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The work is a continuation of the paper (}).

1°. Notation and assumptions. A function f(z) € Cy; wi (0, f) is its modu-
lus of smoothness of order k; E, (f) denotes best approximations by trigonomet-
ric polynomials of order < n; T, (z, f) is a polynomial of best approximation
of order n; f(x) is the function trigonometric-conjugate to f(z); T, () is a
trigonometric polynomial of order < n; the numbers r, k, n are natural; U(f) is
a bounded subadditive (i.e. |[U(f+g)|| < |U(f)|+U(g)|) operator from C,,. to
Cor; U(f) € A, if for every T, (x): 1) U(T,,) is a trigonometric polynomial of
order < n, 2) U(T,) = U(T,,), 3) for any r, U"(T,) = U(T\"); C(0 < C < o)
and M (0 < M < c0) are constants depending only on those arguments that will
be indicated.

2°. Main theorems. Let the even functions @ (t) >0 (k=1,2,...,1) be
given on [—m, 7] and possess the following properties:

/@Eﬁ(t)dt:l, AW:/ 2oM )y dt —— 0 (k=1,...,0).

n—00
—T 0

Put
vt =i - [ " fat 09l @) dr,

il =uil,  mig) =vPaE ) k=1,..,0.

Theorem 1. For all n > 1,
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I ()l < C,(1) wm((r_[ ) ,f).

This theorem generalizes some results of I. P. Natanson (?).

Theorem 2. Let @l (t) be the classical Jackson kernel (see (%), p. 115) (k =
1,2,...,1). Then for n > 2,

o (30 7) < GO B o) + IIHOI.

Corollary 1. Under the conditions of Theorem 2,

o (5, 1) < C30) sup D).

m>n

Remark 1. An analogous theorem is also true for the Jackson-Vallee-Poussin
kernel.

Theorem 3. If for every T, (z)
k1
[T(T) ] = MT (@) /n¥] < CoI T (@) /mk 1,

then for any f(z)

U = Mywy,(1/n, f) + O[(IU] + C5(k))wy 11 (1/n, f)],

where O depends only on k, and C5(k) on k,Cy, and M.
Theorem 4. If for any T, (x)

~(k
U (T,,)| — Mo TP ()] /n¥| < CollTwE () ¥+,

then for any f(x)

n—1

(IUN + C7(k)yn—tE+1) Z D*E(f)] ,
1=0

(D = Moo (.7) +0

where O depends only on k, and C;(k) only on k, Cy, and M,.
Theorem 5. Let U, (f) € A,, (k=1,2).
1) If for any T,,(z)
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r+1
UL(T,)| — M| T ()| < Csl T ()],

k
1UL(T,) | — M T ()| < Coll TV ()],

then for any T, (x)

rk r+k
101 [Us(T,)]] — My M| T ()] < [MyCy + M,yCy + nCsCol [T ().

2) If for any T, (x)

10T, — M5 | T ()| < Cool T (),

k) (k41
()] = Mol T (@)l < Coy |7 (@),
then for any T, (x)
r+k
[0, [U (T )] = My M| T3 ()]
A(r+k+1
< [M5Chy + MgChp + ”010011]||T7<1 o ><$)H

Theorem 6. Let U, (f) € A, (k=1,2), A, (k=1,2,3,4) be real numbers.
1) If for any T, (x)

Al c r
@ - T + D2 @) < ST @),
A2 C113

then for any T,,(z)

where C, depends only on A, Ay, C4,Cy3, and v = min(r + 1,k + 1).
2) If for any T,,(x)

Uy(T,) = Ty(a) + 2T )| < T @),

A

U\(U(T,) ~ T, (o) + 080 )+

k c
S| < Sz @,
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As r Cis m(r
@0 = @)+ 2210 < ST @),

Ay Cie 1ok
o)~ T + S )| < ST @l

then for any T, (x)

where C; depends only on Ag, Ay, C5,C4, and v = min(k + 1,7 + 1).

As r A Cirioe
U\(U(T,) = T(a) + 2200 (@) + AT ()| < ST @)

3°. Some applications of the main theorems.

Example 1. Let U, (z, f) = U, (f) € A, be linear operators for which |U,| <
Cis (n=1,2,...). If

1
IU,(F) = F@) < Cagr (5.£)

then

|Un(z+1/n, f) = f(2)] = w1 (1/n, f) + Olws (1/n, f)].
Proof. It is clear that for any T, (x)

|7, (2 +1/n) = T, () — T () /nl] < |7 ()] /2n2.

By Theorem 6, for any T,, ()

|U,(z +1/n,T,,) = T, (x) — T;,(x) /n]| < Coo| T} ()] /n?
and, consequently,

10, (z +1/n,T,,) = T, ()| = | T () /n] < Cool T, ()] /n?.

Taking Theorem 3 into account, we obtain our assertion.

Corollary. Let, under the conditions of the example, U, (f) (n =1,2...) be a
trigonometric polynomial of order not exceeding n. Then the conditions f(z) €
Lipl and |U,(z + 1/n, f) — f(z)| = O(1/n) are equivalent.
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For the proof it is enough to compare Example 1 and the theorem of A. Zygmund
(see (3), p. 142).

Remark. Under the conditions of the corollary, the relations f(x) € Lip 1 and

|U.(f) = f(z) + UL(f)/nl = O(1/n)

are equivalent.

Example 2. Let @, (t) be the classical Jackson kernel,

I’r(Lr>(f) = /Tr /ﬂ— f(fE ity A tr)q)n(tl) (I)n(tr) dtl dtr

the r-th Jackson integral. Then

n—1
1) = Fa)l = S (5.0) +0 [0 Ytk + 102B(0)]
k=0

where O depends only on r.

Example 3. Let g (t) (k=1,2,...,1) be the classical Jackson kernel. Then

l

= (5) wa (50) +0

) ’
n

n—1
n—(20+1) Z(k, + 1)2lE'(f)
k=0

where O depends only on [.

4°. Constructive characteristics of some classes of func-
tions.

The questions considered in the present section were also studied in the works
(4-8).

Theorem 7. For every r

w(l/n, f) < 27 f(a) — T, (x, f) + T (2, £)/n7]| < Cor (P)w, (/0. f), (1)

wi(1/n, f) < Ol f(z) = T, (x + 1/n, )] < Cogwy(1/n, f).

Remark. The upper estimate in inequalities (1) is easily obtained from the
results of S. B. Stechkin (4).
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Corollary 1. In order that f(z) € Lip 1, it is necessary and sufficient that

|f(x) = T, (z + 1/n, f)| = O(1/n).

All the preceding results are also valid for the space L (1 < p < 00).

Theorem 8. Let v(z) be a uniformly continuous function bounded on the
entire axis; let g, (z,v) be an integral function of degree not exceeding o, least
deviating from v(z) on (—oo,o0) in the space C[—o0, 00]. Then

w,(1/0,0) < Cyy(r)[Jo(x) — g, (2,0) + g5 (2,0) /0"|| < Cos (1w, (1/ 0, v),

wy(1/0,v) < Collv(x) — g,(x + 1/0,v)| < Cprw;(1/0,v).

The theorem is also valid for the spaces L{' (1 <p < o0). Let g(z) € 1o, 1],

B, (z,g) be its S. N. Bernstein polynomial, and let z,, € [0, 1] be points at which
lg(z) — B,,(z, g)| attains its maximum value on [0, 1]. Put

S,(9) = B,(9) —vBp(9)/vn,  V,(9) = B,(9) — ABp,(9)/n,
where
and

A =signlg(z,) — B, (2, 9)][B (2, 9)]-

Theorem 9. In order that g(x) € Lip1 on [0, 1], it is necessary and sufficient
that

15,.(9) — 9 = O(1/v/n).

(x)l‘c[o’l]

In order that ¢’(z) € Lip1 on [0, 1], it is necessary and sufficient that

V,(9) — 9@l gy = O(1/).
The author expresses deep gratitude to G. I. Natanson for his attention to this
work.
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