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The paper proves theorems on the solvability of a certain class of nonlinear equa-
tions in Banach spaces, making it possible to consider from a general point of
view questions of the existence of solutions of quasilinear equations and systems
occurring in mechanics.

§ 1. A general scheme for stationary (elliptic) equations. Let V, X,Y be
a triple of Banach spaces; A, B nonlinear operators. The interrelation of these
spaces and operators is expressed by the following diagram
i A
— X — X

i

v — VvV,
i B
— X — Y
where 7 is the embedding operator; V*, X* are the conjugate spaces.

Assume that X is separable and that the embedding V' C X is dense everywhere.
Consider the equation

A(u) + B(u) = h, (1)

where v € X is the unknown solution, and h € X* is given.

Definition. A solution of equation (1) is an element u € X such that for every
v € V the identity

(A(w), v) + (B(u),v) = (h,v) (2)

holds.

sovietrxiv.org/items/ru-196701.70603 Machine Translation


https://sovietrxiv.org/items/ru-196701.70603

(Here (w,v) is the value of w € V* onv e V.)

Assumptions. 1. Ellipticity of A(u). For every u € V

(A(u), u)

1m
lulx—oo  [ulx

II. Orthogonality of B(u). For every u € V, (B(u),u) = 0.

= +00.

ITI. The operators A and B are weakly continuous as operators from X into V*,
ie., if u, — u weakly in X, then (A(u,,),v) — (A(u),v) and (B(u,,),v) —
(B(u),v) for every v € V.

Theorem 1. If conditions I-1II are satisfied, then for every h € X* equation
(1) has at least one solution in the sense of (2).

The proof of the theorem is carried out by B. G. Galerkin’ s method; here the
solvability of the moment equations and the a priori estimate follow from con-

ditions I, II, while the possibility of passage to the limit follows from condition
II.

§ 2. Applications to stationary problems.

1. The Navier-Stokes system of equations. Let G C R&,

U= (ula MR un)a

. 0
—Au+ Z uka—u + gradp = h(x), divu =0, ul 0. (3)
k=1 Tk

oG
We apply Theorem 1 to prove solvability of system (3); accordingly, set

X = {u(z) | u(z) € WiV, divu = 0},
V ={u(z) | u(z) € W,gl), p>n, divu=0}, Y=L, A(u)=-—Au,

B(u) = z": u Ou
= -

£~ " 0wy,
Theorem 2. If h(z) € X*, then system (3) is solvable.

This result is known; see, for example, (1).

Remark. It is not difficult to show that X* = W2(_1>/H, where II is the subspace
of potentials of the form u(z) = gradp(z), p(x) € Ly (cf. (1)).
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2. The system of large deflection of an A. Foppl plate (?)

0%y 0%¢ 0%y 0% 0%x 02%¢
2 _ 2 _ —

92¢ 9%¢ 92 \°
2 —_— 2 —_ PR— pr—
2AZy + by(€) = 2A% 26x28y2+2(8x6y>

In the domain G' C R? it is required to find a solution of the first boundary-value
problem. Set

X={u=(x) ueW}, Y=L, V=W, A(u)=(A%2A%), Blu)= (b x) by(€)).

Theorem 3 (see also (3,*)). If P(z,y) € W2<72)7 then the system of A. Foppl
equations is solvable in the space W2<2> .

Remark. From the smoothness theorem for the biharmonic equation it follows
that if P(z,y) is smooth, then the solution is also smooth.

§ 3. General scheme for nonstationary equations

Notation:

T
L,(X) = {u<t> [0,T) = X | Jul” = / July dt < oo}, 1<p< oo
0

Consider the Cauchy problem for the equation

5onx) 5 L, (X*)
L(V) i )
L, v= P
i B
— LX) — Y
i

Definitions:
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Fy={u(t)|ue L (V), v € L (V*), u(0) =0},

oo

T
By = {ult) [ u € LX), ' € L(V), u(0) =0k [w,ol = [ (w,v)de,
0
we Li(V*), wve L (V).
Assumptions. I. Parabolicity. v’ + A(u). For any function u(t) € Fj,
[u" + A(u), u]

Jul o0 [[ull

II. Orthogonality of B(u). If u(t) € F, then

= 400.

[B(u),u] = 0.
ITII. The operators A and B are weakly continuous from F, into L, (V™).

Theorem 4. If conditions I-IIT are fulfilled, then for every function h(t) €
L, (X™) there exists at least one solution u(t) € I, of equation (4), in the sense
of the identity

[u" + A(u) + B(u),v] = [h,v], Vo(t) € L (V).
The proof is carried out by the Galerkin method with the introduction of a
vanishing “viscosity” (see, for example, (°) or (°)).
§ 4. Applications to Nonstationary Problems

1. The Euler equations of motion of a rigid body in the principal axes of
inertia have the form

ds,,
Im? + (Im+2 - Im+1)Qm+1Qm+2 = Km(t>’ Qm(0> = 07 (5)

where m runs through the cyclic permutation of the indices 1,2, 3.

Put G=+ X=V= RB; A =0; B<Q) = {(Im+2 - Im+1)Qm+1Qm+2}ﬂ m =
1,2,3; p=2. Then Ly(X) = Ly(0,T), L;(V*) = L,(0,T); further, F|, = F,, =
{Q(t) | '(t) € Ly (0,T), (0) = 0}.

Theorem 5. If K,,(t) are summable functions, then system (5) has at least
one solution Q(t) € F.

Remark. Since F; C C(0,7T), for continuous K,,(t) it follows from equations
(5) that '(¢) is also continuous.
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2. The nonstationary Navier—Stokes system. Let Q = G x [0,T], G C
R™, S =0G x [0,T);

u’—Au+Zukﬂ+gradp:h(:ﬁ,t), divu =0, (6)
— "0xy

u(z,0) =0, ulg = 0. (7)

Put X = {u(z) |u € W2(2)(G), divu =0}, V={u(z) |ue Wél),q >n, dive =
0}, p=2; Y =L(Q), A(u) = —Au, B(u) = ZZ:1 uy, 2%, Then

Dy,
Fy = {ula.1) | u € Ly(Wy"), ' € Ly(Wy™"), u(x,0) =0},
Theorem 6. If h(x,t) € Ly(X*), then system (6), (7) has at least one solution
in F,.

This theorem refines the theorem of E. Hopf (9) (see also (8)); in particular, the
finiteness of u’ in Ll(Wéfl)) ensures the continuity of u(z,t) in ¢ in the sense
of the space F.

3. Analogy with example 2 of § 2. Consider in the cylinder Q = G x
[0,T], G € R*, the first boundary-value problem for the system

E/ + A2§_ Zbﬁ(faX) = Pl(xhyl’ "'7xnayn7t)a
=1

n
X/+A2X_Zb%(€):PZ(‘Tlvylw--axn’yn?t)’ (8)
i=1

where bt (€, x), b5(€) are the same as in § 2, with (z,y) replaced by (z;,y;).
Putting X = Wéz)(G), V= W;,z), p>n/2,Y = L(Q), we obtain:

Theorem 7. If P,(...) € LQ(I/V2<72>)7 i = 1,2, then system (8) is solvable in the
space Fy = {u = (£,x) | u € Ly(W,”), u’ € LWy ™), u(0) = 0}.
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