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In the present paper the classical Radon transform (17%) is generalized to the

case of spaces of rectangular matrices and Grassmann manifolds.

1. Let 9, ., be the space of real rectangular matrices with n rows and m
columns, 7 > m. Consider on M, ,, the first-degree matrix equation (°)

EX)==ZX =P, EXem PeM,, . (1)

n,m?
where P and Z are fixed matrices; = has maximal rank; the prime denotes
transposition; multiplication - is matrix multiplication. Equation (1) defines in
M, ,, a plane of dimension m(n —m).* With this plane one may associate the
differential form of degree m(n —m)

W= (_1)m2(1;1+i2+~~-+im—(m+1)m/2)(det é)—m dledsz o dz.

b (2
where Z is a nonsingular submatrix of the matrix =, composed of the
U=l ey b th TOWS, 4 <dg <o <dps daj day ..dx; s the product
of the differentials of the elements of the remaining rows in the matrix X,

jl < j2 << jnfm'

For a “good” function ¢(X) we have the transform

#(X) = §(Z', P) = [ = /m H(X)S(E - X — P)dX. (3)

Below we shall restrict ourselves to functions from the spaces S and K of in-
finitely differentiable functions rapidly decreasing at infinity together with their
derivatives, and of infinitely differentiable finite functions, respectively. For
m =1, (3) is the classical Radon transform. We therefore retain this name also
for the case m > 1, although the integration in (3) is not carried out over a
hyperplane.
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2. We describe some properties of the function ¢(=Z’, P).
a) Matrix parity: for all orthogonal matrices O of order m,

P(O=",0P) = p(E', P).

b) Matrix (determinantal) homogeneity of degree m: for any nonsin-
gular symmetric matrix A of order m,

P(AE', AP) = (det A)""p(E, P).

¢) Convolution transform: if p(X) = ¢ * ¢y, then

BE.P)= | 32, M3, P—M)dM.
m

m,m

d) Connection with the Fourier transform: if $(=) is the Fourier trans-
form of the function ¢(X), then

1 A
P(E,P)= — PEQ)eTFQ4Q.
HEP) = s [ BEQ T T0dQ

m,m

* Equation (1) does not describe all planes in 91, , of the given dimension. The
dimension of the manifold of planes of the form (1) is nm, i.e. the dimension of
the space M, ..

3. With the Radon transform (3) we associate the problem of integral geom-
etry in the sense of (4), consisting in finding an inversion formula for the
transform (3) and in describing the classes of functions ¢(X) and ¢(Z’, P).

Let V,,,, = {X : X’X = E™} (E™ is the identity matrix of order m) be

the Stiefel manifold, which is the homogeneous space 0,/0nh_m (O, is the
orthogonal group of order n); dV' is the invariant measure on V,, ,.; C,,  is the

volume of V,, ,.; |X| = VX'X; T,,(§) = 7i™m=UD(§)T(6 — 1/2) -+ T(§ — (m —
1)/2) is the gamma-function of the cone of symmetric positive definite matrices
of order m. To find the inversion formula we use the equality

/ _ A o by
1 / det [V/(X = X[ det]X — X @

Lp((A+m)/2) T (A+n)/2)”

am(n—m)/2

n,m

which is valid for all complex A, the integral on the left converging for Re A > —1,
and for the remaining A being defined by analytic continuation in A\. For A = —n,
(4) gives the inversion formulas. For even n —m,
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(_1)m(n7m)/2 e _
oX) = pe— | DETEEEXE )

n,m

where E, ,, is a surface in 9M,, ,,, affinely equivalent to V,, ,:

—
—

n,m

={E:E=VF;, VeV F=FV)eM, .} d2=det|F|["dV;

n,m?

Dp = det [|0/0p;|, understood in the operator sense.

For arbitrary n and m,

71.m(m—n)/2 |t11|)\|t22|)\+1 ‘t |)\+m—1 .
sD(x)zi/ mm JP(E, T —E - X) dz,
C = T, (A+m)/2) .

n,m

where T, is the space of upper triangular matrices of order m, regarded as a
Euclidean space of dimension m(m + 1)/2; |t,;|*/T((n+1)/2) (i = 1,2,...,m)
are one-dimensional generalized functions, well known for all values of u (?).

For all n > m > 1, formula (5”) is not local. For m = 1 it turns into two classical
formulas, depending on the parity or oddness of n.

Further, on the basis of property c), analogues of the Plancherel formula are
easily established. We give the case of even n —m:

P(X)P(X) dX =

n,m

m

(71)m(nfm)/2

~ oo — | ( | sb(E’,P)/M(E’,P)dP) =6

m,m J=,

Finally, using the connection between the Radon and Fourier transforms, we
establish an analogue of the Paley-Wiener theorem. Namely:

In order that (2, P) be the Radon transform of some function o(X) from S
or K, it is necessary and sufficient that the following conditions be fulfilled:
1) @(AZ", AP) = det|A|"™@(Z’, P) for any nonsingular A € M, .;

2) ¢(E’, P) is infinitely differentiable with respect to = when det |Z| # 0;

3) for fixed =, p(E’, P) is a function of P belonging to the space S or K,
respectively;

4) for any ky, ks, ..., k,, = 0,1, ... the integral
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/ 5=, P)[[ ol P
M i=1

m,m

is a polynomial in =, homogeneous of degree k; (i = 1,...,m) in the elements of
the i-th column of the matrix =.

4. An analogous theory can be constructed for the case of the space N, ,,
of complex matrices. We note only the presence of two variants of the
inversion formula. If

H(H'.S) = /m H(Z)5(H' - Z - 5)dZ. (7)

then the first formula is as follows:

(_1>nm7%m(m+1)

7T2m(n—m)r<m) (m)

p(Z) =

X

X /H<5(n—1,n—1)<t11) __.5(n—m,n—m)<tmm)’ (E(H/,T _H . Z)>Tm dH, (8)
where T, is the space of complex upper triangular matrices of order m;
Ly (A) = remm=UP(\T(A —1)--T(A —m+ 1) is the gamma function of the
cone of Hermitian positive definite matrices of order m; H is a “surface” in
N, ., containing one representative from each class of matrices representing the
complex Grassmann manifold (see the construction of the analogous “surface”

in (4)).

The second inversion formula has the form

-1 m{n—m) ’ ~ ’ ’
o2y = SE [ oo zyan, )
H
where 0, = [0/0s,;|, and det |0;0;| is understood in the operator sense. For

m =1 formulas (8) and (9) coincide.

5. We now consider the real Grassmann manifold G, ,, (the set of m-
dimensional planes in an n-dimensional vector space passing through the
origin). It can be interpreted as the space of rectangular matrices of
type m X m, specified up to multiplication on the right by an arbitrary
nonsingular matrix of order m.

The Grassmann manifold may be regarded as the homogeneous compact sym-
metric space O,,/0,,_,, X O,,. A function ¢(X), where X is a matrix of type
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n x m, will be called a function on G, ,, if, for every nonsingular matrix B of

type m x n, o(XB) = ¢(X).

m

For a bounded summable function ¢(X) on G
formation

n,m»> T = 2m, consider the trans-

P() 5@ = [ e(X)301" - X) dxX. (10)
Gom

where M is a fixed matrix from G, ,, of maximal rank; the integral over G,, . is

understood as the integral over V,, . divided by C,, ,,,. The equation M’-X =0

defines in G,, ,,, a submanifold G,,_,, ,,. The formulas restoring ¢ (X) from its

known integrals over the submanifolds G have the form

n—m,m

o) = miyrem [ pyoam { | (Vg foow, (1)

where N = X’ - M, the forms wy,w,, are defined analogously to (2), and

1 m(n72m71)/21"m m—+1)/2
o(X) = <22m>(n72m)71 m(n*%gl() o
™ L., (m/2)

< Lo R 7 s
horepo DO+ 1/2) " T +m)/2)

X
A=—m—1

x det(E™) — T’T)n=2m=1)/2 pp-2m-1 { / @(M)wx} ar,  (11)
(M

X)=T

where the integration is carried out over the domain of upper triangular matrices
T such that the matrix E™) — T'T is positive definite.

In conclusion we note that the analogous problem is also solved for the complex
Grassmann manifold H,, ,,, where, corresponding to (8) and (9), there are like-

wise two versions of the inversion formula. We give the formula analogous to
(9) and (11):

(_1>m(n72m) 24m(n7m)

o) = S e [ aetoar [ pzeu e,
W .M=0 Z . M=0
(12)

where S = W - M, and the forms w,;,wy are defined analogously to (2).

The author expresses gratitude to P. K. Rashevskii and the participants of his
seminar for discussion of the work and valuable advice.
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