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MATHEMATICS

S. Ya. YAKUBOV

NONLOCAL SOLVABILITY OF BOUNDARY-
VALUE PROBLEMS FOR QUASILINEAR
PARTIAL DIFFERENTIAL EQUATIONS OF
HYPERBOLIC TYPE
(Presented by Academician I. G. Petrovskii on 8 II 1967)

Consider, in a bounded domain Ω of Euclidean space 𝑅𝑛, formally self-adjoint
elliptic operators of order 2𝑚

𝐴(𝑡, 𝑥, 𝐷)𝑢(𝑥) = ∑
|𝛼|,|𝛽|≤𝑚

𝐷𝛼(𝑎𝛼,𝛽(𝑡, 𝑥)𝐷𝛽𝑢(𝑥)) (𝑡 ∈ [0, 𝑇 ]) (1)

with homogeneous boundary conditions

𝐵𝑗(𝑥, 𝐷)𝑢(𝑥)∣Γ ≡ ∑
|𝛼|≤𝑘𝑗

𝑏𝑗
𝛼(𝑥)𝐷𝛼𝑢(𝑥)∣Γ = 0 (𝑗 = 1, … , 𝑚), (2)

where 𝛼 = (𝛼1, … , 𝛼𝑛); |𝛼| = 𝛼1+⋯+𝛼𝑛; 𝐷𝛼 = 𝜕 |𝛼|/𝜕𝑥𝛼1
1 ⋯ 𝜕𝑥𝛼𝑛𝑛 ; the functions

𝑎𝛼,𝛽(𝑡, 𝑥) and 𝑏𝑗
𝛼(𝑥) are real; 𝑎𝛼,𝛽(𝑡, 𝑥) = (−1)|𝛼|+|𝛽| ⋅ 𝑎𝛽,𝛼(𝑡, 𝑥); 𝑘𝑗 ≤ 2𝑚 − 1,

and

∑
|𝛼|=|𝛽|=𝑚

𝑎𝛼,𝛽(𝑡, 𝑥)𝜉𝛼𝜉𝛽 ≥ 𝑎
𝑛

∑
𝑖=1

𝜉2𝑚
𝑖 , 𝑎 = const > 0,

for every real 𝜉 = (𝜉1, … , 𝜉𝑛); 𝜉𝛼 = 𝜉𝛼1
1 ⋯ 𝜉𝛼𝑛𝑛 . Let the boundary Γ of the domain

Ω be continuously differentiable 2𝑚 times. Let the boundary conditions (2)
cover the differential expression (1)1 (the Shapiro–Lopatinskii condition).

Let the elliptic operator 𝐴(𝑡)(1,2), generated by the system {𝐴(𝑡, 𝑥, 𝐷), 𝐵𝑗(𝑥, 𝐷)},
be a self-adjoint operator in 𝐿2(Ω). (This is a condition on the boundary
operators 𝐵𝑗. For example, if 𝐵𝑗(𝑥, 𝐷) = 𝜕𝑗/𝜕𝑛𝑗 and 𝑗 = 0, … , 𝑚 − 1 (the
Dirichlet problem) or 𝑗 = 𝑚, … , 2𝑚 − 1 (the Neumann problem), then this
condition is satisfied.) As is known(2), the domain of definition of the elliptic
operator 𝐴(𝑡) is a closed subspace of 𝑊 2𝑚

2 (Ω).
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By 𝐶(𝑡, 𝑥, 𝐷) we denote any differential operator of order not exceeding 𝑚:

𝐶(𝑡, 𝑥, 𝐷) = ∑
|𝛼|≤𝑚

𝐶𝛼(𝑡, 𝑥)𝐷𝛼𝑢(𝑥).

In the article the following problems are investigated:

I. For 𝑛 < 2𝑚, find a function 𝑢(𝑡, 𝑥), defined in the cylinder 𝑄[0, 𝑇 ] × Ω,
satisfying the equation

𝜕2𝑢(𝑡, 𝑥)
𝜕𝑡2 + 𝐴(𝑡, 𝑥, 𝐷)𝑢(𝑡, 𝑥) + 𝐶(𝑡, 𝑥, 𝐷)𝑢(𝑡, 𝑥) =

= 𝐹(𝑡, 𝑥, 𝑢, … , 𝐷𝛿𝑢, |𝑢|2, … , |𝐷𝛿𝑢|2)𝜕𝑢(𝑡, 𝑥)
𝜕𝑡 + 𝑑Φ(|𝑢|2)

𝑑𝑟 𝑢 + ̃𝑓(𝑡, 𝑥), (3)

the initial conditions

𝑢(𝑡, 𝑥)∣𝑡=0 = 𝑢0(𝑥), 𝜕𝑢(𝑡, 𝑥)/𝜕𝑡∣𝑡=0 = 𝑢1(𝑥) (4)

and the boundary conditions (2).

II. For 2𝑚 ≤ 𝑛 < 4𝑚, find a function 𝑢(𝑡, 𝑥) satisfying the equation

𝜕2𝑢(𝑡, 𝑥)
𝜕𝑡2 +𝐴(𝑡, 𝑥, 𝐷)𝑢(𝑡, 𝑥)+𝐶(𝑡, 𝑥, 𝐷)𝑢(𝑡, 𝑥) = 𝑑Φ (|𝜈(𝑡, 𝑥)|2) /𝑑𝜏 𝑢(𝑡, 𝑥)+𝑓(𝑡, 𝑥)

(5)

and the conditions (2), (4).

Problems I and II reduce to the abstract Cauchy problem

𝑑2𝑢(𝑡)
𝑑𝑡2 + 𝐴(𝑡)𝑢(𝑡) = 𝑓(𝑡, 𝑢(𝑡), 𝑑𝑢(𝑡)/𝑑𝑡), 𝑢(0) = 𝑢0, 𝑢′(0) = 𝑢1 (6)

in the Hilbert space 𝐿2(Ω). By 𝐿2(Ω) we denote the space of complex-valued
functions summable with the square of the modulus. Problem (6) in a Hilbert
space 𝐻 was investigated in the author’s paper (3). Particular cases of problem
(6) were investigated in papers (4−6). (The results obtained in (3), even for
these particular cases, turned out to be new.) In paper (7) problem (6) was
investigated under other assumptions. Problem (6) was also investigated in a
Banach space in the author’s papers (8,9 ). We state one theorem from (3), by
means of which the solvability of problems I and II as a whole is established.

Theorem 1. Suppose that the following conditions are satisfied:
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1∘. For each 𝑡 ∈ [0, 𝑇 ] the operator 𝐴(𝑡) is self-adjoint and positive definite in
𝐻, and for all 𝑡 ∈ [0, 𝑇 ] and 𝑢 ∈ 𝐷(𝐴(𝑡)) the inequality

(𝐴(𝑡)𝑢, 𝑢) ≥ 𝛾(𝑢, 𝑢) (𝛾 = const > 0).

holds.

2∘. The operator 𝐴(𝑡) has a domain of definition 𝐷(𝐴) independent of 𝑡; the
operator-function 𝐴(𝑡)𝐴−1(0) is strongly continuously differentiable.

3∘. The operator 𝑓(𝑡, 𝑢, 𝑣) maps [0, 𝑇 ]×𝐻(𝐴)×𝐻(𝐴1/2) into 𝐻 and is bounded;
for every function 𝑢(𝑡) continuous in 𝐻(𝐴), continuously differentiable in
𝐻(𝐴1/2), and every function 𝑣(𝑡) continuous in 𝐻(𝐴1/2), continuously differen-
tiable in 𝐻, the vector-function 𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)) is continuously differentiable in
𝐻; for any two pairs of functions 𝑢1(𝑡), 𝑢2(𝑡), 𝑣1(𝑡), 𝑣2(𝑡), respectively satisfying
these smoothness conditions, the inequality

∥ 𝑑
𝑑𝑡 [𝑓(𝑡, 𝑢1(𝑡), 𝑣1(𝑡)) − 𝑓(𝑡, 𝑢2(𝑡), 𝑣2(𝑡))]∥ ≤

≤ 𝐶(𝑅)[‖𝐴(0)(𝑢1(𝑡) − 𝑢2(𝑡))‖ + ‖𝐴1/2(0)(𝑢′
1(𝑡) − 𝑢′

2(𝑡))‖+

+‖𝐴1/2(0)(𝑣1(𝑡) − 𝑣2(𝑡))‖ + ‖𝑣′
1(𝑡) − 𝑣′

2(𝑡)‖],

as soon as

‖𝐴(0)𝑢𝑖(𝑡)‖+‖𝐴1/2(0)𝑢′
𝑖(𝑡)‖ ≤ 𝑅 and ‖𝐴1/2(0)𝑣𝑖(𝑡)‖+‖𝑣′

𝑖(𝑡)‖ ≤ 𝑅 (𝑖 = 1, 2).

4∘. For any functions 𝑢(𝑡) continuous in 𝐻(𝐴), continuously differentiable in
𝐻(𝐴1/2), twice continuously differentiable in 𝐻, one has

Re∫
𝑡

0
(𝑓 (𝜏, 𝑢(𝜏), 𝑑𝑢(𝜏)

𝑑𝜏 ) , 𝑑𝑢(𝜏)
𝑑𝜏 ) 𝑑𝜏 ≤ 𝐶 [1 + ∫

𝑡

0
(‖𝐴1/2(0)𝑢(𝜏)‖2 + ∥𝑑𝑢(𝜏)

𝑑𝜏 ∥
2
) 𝑑𝜏] ;

for all functions 𝑢(𝑡) satisfying these smoothness conditions, the inequality

∥ 𝑑
𝑑𝑡𝑓(𝑡, 𝑢(𝑡), 𝑢′(𝑡))∥ ≤ 𝐶(𝑅) [1 + ‖𝐴(0)𝑢(𝑡)‖ + ∥𝐴1/2(0)𝑑𝑢(𝑡)

𝑑𝑡 ∥ + ∥𝑑2𝑢(𝑡)
𝑑𝑡2 ∥] ,

(7)

holds as soon as
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‖𝐴1/2(0)𝑢(𝑡)‖ + ‖𝑑𝑢(𝑡)/𝑑𝑡‖ ≤ 𝑅.

5∘. 𝑢0 ∈ 𝐷(𝐴), 𝑢1 ∈ 𝐷(𝐴1/2).
Then problem (6) has a unique solution on [0, 𝑇 ].

* By 𝐻(𝐴𝛼) is denoted the Hilbert space consisting of elements of 𝐷(𝐴𝛼) with
scalar product (𝑢, 𝑣)𝐴𝛼 = (𝐴𝛼(0)𝑢, 𝐴𝛼(0)𝑣).
This theorem makes it possible to establish the following theorems.

Theorem 2. Let the following conditions be satisfied:

1∘. 𝑎𝛼,𝛽(𝑡, 𝑥) ∈ 𝐶(𝛼)(Ω), 𝑏𝑖
𝛼 ∈ 𝐶2𝑚−𝑘𝑗 ; the functions 𝐷𝑙𝑎𝛼,𝛽(𝑡, 𝑥) (|𝑙| ≤ |𝛼|),

𝐶𝛼(𝑡, 𝑥), and their first derivatives with respect to 𝑡 are continuous in 𝑄.

2∘. |𝛿| ≤ (2𝑚 − 𝑛)/4; the function 𝐹(𝑡, 𝑥, 𝑧𝑠, 𝑟𝑠) is continuous together with
its derivatives with respect to 𝑡, 𝑧𝑠, 𝑟𝑠 in the domain {𝑡 ∈ [0, 𝑇 ], 𝑥 ∈ Ω, |𝑧𝑠| <
∞, 0 ≤ 𝑟𝑠 < ∞}; the function Φ(𝑟) is twice continuously differentiable on [0, ∞);
the function 𝑓(𝑡, 𝑥) is continuous together with its derivative with respect to 𝑡
in the domain {𝑡 ∈ [0, 𝑇 ], 𝑥 ∈ Ω}; the functions 𝜕𝐹/𝜕𝑡, 𝜕𝐹/𝜕𝑧𝑠, 𝜕𝐹/𝜕𝑟𝑠, and
𝑑2Φ/𝑑𝑟2 satisfy, in 𝑧𝑠, 𝑟𝑠, the Lipschitz condition in every bounded set |𝑧𝑠| ≤ 𝑅,
0 ≤ 𝑟𝑠 ≤ 𝑅, with Lipschitz constants depending only on 𝑅.

3∘. Re𝐹(𝑡, 𝑥, 𝑧𝑠, 𝑟𝑠) ≤ 𝐶, ReΦ(𝑟) ≤ 𝐶(1 + 𝑟).
4∘. 𝑢0(𝑥) ∈ 𝑊 2𝑚

2 (Ω, 𝐵), 𝑢1(𝑥) ∈ 𝑊 𝑚
2 (Ω, 𝐵).

Then problem I has a unique solution in the cylinder 𝑄 = [0, 𝑇 ] × Ω.

Theorem 3. Let conditions 1∘ and 4∘ of Theorem 2 be satisfied. Suppose
further:

5∘. The function 𝑓(𝑡, 𝑥), together with its derivative 𝜕𝑓(𝑡, 𝑥)/𝜕𝑡, is continuous
in 𝑄; the function Φ(𝑟) is three times continuously differentiable on [0, ∞); the
following estimates hold:*

ReΦ(𝑟) ≤ 𝐶(1 + 𝑟),

|Φ′(𝑟)| ≤ 𝐶(1 + 𝑟𝑞), |Φ″(𝑟)| ≤ 𝐶(1 + 𝑟𝑞−1), |Φ‴(𝑟)| ≤ 𝐶(1 + 𝑟𝑞−2),

where 𝑞 = 2𝑚(𝑛 − 2𝑚)−1 for 𝑛 > 2𝑚; 𝑞 is arbitrary for 𝑛 = 2𝑚.

Then problem II has a unique solution in the cylinder 𝑄 = [0, 𝑇 ] × Ω.

Theorems 2 and 3 improve and generalize the results of the papers (4,5). For
example, in (4), for 𝑛 > 2𝑚, it is assumed that 𝑞 = 𝑚(𝑛 − 2𝑚)−1. Similar
results were obtained in the article (10).
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We indicate the plan of the proof.

Consider the nonlinear operator

𝑓(𝑡, 𝑢, 𝑣) = −𝐶(𝑡, 𝑥, 𝐷)𝑢(𝑥) + 𝜆𝑢(𝑥)+

+𝐹(𝑡, 𝑥, 𝑢, … , 𝐷𝛿𝑢, |𝑢|2, … , |𝐷𝛿𝑢|2)𝑣 + 𝑑Φ(|𝑢|2)
𝑑𝑟 𝑢 + 𝑓(𝑡, 𝑥)

in the space 𝐿2 × 𝐿2. For lack of space, we study the “principal”term 𝐹(𝑢) =
Φ′(|𝑢|2)𝑢 of the operator 𝑓(𝑡, 𝑢, 𝑣). Since the main restrictions and difficulties
arise in establishing the weakened two-sided estimate (7), for the operator 𝐹(𝑢),
when 𝑛 > 2𝑚, we verify inequality (7). From

𝑑
𝑑𝑡𝐹(𝑢(𝑡)) = Φ′(|𝑢(𝑡)|2)𝑢′(𝑡) + Φ″(|𝑢(𝑡)|2)[|𝑢(𝑡)|2𝑢′(𝑡) + 𝑢2(𝑡)(𝑢(𝑡))′]

it follows that

∥ 𝑑
𝑑𝑡𝐹(𝑢(𝑡))∥

2

2
≤ 𝐶 ∫

Ω
|𝑢(𝑡, 𝑥)|4𝑞 ∣𝜕𝑢(𝑡, 𝑥)

𝜕𝑡 ∣
2

𝑑𝑥.

Since 𝑢(𝑡, 𝑥) ∈ 𝑊 2𝑚
2 , 𝜕𝑢(𝑡, 𝑥)/𝜕𝑡 ∈ 𝑊 𝑚

2 , and ‖𝑢(𝑡)‖𝑊 2𝑚
2

+ ‖𝜕𝑢(𝑡)/𝜕𝑡‖2 ≤ 𝑅,
then for 2𝑚 < 𝑛 < 4𝑚, applying the results of the article (11), we obtain the
inequality

∥ 𝑑
𝑑𝑡𝐹(𝑢(𝑡))∥

2

2
≤ 𝐶‖𝑢(𝑡)‖4𝑞

𝐶 ∥𝑑𝑢(𝑡)
𝑑𝑡 ∥

2

2
≤ 𝐶(𝑅)‖𝑢(𝑡)‖4𝑞

𝐶 ≤

≤ 𝐶(𝑅)(‖𝑢(𝑡)‖𝜏
𝑊 𝑙𝑝

‖𝑢(𝑡)‖1−𝜏
𝑝 )4𝑞 ≤ 𝐶(𝑅)‖𝑢(𝑡)‖4𝑞𝜏

𝑊 𝑙𝑝
,

where 𝑝 = 2𝑛/(𝑛 − 2𝑚), 𝑙 > (𝑛 − 2𝑚)/2, 𝜏 = (𝑛 − 2𝑚)/2𝑙. On the other hand,
by virtue of (12,13), for any 0 ≤ 𝑙 ≤ 2𝑚, the inequality

‖𝑢‖𝑊 𝑙𝑝
≤ 𝐶‖𝑢‖𝑙/2𝑚

𝑊 2𝑚
2

‖𝑢‖(2𝑚−𝑙)/2𝑚
𝑝 .

Thus, for any 𝑙 ∈ ((𝑛 − 2𝑚)/2, 2𝑚] we have

∥ 𝑑
𝑑𝑡𝐹(𝑢(𝑡))∥

2

2
≤ 𝐶(𝑅)‖𝑢(𝑡)‖

𝑙
2𝑚 4𝑞𝜏
𝑊 2𝑚

2
≤ 𝐶(𝑅)‖𝑢(𝑡)‖2

𝑊 2𝑚
2

,

whence, in turn, inequality (7) follows.
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Remark. The results obtained carry over to quasilinear hyperbolic systems
with a strongly elliptic principal part.

Let us note that, for the equation

𝜕2𝑢/𝜕𝑡2 − 𝑎Δ𝑢 + 𝑏(𝑡)𝑢𝑝 = 0, Δ = 𝜕2/𝜕𝑥2
1 + 𝜕2/𝜕𝑥2

2 + 𝜕2/𝜕𝑥2
3,

𝑏(𝑡) ≥ 0, (9)

which occurs in quantum field theory, the results of papers (4–7, 10) are appli-
cable only for 𝑝 = 1 and 𝑝 = 3. As is easy to see, Theorem 3 is applicable to
equation (9) also for 𝑝 = 5.
I express my deep gratitude to Prof. S. G. Krein for his constant attention and
for discussion of the results obtained.
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