Soviet-era science, translated into English

V. B. DYBIN

It is known that the condition of normality™® of the paired equation

1967

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196701.74219

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196701.74219

Abstract

Full Text
V. B. DYBIN

THE EXCEPTIONAL CASE OF A PAIR OF
INTEGRAL EQUATIONS OF CONVOLUTION
TYPE

(Presented by Academician N. I. Muskhelishvili on 9 XI 1966)

It is known that the condition of normality® of the paired equation

1 oo
/\Qf(x)—i—\/%[ ky(x —t)f(t)dt, =<0

in a broad class of spaces (see (1,2)), is the requirement

where K;(x) = Vk; is the Fourier integral with density k;(t); x is an arbitrary
point of the real axis.

In the exceptional case, when zeros of integer order at individual points of the
real axis are admitted for the symbol (2), equation (1) and its adjoint were
studied in papers (4,°).

Under certain restrictions on the smoothness of the coefficients K;(z), the au-
thors of the cited papers indicated certain sufficient conditions that the free
term g(x) must satisfy in order that equation (1) be solvable in L, or in a class
close to it.

Definition 1. Let n > 0 be an integer; then denote by
E{4+n;0} = E{+n}

the Banach space of functions f(z), defined on the real axis, such that (z +
i)™ f(z) € E, where F is one of the spaces:

L,(p>1), C°cCcM“cM"CM.
Here the norm in the space E{+n} is introduced as follows (see (1), § 6):

1l 5psny = @+ f(2)] -
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By
E{—00;0} = E{—o0}

we denote the countably normed space
E{—occ} =[] B{-k}
k=1

with a set of pairwise comparable and consistent norms

and by
E{0;0} = E{o0}

we shall mean the space

E{cc} = | E{k}
k=1
with weak convergence.**
Each of the spaces E{+n}, E{+oo} decomposes into the direct sum of subspaces
Ego{£n}, Ego{too}

of functions equal to zero respectively for x < 0 and = > 0. The operator II
and its transposed operator II* are studied in the introduced spaces under the
assumption that

k;(t) € L,{-n} or L;{—o0}.

For the symbol of the operator II,
S(xvj):Ag—’_K](x)a j:1727

the singularities indicated earlier are admitted. Necessary and sufficient condi-
tions for solvability of equation (1) in the spaces

E{—n}, E{—oc}
are given. In addition, it follows from the results stated below that in the spaces
Ly{—oc} (p=1)

IT is normally solvable and has a finite d-characteristic.

If the symbol S(z,j) of the operator II satisfies conditions (2), then for the
operator II in the spaces F{4+n}, E{+oo} the theory of a particular
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* By a normal operator is meant an operator satisfying the Noether theory (see
(*), p. 222).

** By E{co} one should understand, generally speaking, only the spaces L, {oc}
(p>1), M{oo}, each of which is conjugate to some E{—o0}.

case n = 0 (see (2)). The corresponding results can be obtained by the methods
of (1,2).
In the exceptional case studied here, the method for investigating equation

(1) consists in constructing an auxiliary operator N, by whose action on the
operator II the latter is reduced to the normal case.

Definition 2. Let the operator T be a linear bounded operator acting from a
Banach space B into itself. Suppose there exists a homogeneous and additive
operator N such that the operator T, which is a composition (left or right) of
the operators N and 7', is normal in the space B. Then we shall say that the
operator T" has a normalizer (left or right) N in the space B. If, moreover, the
sets of zeros in B of the operators T" and T coincide, then we shall say that the
operator T has an equivalent normalizer (left or right) NV in the space B.

Without loss of generality, we shall assume that the kernels K j(t) admit the
representations

G . _ Bl e
MHKy(z) = (z—0)o (A +E (2)), A+ K () @+9) (Aot K5(2)), (3)
where
A =Tl o, B =]
k=1 J=1

-
Ima, =Im bj =0; ap, Bj are positive integers, E o =,
k=1

MNoBi=8  N+E@) =X\+Vk, j=1.2,
j=1

where %j(t) € Ly{-n} or Li{—oc}, and ), —I—I?j(x) #0, j=1,2, on the closed
real axis.

Let f(t) € E{£n} (E{+£II}). The integrals on the left-hand sides of the equali-
ties (1), understood in the usual sense
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oo M,
/ = lim ,
o M ,M;—o00 M

exist almost everywhere and are bounded operators in E{4+n}, E{+00}.

Theorem 1. Let k;(t) € Li{-n} (n > 0) or Ly{—oco}, j = 1,2, and let
conditions (3) be satisfied. Then in the space E{—n} (E{—o0}) the operator 11
has a left equivalent normalizer.

Proof. The desired operator N has the form

T

[V )ere, = >0,

Np =<1 (4)
I_I(Nj;)'@jgo7 x <0,
j=1
where
Ny = () + i(a — )i / cioto(t) dt, (5)

N; o= p(x) —i(b; + i)e*ibjm/ etitp(t) dt.

Its normalization properties are verified directly. The equivalence of the nor-
malization follows from the following fact: the only zero of the operator N in
the spaces E{—n}, E{—oc0} is the function ¢ = 0.

From Theorem 1 it follows directly that

Corollary 1. The number of linearly independent solutions in the spaces
E{—n}, E{—oc0} of the homogeneous equation (1) is finite and is equal to
the index B B

#=1Ind A, + Ky(2)/ A + K, (2)]

of the normalized operator M= NII, if # > 0. For # < 0 the homogeneous equa-
tion (1) has no solutions in E{—n}, E{—oo} distinct from the trivial solution

f=0.

The second corollary of Theorem 1 is a solvability criterion for the nonhomo-
geneous equation (1) in the space E{—n}. Denote by DE{—n} the space of
functions g(z) satisfying the conditions: a) g(z) € E{—n}; b) Ng € E{—n},
where N is the operator of the form (4), (5).
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Theorem 2. In order that, under the assumptions of Theorem 1, the nonhomo-
geneous equation (1) have a solution f € E{—n}, it is necessary and sufficient
that the following conditions hold: a) g € DE{—n}; b) if # < 0, then

t[(Nmawaww=o (h=1,2,....|7)), (6)

where {p,} (k= 1,2,...,|%|) is a basis of the null subspace in E{+n} of the
transposed normalized operator 117.

Remark. All the results given above, in the limiting case n = 0, are valid for
the spaces L, (p > 1) and CO.

In view of the fact that the operator N is bounded in the space F{—oo}, the
analogue of Theorem 2 for this space has a simpler form:

Theorem 3. In order that, under the conditions of Theorem 1, the nonhomo-
geneous equation (1) have a solution f € E{—oo}, it is necessary and sufficient
that condition b) of Theorem 2 be fulfilled for g € E{—occ}.

Let us turn to the transposed equation

M =M\P %/ P o(z)dx — Xy P_o(t)—

1 (oo}

V2T J_ o

where P, = Z[+1 + signt].

ko(x — ) P_p(x) de = (t) (00 <t < o0), (7)

Let the operator (I + K), where

(I+K)p = ot / Kit—)p(e)de  (—oo<t<oo), (8)
be generated by a kernel k(t) € Lygo{-—n} or Ligo{—oc}. Then it leaves
invariant, respectively, the subspaces Egg{£n} (Egg{4o00}).

Using this, we introduce a new unknown function $(t) € E{n} (E{c0})
P(t) =T+ AP o(t) = (I + B_)P_¢(t),

where the operators (I+A, ) and (I+B_) of type (8) have, respectively, symbols
A(—x)/(—x —i)® and B(—z)/(—x +4)%. With respect to the new unknown
function &(t), equation (7) takes the form

M"g=\P.§

0+ 7 [ M

1 . .
- /OO Fole— P G@)dr = (t)  (—oo<t<oc)  (9)
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The operator I17, by virtue of conditions (3), is normal in any of the spaces E{n},
E{o0}, and has index %, = —u. For the normal equation (9) the corresponding
results can be formulated and the general solution written out. The further
study of equation (7) reduces to finding the conditions for invertibility of the
operators (I + A, ), (I + B_) in the subspaces

E@e{n}(E@e{oo}).

In the subspaces Ego{oco} the indicated operators have bounded inverses (I +
ALY (I+ B_)™! of the form

(I+A)'=P, ﬁ(N,;)“’“, (I+B.)'=pP. H(sz)"j,
k=1

where
t
N/:—FSO = (p(t) + Z(ak _ ')ei(lkt/ e—iakx(p(x) dl‘, t> 07
0

0
NT o =p(t) —i(b; + i)eibit/ e~ iy (x) du, t<O.
t

Hence it follows that

Theorem 4. Let k;(t) € Ly{—0co} and let conditions (3) be satisfied. Then,
if %, > 0, in any space E{cc} the homogeneous equation (7) has % linearly
independent solutions. For #,. < 0, in none of the spaces E{oo} does it have
solutions different from the trivial one.

The nonhomogeneous equation (7), in the case %, > 0, has a solution ¢ € E{oco}
for every right-hand side ¢ € E{oc}. If, however, %, < 0, then the necessary
and sufficient conditions for its solvability in E{co} have the form

/¢<t>fk<t>dt=o (k=1,2,....|7,]),

where {f.} (k=1,2,...,|5.|) is a basis of the null subspace in E{—oo} of the
normalized operator IT*.

In all spaces E{oo} the solutions of the homogeneous equation (7) are the same,
and the solution of the nonhomogeneous equation is determined by one and the
same resolvent. Therefore the form and some properties of these solutions may
be found in [6], § 4, where the study of equation (7) in the space L;{oc0;0} was
carried out by another method. In particular, from the results of that work it
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follows that conditions (6) are the orthogonality conditions for the right-hand
side g € L,{—00} (p > 1) of equation (1) to one of the possible bases of the null
subspace in L,{oo} (¢ = p/(p—1)), M{oo} of the transposed operator I17.

Thus we obtain that, under assumptions (3) (k; € Ly{—oc},j = 1,2), the
operator II is a normally solvable operator in L,{—oco} (p > 1) with finite d-
characteristic (%, 0) or (0, —%) and index ». The operator II” in the space E{oo}
possesses analogous properties.

It can be shown that the operator II, defined in the space L,{—n} (p > 1), with
range in the space DLp{—n}, is also non-Noetherian.
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* And consequently also of the operator II (Corollary 1 of Theorem 1).
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