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Abstract
Full Text
UDC 517.944

MATHEMATICS

V. I. KONONENKO

ON FUNDAMENTAL SOLUTIONS OF SINGU-
LAR PARTIAL DIFFERENTIAL EQUATIONS
WITH VARIABLE COEFFICIENTS
(Presented by Academician I. N. Vekua on 19 III 1966)

Let 𝐷 be a domain of (𝑛 + 1)-dimensional Euclidean space adjoining the hyper-
plane 𝑥𝑛+1 = 0. In this domain consider a linear differential operator of order
2𝑚 of 𝐵-elliptic type (1)

ℒ(𝐷𝑥, 𝐵𝑥𝑛+1
) =

𝑚
∑
𝜈=0

2𝑚−2𝜈
∑
𝑖=0

𝑛
∑

𝑗1,…,𝑗𝑖=1
𝐴𝜈

𝑗1,…,𝑗𝑖
(𝑥) 𝜕𝑖

𝜕𝑥𝑗1
, … , 𝜕𝑥𝑗𝑖

𝐵𝜈
𝑥𝑛+1

. (1)

Here, as usual, 𝐵𝑥𝑛+1
denotes the Bessel differential operator

𝐵𝑥𝑛+1
= 𝜕2

𝜕𝑥2
𝑛+1

+ 𝑘
𝑥𝑛+1

𝜕
𝜕𝑥𝑛+1

,

where 𝑘 > 0, 𝑥𝑛+1 ⩾ 0.

In paper (2) a fundamental solution of the homogeneous operator (1) was con-
structed in the case of constant coefficients. In the present note we construct
a fundamental solution for the nonhomogeneous operator (1) with constant co-
efficients. In addition, we prove the existence in the small of a fundamental
solution of this operator with variable coefficients. The case 𝑚 = 1 was studied
earlier by A. Weinstein (6) and others.

1. Let 𝑓(𝑥) = 𝑓(𝑥1, … , 𝑥𝑛, 𝑥𝑛+1) belong to the class 𝐶2 and be finite in the
half-space 𝑅∗

𝑛+1 (𝑥𝑛+1 ⩾ 0). Then this function admits the following
expansion in weighted plane waves:

𝑓(𝑥) = 𝑐1(𝑢, 𝑘, 𝜈)Δ(𝜈+𝛾)/2
𝐵 ∫

𝑅∗
𝑛+1

𝑓(𝑦) (∫
Ω+

𝑇 𝑦
𝑥 |𝑥 ⋅ 𝜔|𝜈𝐵𝜔𝑘

𝑛+1 𝑑𝜔) 𝑦𝑘
𝑛+1 𝑑𝑦, (2)
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where Ω+ is the hemisphere ∑𝑛+1
1 𝜔2

𝑖 = 1, 𝜔𝑛+1 ⩾ 0; 𝑇 𝑦
𝑥 is the generalized

translation operator (3)

𝑇 𝑦
𝑥 𝑓(𝑥) = 𝑐(𝑘) ∫

𝜋

0
𝑓(𝑦1 − 𝑥1, … , 𝑦𝑛 − 𝑥𝑛, √𝑥2

𝑛+1 + 𝑦2
𝑛+1 − 2𝑥𝑛+1𝑦𝑛+1 cos 𝛼) sin𝑘−1 𝛼 𝑑𝛼;

Δ𝐵 is the Beltrami operator

Δ𝐵 =
𝑛

∑
1

𝜕2

𝜕𝑥2
𝑖

+ 𝐵𝑥𝑛+1
.

An essential role in formula (2) is played by the integral of the form

|𝑥 ⋅ 𝜔|𝜈𝐵 = ∫
𝜋

0
∣

𝑛
∑

1
𝑥𝑖𝜔𝑖 + 𝑥𝑛+1𝜔𝑛+1 cos 𝛼∣

𝜈

sin𝑘−1 𝛼 𝑑𝛼,

where 𝛾 = 𝑛+1+𝑘 and 𝜈 is the addition to the number 𝛾 up to an even number.

In the case of integer 𝑘, expansion (2) has the form

𝑓(𝑥) = 𝑐2(𝑛, 𝑘, 𝜈)Δ(𝜈+𝛾)/2
𝐵 ∫

𝑅+
𝑛−1

𝑓(𝑦) (∫
Ω+

𝑇 𝑦
𝑥 |𝑥 ⋅ 𝜔|𝜈𝐵 ln |𝑥 ⋅ 𝜔|𝐵𝜔𝑘

𝑛+1 𝑑𝜔) 𝑦𝑘
𝑛+1 𝑑𝑦.

(3)

To obtain formulas (2) and (3), the method of F. John is used [4].

2. Let ℒ(𝐷𝑥, 𝐵) be a 𝐵-elliptic operator with constant coefficients. The
problem of finding the fundamental solution of the operator ℒ(𝐷𝑥, 𝐵𝑥𝑛+1

)
is equivalent to solving the inhomogeneous equation

ℒ(𝐷𝑥, 𝐵𝑥𝑛+1
)𝑢 = 𝑓(𝑥) (4)

for an arbitrary right-hand side 𝑓(𝑥). In view of the validity of expansions
(2) and (3), it is sufficient to solve the equation

ℒ(𝐷𝑥, 𝐵𝑥𝑛+1
)𝑢 = |𝑥 ⋅ 𝜔|𝜈𝐵.

We seek the solution of this equation in the form

𝑢 = ∫
𝜋

0
𝑣 (

𝑛
∑

1
𝑥𝑖𝜔𝑖 + 𝑥𝑛+1𝜔𝑛+1 cos 𝛼) sin𝑘−1 𝛼 𝑑𝛼.

As a result, for the function 𝑣(𝜉) we obtain an ordinary differential equation,
whose solution is written with the aid of the Duhamel integral. Then the fun-
damental solution of equation (4) will have the form

𝐾(𝑥) = 𝑐Δ(𝜈+𝛾)/2
𝐵 ∫

Ω+

∫
𝜋

0
∫

𝜉

0
∫

𝐶

𝑒(𝜉−𝜏)𝜆

ℒ(𝜔𝜆) 𝑑𝜆 𝑔(𝜏) 𝑑𝜏 sin𝑘−1 𝛼 𝑑𝛼 𝜔𝑘
𝑛+1 𝑑𝜔, (5)
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where
𝜉 =

𝑛
∑

1
𝑥𝑖𝜔𝑖 + 𝑥𝑛+1𝜔𝑛+1 cos 𝛼,

𝑔(𝜏) = {|𝜏|𝜈 ln |𝜏 |, if 𝛾 is even,
|𝜏 |𝜈, in all other cases.

Here 𝐶 is a contour in the complex 𝜆-plane enclosing all roots of the equation
ℒ(𝜔𝜆) = 0. The existence of such a standard contour for all 𝜔 = (𝜔1, … , 𝜔𝑛+1)
is ensured by the 𝐵-ellipticity of the operator ℒ(𝐷𝑥, 𝐵𝑥𝑛+1

). To obtain a fun-
damental solution with a singularity at an arbitrary point 𝑧, one must apply
the shift operator 𝑇 𝑧

𝑥 to the function 𝐾(𝑥). In the case of the homogeneous
operator ℒ(𝐷𝑥, 𝐵𝑥𝑛+1

), the contour integral in formula (5) is readily computed.
As a result, the fundamental solution has the form

𝐾(𝑥) = 𝑐Δ(𝜈+𝛾)/2
𝐵 ∫

Ω+

∫
𝜋

0
|𝜉|2𝑚+𝜈 sin𝑘−1 𝛼 𝑑𝛼 𝜔𝑘

𝑛+1
ℒ(𝜔) 𝑑𝜔,

if 𝛾 is not an even number. If, however, 𝛾 is an even number, then

𝐾(𝑥) = 𝑐Δ𝛾/2
𝐵 ∫

Ω+

∫
𝜋

0
𝜉2𝑚 ln |𝜉| sin𝑘−1 𝛼 𝑑𝛼 𝜔𝑘

𝑛+1
ℒ(𝜔) 𝑑𝜔.

3. To describe the structure of the fundamental solution (5), we expand
𝑒(𝜉−𝜏)𝜆 in a series and successively bring, in each term, the operator Δ𝐵
under the integral sign and then integrate by parts. Then, for the case
when 𝛾 is not even, we obtain

𝐾(𝑥) = 𝑟2𝑚−𝛾
∞

∑
𝑖=0

𝑟𝑖Ω𝑖 (𝑥
𝑟 ) ,

where Ω𝑖(𝑥/𝑟) are infinitely differentiable functions, even with respect to the
variable 𝑥𝑛+1. In the case of even 𝛾 we have

𝐾(𝑥) = 𝑟2𝑚−𝛾
∞

∑
𝑖=0

𝑟𝑖Ω𝑖 (𝑥
𝑟 ) + 𝑊(𝑥) ln 𝑟,

where 𝑊(𝑥) is a regular solution of the equation ℒ(𝐷𝑥, 𝐵𝑥𝑛+1
)𝑊 = 0. In the

case of a homogeneous operator we have

𝐾(𝑥) = 𝑟2𝑚−𝛾Ω (𝑥
𝑟 ) , (6)

𝐾(𝑥) = 𝑟2𝑚−𝛾Ω (𝑥
𝑟 ) + 𝑞2𝑚−𝛾(𝑥) ln 𝑟, (7)
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where 𝑞2𝑚−𝛾(𝑥) is a homogeneous polynomial of degree 2𝑚 − 𝛾, even in 𝑥𝑛+1.
From formulas (6) and (7) we obtain the estimates

∣𝐷𝑖
𝑥𝐵𝑗

𝑥𝑛+1𝐾(𝑥)∣ ≤ const ⋅ 𝑟2𝑚−𝛾−𝑖−2𝑗.

If 𝛾 is even and 𝑖 + 2𝑗 ≤ 2𝑚 − 𝛾, then

∣𝐷𝑖
𝑥𝐵𝑗

𝑥𝑛+1𝐾(𝑥)∣ ≤ const ⋅ 𝑟2𝑚−𝛾−𝑖−2𝑗(1 + | ln 𝑟|).

Inside the domain 𝐷 (𝑥𝑛+1 > 0), the fundamental solution and its derivatives
have the same singularity as the fundamental solutions of ordinary elliptic equa-
tions.

4. We now consider the operator ℒ(𝐷𝑥, 𝐵𝑥𝑛+1
), whose coefficients 𝐴𝜈

𝑗1,…,𝑗𝑖
(𝑥)

are 𝑖 times continuously differentiable in the domain 𝐷 with respect to the
arguments 𝑥1, … , 𝑥𝑛 and withstand 𝜈 applications of the operator 𝐵𝑥𝑛+1

.
Let 𝑢(𝑥) and 𝑣(𝑥) be two functions, 2𝑚 times continuously differentiable in
the domain 𝐷 with respect to the arguments 𝑥1, … , 𝑥𝑛 and withstanding 𝑚
applications of the operator 𝐵𝑥𝑛+1

. We denote the class of such functions
by 𝐶2𝑚

𝐵 . Then the following Green formula is valid:

∫
𝐷

(𝑣ℒ𝑢 − 𝑢ℒ𝑣) 𝑥𝑘
𝑛+1 𝑑𝑥 = ∫

𝑆
𝑅[𝑢, 𝑣] 𝑥𝑘

𝑛+1 𝑑𝑆, (8)

where

ℒ𝑣 =
𝑚

∑
𝜈=0

2𝑚−2𝜈
∑
𝑖=0

(−1)𝑖
𝑛

∑
𝑗1,…,𝑗𝑖=1

𝜕𝑗

𝜕𝑥𝑗1
⋯ 𝜕𝑥𝑗𝑖

𝐵𝜈 (𝐴𝜈
𝑗1,…,𝑗𝑖

(𝑥)𝑣) ,

and 𝑅[𝑢, 𝑣] is a bilinear differential operator.

For any point 𝑧 ∈ 𝐷 we define the fundamental solution 𝐾(𝑥, 𝑧) with pole at
the point 𝑧 as such a function of 𝑥 that the identity

𝑣(𝑧) = ∫
𝐷

ℒ(𝑣)𝐾(𝑥, 𝑧)𝑥𝑘
𝑛+1 𝑑𝑥 + ∫

𝑆
𝑅[𝐾(𝑥, 𝑧), 𝑣(𝑥)]𝑥𝑘

𝑛+1 𝑑𝑆 (9)

holds, where 𝑣(𝑥) ∈ 𝐶2𝑚
𝐵 . Following the Levi method (5), we introduce into con-

sideration the operator ℒ𝑧, a homogeneous operator with constant coefficients,
which is obtained from the operator ℒ(𝐷𝑥, 𝐵𝑥𝑛+1

) by retaining the highest-order
terms and freezing the coefficients at the point 𝑧. Let 𝐾+(𝑥, 𝑧) be the funda-
mental solution of the operator ℒ𝑧 with pole at the point 𝑧. We shall seek the
function 𝐾(𝑥, 𝑧) in the form

sovietrxiv.org/items/ru-196701.71824 Machine Translation

https://sovietrxiv.org/items/ru-196701.71824


𝐾(𝑥, 𝑧) = 𝐾+(𝑥, 𝑧) + ∫
𝐷

𝐾+(𝑥, 𝑦)𝑢(𝑦, 𝑧)𝑦𝑘
𝑛+1 𝑑𝑦. (10)

Using Green’s formula (8) and identity (9), with respect to the function 𝑢(𝑦, 𝑧),
we obtain an integral equation with a kernel having a weak singularity, whence it
follows that, for a sufficiently small domain 𝐷, there exists a unique solution of
this equation. Then formula (10) gives the desired fundamental solution 𝐾(𝑥, 𝑧)
of the operator ℒ(𝐷𝑥, 𝐵).
In conclusion, I express my sincere gratitude to I. A. Kipriyanov for posing the
problem and for his constant assistance in the work.

Received
10 III 1966
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