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MECHANICS

M. M. ČOBAN

SOME METRIZATION THEOREMS FOR
FEATHERED SPACES
(Presented by Academician P. S. Aleksandrov on 17 VI 1966)

This work consists of two parts. The aim of the main—the second—part is the
proof of Theorem 2.3. We note that all spaces are assumed to be completely
regular, unless it is stated precisely which separation axioms are satisfied, and
mappings are continuous and single-valued.

1. In the work (3) A. V. Arhangel’skii introduced a new class of topological
spaces, namely the class of 𝑝-spaces (feathered spaces). Feathered spaces possess
many remarkable properties; for example, the addition theorem on weight is
valid for them.

1.1. Proposition. Let 𝑋 be a weakly paracompact 𝑝-space. If the diagonal
𝐷 = {(𝑥, 𝑥) ∣ 𝑥 ∈ 𝑋} is a set of type 𝐺𝛿 in the space 𝑋 × 𝑋, then 𝑋 has a
uniform base.

Proof. By assumption there exists a countable family {𝑈𝑛 ∣ 𝑛 = 1, 2, …} of
open subsets of 𝑋 × 𝑋 such that

𝐷 =
∞
⋂
𝑛=1

𝑈𝑛.

For each natural number 𝑛 put 𝛾𝑛 = {𝑉𝛽𝑛 ∣ 𝑉𝛽𝑛 ⊂ 𝑋; 𝑉𝛽𝑛 × 𝑉𝛽𝑛 ⊂ 𝑈𝑛}. It is
clear that all 𝛾𝑛 are open coverings of the space 𝑋. We shall prove that

∞
⋂
𝑛=1

𝛾𝑛𝑥 = 𝑥

for any point 𝑥 ∈ 𝑋. Suppose the contrary: 𝑦 ∈ ⋂∞
𝑛=1 𝛾𝑛𝑥 and 𝑦 ≠ 𝑥. Then

for each 𝑛 there exists an open subset 𝑉𝛽𝑛 of 𝑋 such that 𝑥, 𝑦 ∈ 𝑉𝛽𝑛 and
𝑉𝛽𝑛 × 𝑉𝛽𝑛 ⊂ 𝑈𝑛; hence it follows that

(𝑥, 𝑦) ∈
∞
⋂
𝑛=1

𝑈𝑛,
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which is impossible, since

∞
⋂
𝑛=1

𝑈𝑛 = 𝐷 ∌ (𝑥, 𝑦).

In view of the weak paracompactness of the space 𝑋, the conditions of Lemma
8.2 from (3) are satisfied; therefore in the space 𝑋 there is a refining sequence
of coverings. Applying P. S. Aleksandrov’s theorem from (1), we conclude that
𝑋 has a uniform base.

1.2. Corollary (Okuyama). Let 𝑋 be a paracompact 𝑝-space. If the diagonal
𝐷 = {(𝑥, 𝑥) ∣ 𝑥 ∈ 𝑋} has type 𝐺𝛿 in 𝑋 × 𝑋, then the space 𝑋 is metrizable.

It is known that if into every open covering of a collectively normal space one
can inscribe a 𝜎-discrete closed covering, then this space is paracompact.

1.3. Proposition. If a topological space 𝑋 has a 𝜎-discrete net∗, then the
space 𝑋 × 𝑋 also has a 𝜎-discrete net, and every open subset of 𝑋 × 𝑋 is the
sum of a countable family of sets closed in 𝑋 × 𝑋.

This is an obvious assertion.

2. The main result of the paper:

2.1. Addition theorem. Let 𝑋 be a collectively normal 𝑝-space, and 𝑋 =
𝑀1 ∪ 𝑀2, where 𝑀1 is a space with a countable ba-

∗ A system 𝑆 of subsets of a space 𝑋 is called a net in 𝑋 if for any 𝑥 and 𝑂𝑥—a
point and its neighborhood in 𝑋—there exists 𝑃 ∈ 𝑆 such that 𝑥 ∈ 𝑃 ⊂ 𝑂𝑥 (4).
second, 𝑀2 is the union of a countable set of closed metrizable subspaces 𝐹𝑛 of
𝑋 (𝑛 = 1, 2, …). Then the space 𝑋 is metrizable.

Proof. Let 𝜔𝑛 be some 𝜎-discrete base of the space 𝐹𝑛 (such a base, as is known,
exists; see (7)). Since the set 𝐹𝑛 is closed in 𝑋, the system 𝜔𝑛 is 𝜎-discrete also
in the space 𝑋. Next, let 𝜔0 be some countable base of the space 𝑀1. It is easy
to prove that the system Ω, 𝜎-discrete in 𝑋,

Ω =
∞
⋃
𝑘=0

𝜔𝑘

forms a net in the space 𝑋. For a complete proof of Theorem 2.1 it remains
only to prove the following proposition:

2.2. Proposition. A collectionwise normal 𝑝-space with a 𝜎-discrete net is
metrizable.*

Proof. Let 𝑋 be a collectionwise normal 𝑝-space, and let
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Ω = {𝛾𝑛 = {𝑃𝛼𝑛 ∣ 𝛼 ∈ 𝜃} ∶ 𝑛 = 1, 2, …}

be a net in the space 𝑋, each system 𝛾𝑛 being discrete in 𝑋. We note that
into any open cover 𝜔 one can inscribe some closed 𝜎-discrete cover. For this it
suffices to take the totality of all elements of Ω contained, together with their
closure, in the cover 𝜔. Consequently, the space 𝑋 is paracompact. Applying
now assertions 1.2 and 1.3, we conclude that the space is metrizable. The
theorem is proved.

Recall that all spaces complete in the sense of Čech and all locally bicompact
spaces belong to the class of 𝑝-spaces.
Remark. In general, the following result is true. If a paracompact 𝑝-space
𝑋 can be covered by a locally countable system of subspaces closed in it and
metrizable, then 𝑋 is metrizable.

Theorem 2.1 allows one to prove the following assertion.

2.3. Theorem. Let a collectionwise normal 𝑝-space 𝑋 be the sum of a countable
family of metrizable subspaces 𝑀𝑛 (𝑛 = 1, 2, …). If, for every natural number
𝑛, the set

𝑛
⋃
𝑖=1

𝑀𝑖

is a closed set of type 𝐺𝛿 in 𝑋, then the space 𝑋 is metrizable.

Proof. Put 𝑁1 = 𝑀1 and

𝑁𝑛 = 𝑀𝑛 ∖
𝑛−1
⋃
𝑖=1

𝑁𝑖

for 𝑛 = 2, 3, …. Obviously,

𝑛
⋃
𝑖=1

𝑁𝑖 =
𝑛

⋃
𝑖=1

𝑀𝑖

for every integer 𝑛 > 0. Consequently, there exists a countable system {Γ𝑛𝑗 ∣
𝑗 = 1, 2, …} of sets open in 𝑋 such that

∞
⋂
𝑗=1

Γ𝑛𝑗 =
𝑛

⋃
𝑖=1

𝑁𝑖.
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On the basis of Theorem 2.1 it is enough to prove that each set 𝑁𝑛 is the sum
of a countable family of closed subsets of 𝑋. We prove this. By hypothesis, the
set 𝑁1 is closed in 𝑋. Let now 𝑛 > 1; then put

𝐹𝑛𝑗 =
𝑛

⋃
𝑖=1

𝑁𝑖 ∩ (𝑋 ∖ Γ(𝑛−1)𝑗).

By construction, the set 𝐹𝑛𝑗 is closed in 𝑋. Since

∞
⋂
𝑗=1

Γ(𝑛−1)𝑗 =
𝑛−1
⋃
𝑖=1

𝑁𝑖,

we have

𝑁𝑛 =
∞
⋃
𝑗=1

𝐹𝑛𝑗;

this completes the proof of Theorem 2.3.

Recalling the well-known example of P. S. Urysohn (see (8), p. 206) of a non-
metrizable countable space, we conclude that if the word“feathered”is omitted
in the formulations of assertions 1.1, 2.1, 2.2, and 2.3, then they cease to be
true.

Theorem 2.2 together with Theorem 5.5 from (3) lead us to the following con-
clusion:

2.4. Theorem. Let 𝑓 ∶ 𝑋 → 𝑌 be a perfect mapping of a topological space 𝑋
onto a metric space 𝑌 . If the space

* This proposition was proved independently of the author by A. V. Arhangel’
skii.

that 𝑋 is the sum of a countable family of closed metrizable subspaces, then it
is itself metrizable.

We now give an assertion somewhat more general than Theorem 2.3.

2.5. Proposition. If a weakly paracompact 𝑝-space 𝑋 is the sum of a countable
family of closed subspaces 𝐹𝑛 (𝑛 = 1, 2, …) with a uniform base, then it itself
has a uniform base.

Proof. It is easily proved that if the space 𝑋 is the union of a countable number
of closed subspaces 𝐹𝑛 (𝑛 = 1, 2, …) and, for every natural 𝑛, every open subset
of 𝐹𝑛 is of type 𝐹𝜎, then every open subset of 𝑋 is the sum of a countable
family of sets closed in 𝑋. Comparing this assertion with Lemma 2 of (2), we
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conclude that every closed subset of 𝑋 is of type 𝐺𝛿; consequently, for every
integer 𝑛 > 0 there exists a countable family {Γ𝑛𝑘 ∣ 𝑘 = 1, 2, …} of open subsets
of 𝑋 such that

∞
⋂
𝑘=1

Γ𝑛𝑘 = 𝐹𝑛 and Γ𝑛(𝑘+1) ⊆ Γ𝑛𝑘 for 𝑘 = 1, 2, … .

By hypothesis, in 𝐹𝑛 there exists a uniform base

𝜆𝑛 = {𝛾𝑛𝑘 ∣ 𝑘 = 1, 2, …},
splitting into a countable set of successively inscribed coverings such that

∞
⋂
𝑘=1

𝛾𝑛𝑘𝑥 = 𝑥 for every point 𝑥 ∈ 𝐹𝑛.

For each covering 𝛾𝑛𝑘 take an open system in 𝑋,

̃𝛾𝑛𝑘 = {𝑈𝛼𝑛𝑘 ∣ 𝛼 ∈ 𝜃},
such that

𝑈𝛼𝑛𝑘 ⊆ Γ𝑛𝑘 ∖
𝑛−1
⋃
𝑖=1

𝐹𝑖 and ̃𝛾𝑛𝑘 ∩ 𝐹𝑛 = 𝛾𝑛𝑘 ∩ (𝐹𝑛 ∖
𝑛−1
⋃
𝑖=1

𝐹𝑖) .

Put
𝜔𝑘 =

∞
⋃
𝑛=1

̃𝛾𝑛𝑘.

The system 𝜔𝑘 covers the space 𝑋. We shall prove that

∞
⋂
𝑘=1

𝜔𝑘𝑥 = 𝑥

for every point 𝑥 ∈ 𝑋. Let 𝑛0 be the first natural number for which 𝑥 ∈ 𝐹𝑛0
,

and let 𝑘0 be a natural number such that 𝑥 ∈ Γ𝑛𝑘 for 𝑘 ≥ 𝑘0 and 𝑛 < 𝑛0. From
the construction of the coverings 𝜔𝑘 (𝑘 = 1, 2, …) it follows that

𝜔𝑘𝑥 = ̃𝛾𝑛0𝑘𝑥 for 𝑘 ≥ 𝑘0;
hence

∞
⋂
𝑘=1

𝜔𝑘𝑥 =
∞
⋂

𝑘=𝑘0

̃𝛾𝑛0𝑘𝑥 =
∞
⋂

𝑘=𝑘0

( ̃𝛾𝑛0𝑘𝑥 ∩ Γ𝑛0𝑘) =
∞
⋂

𝑘=𝑘0

𝛾𝑛0𝑘𝑥 =
∞
⋂
𝑘=1

𝛾𝑛0𝑘𝑥 = 𝑥.

In view of the weak paracompactness of the space 𝑋, the hypotheses of Lemma
8.2 of (3) are fulfilled; consequently, in the space 𝑋 there exists a uniform base.

2.6. Proposition. For any normal topological space 𝑋, the following two
assertions are equivalent:
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1) The space 𝑋 can be condensed onto a metric space.

2) In the space 𝑋 there exists a countable family of locally finite systems

{𝛾𝑛 = {𝑉𝑛𝛼 ∣ 𝛼 ∈ 𝜃} 𝑛 = 1, 2, …}

of open subsets of 𝑋 with the following properties: a) for any pair of
indices 𝑛𝛼 the set 𝑉𝑛𝛼 is an open set of type 𝐹𝜎; b) for any 𝑥, 𝑦 ∈ 𝑋
(𝑥 ≠ 𝑦) there is a 𝑉𝑛𝛼 ∈ ⋃∞

𝑛=1 𝛾𝑛 such that

𝑉𝑛𝛼 ∩ ({𝑥} ∪ {𝑦})

consists of one point.

The proof of this, in substance, repeats the well-known construction of Dowker
from (5). Proposition 2.6 could have been used as the basis for proving the
essential assertions of the second part.

Moscow State University
named after M. V. Lomonosov
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