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Consider the system of linear equations

x = Az + B, A= (a;;)7, B=(b)7- (1)

In the present work special aggregation methods are investigated, making it
possible to represent the process of solving system (1) in the form of a sequential
process of solving systems of smaller dimension. Let z = (x;...x,,) be the

solution of system (1) and X, = Zle z; # 0 (k <n). Denote

p=(py...0y), p, =2,/ X, (1 <k) Xpp1 = Tpyrr - Xy = T3 X =(X;...X,).

Introduce the matrix fip and the vector B

E a; ;P; E i k+1 E i n
i,5=1 i=1 i=1 k
k E b;
A = E QApi1,5P5 A1, k41" Okt1n B= ibzl
P j=1 ’ k+1
k bn
§ Ay, 5D Ap 17" Apon
Jj=1
and put in correspondence with system (1) the system
X =4, +B, (2)

whose solution is the vector X defined above.
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The transition from system (1) to system (2) arose in the analysis of planning
problems in economics, and system (2) itself received the name of the aggregated
system of equations of the intersectoral balance. This transition has to be carried
out in practice for a number of reasons, one of which is the large dimension of
the original system (1) (for example, in real problems the number of variables
x; may be measured in millions). It is clear how, from the solution of system
(2), to obtain also the solution of system (1). However, in order to construct (2)
it is necessary to know the vector p.

The vector p, in turn, is determined from the solution of the original problem.
Usually, in the practice of analyzing models of intersectoral balance, the indi-
cated difficulties are bypassed by setting p = p°, where

0 0 0 0
o = {6 150 =2 50}

and a:io) is the value that the output of product i actually assumed in some
reporting period in the past.

Instead of (2), one solves the system

XM =A4,,X"+B. (3)

Here it remains unclear how the solution of this system—the vector X —is
related to the vectors X and x. In the present paper, the regularity of these
practical methods is established in a certain sense.

Thus, suppose that the vector X is known. Define, for all i < k,

~—

k n
x; = (Z aijpj> X, + ( Z a;; X; + bl) . (4
=1

j=k+1

From (4) it follows that

k S ag X+,
j=k+1 "tj g i
D; = a;ip; + — . (5)
; Y Xy

The ratio (Z?:kﬂ a;; X; + bi> /X, depends linearly on (p; ... p;); consequently,

p= Cp7 C= {(Cst)lf | Cst = Qg +r8t}' (6)

Let us determine the elements r,,. Let p

be the solution of system (2), where A

=p(t) = (0...010...0), and X(p(t))
Ap(

» ¢)- Then
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st = LZ ay; X;(p(t) + b | /Xy (p(t)). (7)

=k+1

Consequently, to determine r,, one must solve system (2) k times with matrices
App) that differ in their first column. Knowing the solution of system (6), it is
easy to obtain the solution of system (2), and consequently also of system (1).

Thus, what has been said constitutes a finite aggregation method for solving
system (1).

Let us now consider the iterative aggregation process. Let

X(N+1) == AP(N)X(N+1> + Ba

N+1 (Z az]pj ) k-N+1) + Z ainj('N+1> + bi’ ) < k; (8)

j=k+1
N N N .
P =N <k

The matrix C, defined above, does not enter explicitly into this process; never-
theless, it is obvious that the convergence of the iterative aggregation process
is determined by its properties.

Theorem 1, containing sufficient conditions for convergence of the iterative ag-
gregation process, holds.

Theorem 1. Suppose the matrix C' = (cy,)¥ > 0 is irreducible and aperiodic;
then the iterative process converges at the rate AV, where

A= {max |\;| <1]|det|C— \z| =0}.

st )

The matrix C, defined in (6), for ¢ ; > 0 turns out to be stochastic (
(

c
and the fixed vector p is determined by the convergent sequence {p~ )}

(0)

— opNn = o (9)

The iterative process takes an especially simple form when k& = n, i.e., when at
each iteration step one corresponding one is assigned to system (1)

scalar equation

X(N+1) (Z a]pj ) X(N+1) +b,
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For this process,

b;
C= {(Cij)? | Cij:aij+€ (12‘%‘)}-

Sufficient conditions for the semipositivity of the matrix C' are, for example,
\|A||=m?><§i:aij<1; a; >0, b, >0,

and the iterative process itself is expedient to use if the norm ||A]| is close to
unity.

If C = (cg,)}F contains a positive row 7, then one can make a rough estimate of
the rate of convergence

Al <1—, Y = minc;.

If | variables of system (1) are aggregated, then ~;, < 74, if I < k. Gener-
ally speaking, although the upper bound 7, for the rate of convergence of the
iterative aggregation process decreases as the number of aggregated variables
decreases, this decrease may be insignificant.

Convenient from the computational point of view is the iterative aggregation
process when the matrix A, acquires a triangular form. In this case the matrix
A can be reduced to block-triangular form.

Let J; = {k;_; + 1...k;} be subsets of the set

N={1,2,..,n}, =121 kg =0, k =n; JJ;=N

At each step of the iterative process we aggregate the variables z,, t € J,, for
any j = 1,2,...,1, into a single Xj. As a result, to each strip of the matrix A
(strip ¢ consists of the elements a,,, s € J;, t < k;; i = 1,2,...,1) there will
correspond one equation. In this case the aggregated system
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XN+ = 4 XN+ 4 B (11)

is triangular. Here

Define, for all s € J;, 1 =1,2,...,1,
eV = ZastpgN)XgNH) +b,, teJ. (12)
J<i

Let = (2 ... z,,) be a solution of (1); p, = z;/X;. Denote

Cj = {<Cst)s,t€.]j | Cst = Qg + Tsﬁt}?

Ts = Z [agpix + b Z [agpixi+bi] By=1- Z Q-
j<i

seJ;, j<i seJ;
In the variables p,, the process just described is, in contrast to (9), nonstationary
(see (5), Ch. III).
Theorem 2 establishes the convergence of this iterative process.

Theorem 2. Let C; > 0 be indecomposable and aperiodic matrices for any

j = 1,2,...,1. Then the iterative process (11), (12) converges with rate AN
where A < A < A

i i

A= {minmax\)\iﬂ <1 ’ det |C; — A\, E| = O}.
j i

Let us note that the conditions ensuring the convergence of the iterative aggrega-
tion processes are satisfied when system (1) is a balanced economic model. The
assumption of convergence of iterative processes analogous to those presented
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above was first put forward in a work on economics [1]. Works [2-4] are devoted
to the mathematical investigation of the question.

Moscow State University
named after M. V. Lomonosov

Received
23 V 1966
REFERENCES
1. L. M. Dudkin, E. B. Ershov, Planovoe khozyaistvo, No. 5 (1965).

2. V. A. Volkonskii, Fkonomika i matematicheskie metody, 2, issue 2 (1966).
3. B. A. Shchenikov, Ekonomika i matematicheskie metody, 1, issue 6 (1966).
4. B. A. Shchenikov, Ekonomika i matematicheskie metody, 2, issue 5 (1966).

5. D. K. Faddeev, V. N. Faddeeva, Computational Methods of Linear Algebra,
Moscow—Leningrad, 1960.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196701.70940 Machine Translation


https://sovietrxiv.org/items/ru-196701.70940

	Abstract
	Full Text
	THE AGGREGATION METHOD FOR SOLVING A SYSTEM OF LINEAR EQUATIONS
	REFERENCES


