <

Qyexpr(t—s), then 0y = @ +vQ, [ d). o )
Inequality (14) is very common in the Puahtatwe theory of ordinary

differential equations. By freeing ourselves from the integral of entergezn

T

j [expr(t — )] || A% v (5)]| ds in the generally accepted way ([7], p. 46) and con-
0
T
idering that J[exp {t — ]| A" z(s) || ds — non-decreasing function, we obtain
0

149 v @)1 < QulexpQu(0) [ lexpr @ —NIADz @) ds.  (15)
0

Assume that || v@ (1) || < M, i.e., the solution of system (7) is bounded,
then for a fixed © [|AMz(1)|| = O, (v), |AV V(@) = O, (), |APz(7)|| =
=0:(), APy =0;(va), ..., ARz (1) || = Op (va), [[AR v (3)| =
Oy (vi), - - ., where O, (v}), O, (v;) have the order of smallness v;. From here it fol-

Figure 8: Figure 6
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shows that for sufficiently small v, under the assumptions made above on
f(z, v), providing uniqueness of the solution of system (6), successive
approximations conver‘ge to the solution of system (6), and for this the zero
approximation differs from the exact one by a magnitude comparable to v,
the first approximation — by a magnitude of order v? and so on.

Note that from the foregoing, it is possible to obtain corresponding

estimates on r, p, L, L3, ..., v, providing convergence of successive
ﬁpgroxlmanons in the norm to the solution of system (5) (in this case
z

)
(t)|| must be defined as max oillfasxrj=]'5:‘1-a‘1.7l{n_"!z,(r)|]).

However, the resu]tini arm conditions (ott often crummok stricts, as
noted by Yo. A. Mitropolski), turn out to be so rigid that they practically do
not represent any value. . ) .

Therefore, we have limited ourselves just to the establishment of esti-
mates like O(v¥). To obtain estimates accurate to v, it is more advisable
(in our opinion) to use non-contact Lya%unov surfaces. The zero appro-
ximation of system 36) gives an idea of the character of the motion (and
trajectory), which allows for the construction of a specific non-contact
Ly}punov surface for this system. An example of constructing such a
surface for n =3 and m = 2 is given in [8]. On the other hand, it is possible
to obtain more precise convergence conditions if the form of the function
v,O(z(0), 1:])1 is determined.

4. Synthesis of systems close to optimal. Below is a method for syn-
thesizing control f(g, close to optimal. Strict justification of the method
is not given, as it is based on the question of stability of the solution
solution of system (6) in the first approximation (determined by
equations (8)).

The given plausible explanation can be strictly justified if it turns out
that for the chosen control f°(z, v) the properties of the first approxima-
tion differ little (with accuracy up to v) from the properties of solutions
of system ES) (usually with a smoothed function f*(z, v)). Sometimes this
property of “stability in the first approximation™ can be established directly,
sometimes not.

Nevertheless, the application of the proposed method allows for the fin-
ding of a structure (form) of the function j‘Qz, v), providing system (1) with
high dynamic properties.

Bringing system (1) to the form (5), (6) allows (for sufficiently large by)
approximately solving the following optimal problem: find a function
f&,rv) (f1<n, minimizing some functional J(z) =

= f @(z)dt for the condition
: [vi] < M. (16)

To solve the problem, it is natural to proceed as follows. Assuming
that the problem of synthesizing optimal control v,(z) for the system of
slow motions is solved. That is, a function vj(z) is defined, for which
for

J[z(v})] = min J (z(v,)).
IvilsM
Then we will construct a control f*(z, v), brounded by unity, such, that
the point vi(z) for z =const is a “rest point” for the system of fast

motions (7), and trajectories v(r) do not go out of the strip (16). (Note
that this is either exact hitting on the surface v, =v[(z), or small

Figure 9: Figure 7
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Hs paccmoTpennR nepBoro npHOGMMIKEHHR ClelyeT, Y4TO NpeAcTaBalollan
TOUKa, IBHTaRCh Ha ceny cHcTems! (18) mns f*, onpeaenennst (21) nan (22),
nonajaer B OKPeCTHOCTb HA4ana KOOPAHHAT, T/le YCTAHABNHBAIOTCH ABTOKO-
ne6GanHA ¢ aMIUIRTYA0R No z), NPAMO NPONOPINOHANLAON BeNRYHHE vd.

MoxHo A0Ka3aTh, YTO B JANHOM CilyMae Nepeoe NPHGAHXKENHE ¢ TOMHO-
CTBIO 10 MaiblX NOPAAKH v aBTOKonebannii H nepexoAliblX COCTABARIOUIHX,
HeyesalolHX 3a NpeMR NopsaKa v, deflcTBUTeNbHO ONpefenseT pelenHs co-
coTemsl (18) (unn (17)).

Ha paccMoTpenns GBICTPHIX ABHXKEHHii cieayeT He Tonbko cnocod cnm-
Tesnnp ynpasienins, 61HaKoro K ONTHMaLHOMY, HO it cnoco6 noaaBneHHR aB-
Tokonebannfi, nenabexnsix npH penefinom
ynpasnenns. [eficranteasno, Tak Kak amn-
NHTYyAa aBTokonebannf npamo nponopnno-
HansHia vd, TO NPH HENaMenHoOM Vv nenecoob-
PA3HO NPH MaNBIX 3HAYEHHRX Z; YMEHbIIHThL
pennuuny a. JIAf 3T0ro MoIKHO NpPEJUIOKHTb,
HanpHMep, cheaAyloumfi SaKOH HSMeHeHHA
a (a xone4nom chere f* (e, v)):

a, +a,
= +

a= A2 signllz | —al, (23)

rfie BeHYHHBI @, ) H d3 MOXXHO mojao6pathb
TaK, TO aMIUIHTYAa aBToKoneGaHAA cra-
HeT paBHofl kymo (a,>as).

aK NOATBEPAMIO MOJENHPOBANHE Ha
ananoroeoil Mogenb, cnoco6 NoAaBAEHHH
apToxKOonebannii (23) sBasercA Bechbma 3¢-
(EXTHBHBIM: OH HE TONbKO YMEHbUIAET
aMNAHTYY aBToKone6anuf, HO It MOXET HX MOMHOCTHIO CHATD.

B 3akmoueHHe OTMETHM CIEAYIOLIHE XapaKTepHkle 0coGeHHOCTH MeTofa
pas;leNeHHs AHKENHii.

1) B oranune of tpynum metodos, OCHOBAaHHLIX Ha TAPMOHHMECKOIl lea-
PM3ALHH, METO Pa3jleNlellH] MO CYUIeCTBY OCNOBaH Ha MOHHKENNH NOpRAKa.

2) Yucno nennneiinocredi (Bua dyukuu f(z, v)) H orpanndeunit 6naro-
fapa (asoBoMy pPacCMOTPEIIHO He NTrpaeT TaKoil 3HAMHTENsHON POJH, Kak
B MeTOflaX rapMOHHYeCKOA NHHeapHsauHH. (B kauvecTse mpHMepa npHBegem
pesynbrars paGors [10]).

3) Haunbonee yaobusiM uncnoH «m» seaserck m=2, (C TO4YKH IpeKHH
TOYHOCTH Nepsoro MpoGNHIKENHA XKeNaTeNbHO MMeTh 4m» HaiibombuwmM, no
ans m >3 paccMmorpene HennnefiHOf CHCTeMbl 3aTPYAHHMTENLHO).

4) In metode pasjenenns Henurefwar cuctema pacccmartpHsaercs (da-
me B HynesoM npoG/IHKeNHH) KaK CYIeCTBEHHO Hennmeiinas.

5) BnaropapH csoeii HarNRAHOCTH MeTOJ RBARETCA YAOGHBIM NPH BhIGO-
pe CTPYKTYpsl (anropHrMa) ynpasJfIOmEro ycrpofcrsa.

|
Fig. 1

Author thanks timt E. A. Barbashina for discussing annnoii staaton
in paper.
Literature
1. Andronnov R. A., Vitt. A. A., Khaikin S. E. Theory of colleation. Fizmatgiz,
3, Tichnonov A. N. Matem. sb.. 31 (20) : 3, 1952, pp. 574—586.

3. Pontryf\:ag'm L. S. Izv. AN SSSR, seriya matem., 21, 605, 626, 1957.
4. Mishichonko E. F. Izv. AN SSSR, seriya matem., 21, 627—654, 1957.

Figure 10: Figure 8

RussiaRxiv

russiarxiv.org/items/ru-196701.76174

Machine Translation


https://russiarxiv.org/items/ru-196701.76174

	Asymptotic behavior of solutions of nonlinear controlled systems
	Abstract
	Full Text
	Preamble
	Asymptotics of Solutions for Nonlinear Controlled Systems
	Problem Statement

	Synthesis of Systems Close to Optimal
	Discussion
	References
	8. G e r a s h c h e n k o
	9. G e r a s h c h e n k o
	References
	Figures


