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Abstract

The paper considers the problem of minimizing a convex functional

to+T
J = / F(z,t)dt
tO

along the trajectories of a linear control system

dz = A(t)x + B(t)u,

dt
with both endpoints being free. It is proved that the Pontryagin maximum
principle provides a sufficient optimality condition for the control and trajec-
tory in this problem. To find the optimal trajectory and optimal control, a
convergent method of successive approximations is proposed. An application to
the minimization of a quadratic functional is provided, and a specific example
of the “road profile determination” problem is considered. 2 illustrations. 8
bibliographical references.

Full Text

Preamble

This section addresses the optimization of a linear control system described by
the following differential equation:

&= A(t)xz + B(t)u (1.1)
where z(t) = (z,(t),...,x,(t)) is an n-dimensional state vector and u(t) =
(uy(t), ..., u,(t)) is an r-dimensional control vector. The matrices A(t) = [a,;(t)]

and B(t) = [by,;(t)] are defined on the interval I = [t,, ¢, + T]. The control con-
straints are given by:
lup(O)] <1, k=1,2,...,r (1.2)
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The objective is to minimize a functional of the form:

J(u) = / o F(z,t)dt (1.3)

0

where F(z,t) is a convex function with respect to z. Problems of this type,
defined by equations (1.1)-(1.3), have been extensively studied in the literature
[7,7,7,7,7,7,7]. Specifically, the existence and uniqueness of solutions for such
systems were established in [?]. In this paper, we propose a numerical method for
solving the optimal control problem (1.1)-(1.3) based on the maximum principle
and iterative refinement.

§ 2. Necessary Conditions for Optimality

According to the Pontryagin Maximum Principle [?], for a control u(t) to be opti-
mal, there must exist a non-zero adjoint vector function ¢ (t) = (¥, (t), ..., 1,,(t))
satisfying the following Hamiltonian system:

H(¢,x,u,t) = (¢, Az + Bu) — F(z,t) (2.1)
The adjoint equations are given by:

: . OF
b=—A O+ (22)

where the control u(t) is chosen to maximize the Hamiltonian:

H((t), 2(t), u(t),t) = max H(4(t), x(t), u, t) (2.3)
For the linear system (1.1), the condition (2.3) implies that the optimal control
u(t) must satisfy:

((8), B(t)u(t)) = max((t), B(t)u) (2.4)

u

Given the constraints (1.2), the components of the control are determined by
ug(t) = sign[d 2, ¥; ()b, (1)].

Let us define a support function ¢(z,t) such that for any trajectory x(t) and
adjoint variable v (t), the following relation holds:

0T o 06
(@ (8), T) = plalty), to) +/ [5 + (G Aa+ Bu)} it (28)
to
By choosing (t) = g—f, we can rewrite the functional J(u) in a form that
facilitates iterative improvement. Specifically, for a change in control from u
to u, the corresponding change in the functional can be expressed through the
Hamiltonian and the convexity properties of F'(x,t).
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§ 3. Iterative Method and Convergence

We consider an iterative process where, at each step k, we have a control u(t)
and a corresponding trajectory x,(t). To find an improved control u, (t), we
solve the adjoint equation (2.2) using the current state x,(t). Let 1, (¢) be the
solution to: oF H

. x

Yp = —A" ()Y + %
with the boundary condition %, (t, +T7) = 0. We then determine a candidate
control v, (t) that maximizes the linear part of the Hamiltonian:

(3.1)

(Vr(8), B(t)vg(t)) = max(yy(t), B(t)u) (4.1)
The new control is then defined as a convex combination:
Up1 (1) = aguy(t) + (1 — oy )ug(t) (4.2)

where the parameter o, € [0, 1] is chosen to ensure the maximum decrease in
the functional J(u).

The convergence of this sequence J(u;) to the minimum value is guaranteed
by the convexity of F'(z,t) and the properties of the linear system. As shown
n (4.4)-(4.7), the difference J(u;) — J(uy, ;) remains non-negative, and the
sequence of trajectories x(t) converges to the optimal trajectory z*(¢) in the
L, norm.

§ 4. Numerical Implementation

In practice, the parameter «; can be determined by minimizing the functional
J(ouy, + (1 — a)v,,) with respect to a. If the condition (4.12) is satisfied:

to+T
/ (64 (), Blug(t) — ug(t)))dt = 0 (4.12)

0

then the current control u,(t) satisfies the necessary conditions for optimality.
Otherwise, the integral in (4.13) is strictly positive, ensuring that a step can be
taken to reduce the functional.

§ 5. Example

Consider the problem of minimizing the distance to a target trajectory f(t):

2
J(u) = / (x(t) — [(1))%dt (5.1)

subject to # = u and |u| < 1. The adjoint equation is 1) = 2z — 2f with ¢(2) =
0. Using the iterative method described above, starting from an initial guess
ug(t) = 0, the sequence of controls u,(t) converges to the optimal bang-bang
control u*(t) = sign(¥(¢)). Numerical results demonstrate that the functional
decreases monotonically, reaching the optimal value within a few iterations.
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ON REPRESENTATIONS OF THE SOLUTION OF A SYSTEM OF
LINEAR DIFFERENTIAL EQUATIONS
IN THE NEIGHBORHOOD OF AN IRREGULAR SINGULAR POINT

1. N. ZBOYCHIK
§ 1. Integral ,
@, (1) = J‘sinaw(,)d: [(B))
exists [2], if @(f) > O as ¢ — oo monotonically. Let ¢'(f) — 0 as

& also monotonically and [o' (I)/q; ()] > 0as t — oo. Then from

@, ()= 7%"4’(’)4.% jcosulqz'(!)dl
T

we see ), that —

osalel) @) _i5 the principal term of this function, i.¢.?,

cos at

00 =[ =L o(eo)] 00 a2

where 0(¢//g) — is an infinitesimal as ¢ — oo of at least the order of /¢
or higher.
Let us now consider

(‘D;(t)=Tsin(at+[&lnl)t"‘d!, a>0, a>0. (13)
1

Let us set here af +BInt =1, (a+pt~')dt=dz. Since as t — oo
we he £X = ¢+ B£~! > 0, the functions T =1t(t), ¢ =1 (1) are increasing.
‘We have

sintt=?

ot pe! &

Here, as is easy to see, the functmns (at® + pre! ')" = Y(t) and /(1) decrease
as T — oo, therefore @, (f) eyistvozss an, according to

@, = [— s pin o(l")] . (1.4)

1) It is necessary to use the estimates given by Fikhtengol'ts [2].
%) o (T (1)) — a scalar function of the order of smallness of T (1) as f ~ co, and O (T (1)) — mat-
tix ot elemens of the form O (T (D).

(=

Figure 1: Figure 1
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Let us consider
@} (f) =sin (@t +Blns).
Then there exists @5 (1) in the form

0,0= - LLLIND g [omGitbad oy

;)=
One can also from
() =sin(ar+pne-2, b>0,
obtain @, () in the form
()= ——““(“'IB[“’) £+ Bo(). 16

We will obtain analogous results, if under the integral sign instead of
sin (at + B Int) will stand cos (at + BInt):

§z(r)=gfcos(at+ﬂln!)-!“‘dt=

_ cos(ar:ﬂlnl) Fo( ). D)

=[M+o({")]t‘“, a>0, 14)
() =cos(at+Bln),
()= mOLEBD 4o, s
Ty ()=cos(at+plnned, b>0,
64(')=M!”+1”0(1*‘), b>0. (1.6)
§2.V. V. Xhoroshilov [1] investigates a system of two equations of the form
%=x-r(:), P(l)=Pn+P,++P2%+.“, @1

where P (k=0, 1,...) are constant matrices of the second order.
‘We will first dwell on the case, which he considers in § 3 [1], when
in § 3 [1], when

0}
Po=lia,—id], P,=||”“ ?,)"
. 0 py
i. e, when
S m 1 S i 1
Pkk(1)=(—1)"*'ia+§1’[: o mO=2pl, kel @)

Figure 2: Figure 2
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ON THE REPRESENTATIONS OF THE SOLUTION OF A SYSTEM OF EQUATIONS 603

Here py, (1) — elements of the matrix P(f) and a > 0 — a real number. The
solution of system (2.1) V. V. Khoroshilov seeks in the form. ..

X = exp((Po()d) Z(0), @3
where
pult) 0 0 Pi()
Po(t) = N Py = 2.4
. “ 0 pal U P
and
20 =1+ 20, @9
k=1

and Z,(f), Z,(f) are determined by the formulas V...

.
0, exp(—ria) [ exp(ra) (00t
z()= . i . @6)
exp (— r31) [ exp (rs0) P (1) d, 0
, .
[[PaOexp(=ra) [ exp(ria) pra(t) ] i, 0
o 1
z0) = ; ; @n
0, [[Pu@exp(=ra) [ exp(ra) pu(i)dt] d
rde

ra=8—b E&=[pa®d=

1y (1) S m 1
=(—1) let+Pulnt+;Pu A—mym (2.8)

Khoroshilov proved that z{) = o(t™!), i.e., z{{’ as t —> oo, are small of

order 2) =1, where z,{) — elements of the matrix Z,(r). We will show that
in fact one can obtain z{} = z{" = o(r=2), choosing in different cases the

limits of i In with formula (2.8)

1) In formulas (2.6) and (2.7) Khoroshilov assumes p = R (p," — pf})) > 1. If, however,
p=R(py" - P

p < 1, then Khoroshilov in (2.6) replaces the integral J‘ = )‘ with j'.

1 ES

= 4
2) In the case p = I for Khoroshilov it turns out that even 7 (#) -0 (‘"T')

Figure 3: Figure 3
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Let us dokasaw, that there the firstst trem is a small beluavity of rorder -2
ast — oo.
Pascmotper the beluvity

.
@() =17 [ (cos2at +BlIns) +isinQar+Blne)] r2dr.
On-based on formylas (1.4’) and (1.4), we have

w(l)=|sin(hr+ﬁlnt)—icos(2at+Blnr))ﬁ+o(t‘3)=
1

= i =)
exp(i(2at+Bln1)) Faf +o(t7%).
Therefore,
P(Z)
D@y=— iz‘—; 240 (7). @13)
2.p—2=0. (2.14)

In this chyae, one weno sanicate
2 () =exp(— Qat+Blnn)i) 1P (1 +0( ") x
.

x Jexp (Qat+BInD)i) (1 +0(1) (@ n 0(!“)) di=
=exp(—(zu+elnr)r)r"fexp(zaumm)i)pﬁ)dr+
+exp(—(Qat+BInr)i) r"a(r')fexp(zar +BInn)i)Po(r-3)dt +
+exp(—Qat+BlIn1)i) t"’jexp(201+ Blnt)i) o (t-3)dt +

+exp(—(Qat+BlInt)i) r“a(:—l)fexp (at+BlInn)i)pi? dr.

Sgere  stopod and thiged trens, corcading to presidynmous dormylas, are
beliviiiies of norder o(¢~3) (sTopoe name—beliviuim o (). Etenee claraemoe
mbi_nolywum cornasno dormyliss (1.5), (1.5"). Netveptore claraenoe 6yaet of
nosler o(f-). Oxonvatensno nolysum

2Y () = exp (— (2at +BInn) i) 12p3 x
¢
X [(cos(2at+Blnf)+isinat+pBInn)dt+o(t=) =
=exp(—(Qat+BInni)t-2pf x

5 [sin(2a1+§ln1);licos(Za!+B]nl) 70(1_,)]+0(1_,).

.
) Intergrals [ t oGoanavans pynxwo, xoropoii pasna

ynsuwm and otopai byasen in buge, ykasanton Gormyore (1.5).

Figure 4: Figure 4
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Thus, we have

() . P
A0=—iFk i

24 o(t7). (2.15)
Now we assume

3.p—2>0. (2.16)
Then we have

27 (0) = exp (= (2at+BInf)i) = (1 + 0(%) x

x jexp(2a1+ Blno)i)e (1 +o<1—1))[ L ’)]dr
=exp(—Qat+BIne)i)r* J‘exp(Zar+p1m):)p"’:’ 24t +
+exp(—(2at+BlInf)i)r* jexp(zar+51m).'):”o(:-3)d1+

+exp(— (2ar+$1nx)i)r“a(:—')jexp(zu+51nt)i)r'o(:-3)dz+

+exp(—Qat+BInni)t2o(t-3) j-exp (at+BInt)i)piy 2 dr.

It is easy to see that the second, third, and fourth terms in all cases will be
small quantities o(1~3), and the ﬁrst term we will obtain according to
formulas (1.6) and (1.6"). Thus, z{} 2 (1) can be written in the form

) 22 () =pY exp(— Qat+pInn)i)r? x
% f[cos(2at+BInt) +isin2at+Bln ] £-2dt +0(=3) =

=piy exp (= (at+BInt)i) 1 x
« {sm(2at+Blnt) —zaxcos(Zar+Blnt) 1242+lﬂ_20(14)]. @1
From this we have
z{?(r)ur 24 o(). (218)

In all cases we have found the pnnclpal term of the element z{3 (). Thus, we
always have
7y ()= 0(t7). (219)

When finding {} () we will carry out similar reasoning, but instead of p we
will consider the quantity r = —p, and everywhere the signs before a and B must
be changed Thls al ]ows us to replace everywhere in the obtained formulas: a = —,
—B and p = —p (with appropriate account of the sign of the quantity

Therell:)re, we have

(0]
W) =i Bl 2 4 o(r-). (2.20)
%4 .

Figure 5: Figure 5
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608 1. N. ZBOYCHIK

Elements 20**™ ()  (m=1, 2, ...) will be defined by the formula
¢ .
2 () = JPu@exp(=r) [exp ()P "V dedr.  (3.6)

Estimating the value (3.6) more crudely than the elements (3.3), we obtain

¢ A3 B~ 8+
|z‘.’,‘*“”(:)|<jq%e"j a2 pdrar < LB
¢

e (3
@-waern ¢
It follows that with our construction of the matrix (2.7), the series z, =
[ ()| < (g0 8,
108 +2m)
x (38
@G=p6E—p...2m+1)—wWEk+2)3k+4)... 3k +2m)
m=1,2,...).

From here it follows that for our construction of the matrix (2.7) the series z;,=

= 22‘,’,“ (1) converges absolutely and uniformly in the region # > t, for any
=
to to the order of an exponential function. It is also easily estimated in this

region the sum of :heEz‘,’," (¢)—remainder of the series, if in z,, we retain only
=1

PIEION
=1

p=5S=-v, v>0, (3.9)
then 2™ (1) can be defined by formula (3.6) already with v = 2. Then
and estimate (3.8) will hold with v =2. In this case we obtain

| 0| <Bes,
—(2v+1)
|22 ()| < (a9 B, d

[4—pl(6—p)...(v—p)5-T...(2v + 1) <610

Here B, appears when estimating the value

¢ '
=)= [ u(dexp (=) | exp(rid pra () dede
by the method of § 1. b °
It is easy to estimate this value by the method of § 1 with y =0, and
after which’we again obtain estimates (3.10) with y = 0.
Now let us consider the element

@3.11)

Again we consider the case
p=3k—1+p, O0<p<3, k=>1—an integer.

Figure 6: Figure 6
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ON REPRESENTATIONS OF THE SOLUTION OF THE SUSTEM OF EQUATIONS 609

The elements z{2" (1) are determined by the formyla

; ,
20 = [n@exp(—r) [exp(a)pu OZ D 0 dide.  (3.12)

By the method of estinates of § 1 we obtain
|20 <A (3.13)

2B Ol<a™  (=1,2 ..., k. (3.14)
Coarsening the estinates for the following elements, we obtain

|24+ @)] < (g,

t—(“"zm)
X G TR =D @R . Gk T Rt o= e+ D) Gk +4) . Gktamy 19
m=1,2,3..).

One man obtain other estimates for z%2” (r). Namenly, using the fact that

sder?ute”‘pz.(l)zg' 0] < (a)r~®*, p>0, and making coarser estimates
for 23, (f), starting with / = 2, we obtain
O 1) | < (@) A ———;
|28 ()] < (ag) o195
=i
|00 | <@ 4 ————.
Ce+90@+6)57

In general, we have o
2 (1) | < (ag)?-1 A ¥ 316
|22 0] < @4 CrIeTo. GrmsT @ty o9

(1=23,..)

If p < 0, then 23" (f) is estimated in the same way as we estimated 2{" in the case
k

p =3(k— 1)+ u, Le., we have formylas of type (3.4) and (3.8). From here follows

the absolute and uniton consigence of the series z;, Zz%n () intheregim ¢ >t
I=1
for an arouitsary fo. It is also easy to estimate the remainer of the series, if we
retain only the first n terms in it.
Now let us passsider
() =250 @3.17)
I=0

As before, we take p =3(k — 1) +pu, 0 < p <3. According to the previous,
&) =a240().

The nesk peat k elements z{3*”(r) (=1, ..., k) opdered by the formyla

f
2@ =exp(—r) fexp (P2 Odt (=12, ..., b. (3.18)

6. Differential Equations No.4

Figure 7: Figure 7
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ON REPRESENTATIONS OF THE SOLUTION OF A SYSTEM OF EQUATIONS  6]]

Applying estinates (3.13) and (3.14), we get
182 0| <@ [ ap-2de =
;
"

= 2) L3
= (ag’) 4, o9’

|2 )| < (ag)r [ 72 Ap=Sae =
]

-
= A ——o.
(ag*) 4, F)
In general
e (0D

[P OI<@A Aoy (=12 (629

Further, applying estimates (3.15), we find
[0 ()] < ((ag?) (agm At O+ D)
X {(6k + 1 — 2) 6k + 1) ... (6k + 1 +

+2m —4) Gk +2)... 3k + 2m) 3k + 2m + D}-1. (3.26)
If we take estimates (3.16) for z2 (1), then here we get
QI+1) (ag®) (a2 Ayt~®1?
1A 0I<GraeTe . o+ms 7 @ineFaTr O
=23 ..).

If p <0, then for z{*") (t) we obtain estimates similar to estimates (3.19) and
(3.21) for z(2*" (1). Hence follows the absolute and uniform convergence of the

series 7y = Zzgl.’*“ (£) in the region ¢ > fq for arbitrary fo. It is also easy to

estimate the remainder of the series if we retain only the first n terms.

us, when all elements of series (2.5) are determined by our method,
then all series will converge with the speed of an exponential function, while
for Khoroshilov some series converge as series or exponential type, and
others as a geometric progression. Our estimates are much simpler. The
remainder terms of the series are also easily estimated if we retain only a
few first terms of the series. It is especially important to have z (1), z;()
be small of a higher order than Khoroshilov's, and improved estimates of

the elements of the matrix Z 2z, (1).
=

§ 4. Let the equation be given
%=X[Q“”+Q‘“r‘+Q"’r’+.” 1 @1

QO =[a+bi; a—bi].

Figure 8: Figure 8
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612 1. N. ZBOICHIK

Let us denote

(1)
W+ 4 @R —aP + D

m_
AY = 5 : “2)
Let us introduce a new unknown matrix V (f):
) A
! 2[‘5 - z'z
XO=V@) fottin ;] “3)
0 1
For V (f) we obtain the equation
. 0 -1 0
vin=ve 4 (4.4)
—bi 0 o

(W (1)
@ _; i qiz ¢ M (o
%

qf? (a5 @27 —ai? @ —
—all + 2% —aff + D] x
+ X (4637 —i [4 @8 — D)+ |2+ 0 ).
+4i? @ — ol + 2] 261
() (1)
s off +i A2

‘This equation has the form (2.1), considered by us in § 2. Here
a=b, p\} —pi =4 —g —1=p+ip,

W0
Do W, o o ;
Pl =ad — 1 =gffs p =gl —i AT

0) ()
@ _ @ ;92 %0, o« (O]
PR =ald +iE PR =g); PR =

_ i @ —af) @ — o + @R —a? +1
b

_ ;@R — )+ @ —af} +2)

26
Therefore, according to formyle (2.21), for V (f) we have:

0 (M
v =exp( [[oi-+ @ et (o = S5 ) 24 oo,

@.5)

2

g0
—bitqf 4 (q§§’ il ) 24 a(r")] d:) x

_ a0 @Rr— el @R — el + 2R —al+ D)
w5
0; LI
Xq1+ LG R AC e I U
» +0¢)
ais 0

Figure 9: Figure 9
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and for X (f) of equation (4.1) by formula (4.2) we have
4
w0y =exp [+ e — (a — i B ot o
()
- (qi‘z’ ol ) aE o(l-‘)]) x

_ @R — D)+ e @l —aP +2)
a5

0

— bit + g1 Int

0;
|1+ _ o @ —al? a4+ @R el D+ |y
3 +00)
: (1)
Q.
2% 0
| ca AR
L
X exp (af). (4.6)
0; 1
§ 5. Let us consider the equation
ax o e of SV
=X 4+ Y HW kL 5.1
dt 1 a ; Gh

Following Khoroshilov, we introduce a new independent variable © = V1 and
a new unknown matrix U (1) using the formula

1;
X@=U®| |
Vhp'
Then we obtain
—2VADs
o
T 0

Y
L

1
D A
A +h —

@ 0 0
A — g Bl

MV A +

— ()
hiD T 0 o
1 0o 1 (5.2)
m 4w 1
0 Y A — o3
MR s
LR N e va R
o
(v +
b
L o
Y — 5
¥
o [T roa|. (5.3)
@
Vi

Figure 10: Figure

10
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Let
Y =—a%, a>0. (5.4)
Now U will be obtained by formula (4.6). Here we have
b=—2a, a=0,

1 1
W=+ H =g = (WA — ) Vi

W —Hp -+ )
W= =AM
PN . (59
K
B (Vg ) @-R-w
) )
@ _ 0 he . a_m hiy
=h -l =h)VaD +
921 = hzy o Gar = Moy ‘/Tz ‘/h?z)
And, finally, the solution to equation (5.1) is obtained in the form
Vi -VhY
X=U@0| /7 e, t=V71 5.6)
v
or
X =exp([—2ail/_l+(‘1(l‘l)— DnVi—
o my -1
_(qpl) L L. ) 7 o,
@ o a0\ "%
2aiV1+¢%) lnl/7+(qzz —x‘%)x +o(t™M|) x
— [ @ — o) +al? (@ —
o —aqff +2)] 116%™ +
e +ild @@ -V @R~ |-y ,6 T Ix
—af +2) @ —al? + D] (640!
_ld, g
vi BTy _vag
4a 7
x . exp(ar), (5.7)
o L Vi
Vil

where a, 20, g\ ¢? (K, I = 1, 2) are found from formulas (5.4), (4.2), (5.5).

Figure 11: Figure 11
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Thus, we have constructed a solution to the system (2.1) differently than
Khoroshilova, in the cases: o
a

Pn=[a+bi;a—b‘]andPo=\l 0

| <o

§ 6. Let us consider, as Khoroshilov and others did, the Bessel equation:

dy (Ldy (), ps L
Tt - )r=o >4 6.1
—
which, after the substiution y = f 2u, passes into the equation
d’u n\ _ 2_ 2 1
i +(1_7)u_o, -t ©62)

Let us write this equation in the form of a system (assuming u = vy, v = v,)

=v,

2
V= (— 1+ ’;—1) n
or in matrix form N
"
0; (— 1+ 7)
! ’I H (64)

i
+
1 i

—i 1
1 i

Let us substitute

Torga we olvem

X=XP@, P@)= H

i 0
0 —i

Sdece, in coorcerstance with formula (2.1)
i

0

0
Py= 1. Ee=ton, =
—i

Thus, obpasom, a=1, p=0, =0

P,,(l):[i(l—%zt' );

‘Therefore, occording no formyle (2.21),

2 2
X(t)=exp([il+in7t": —ir—i"Tr"Dx
2
o 7"7 i 3
X174+ ” 5! +o(t73) ||. (6.6)
X

Figure 12: Figure 12
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First approximation
80
w®=0 x@O=0, ¥@)=—5r¢=2"

Second approximation
w)=—1, x@=—t+1,

80
2 2
Yo(t)=—1£+2t ) 2 —27

Fig. 1. Fig. 2.

In Figure 2, along with the first (00,) and second (4A,) approximations
of the optimal trajectory, a third one (CBB,C,) is also indicated.
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