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Abstract
Full Text
UDC 517.946

N. S. BAKHVALOV

ON PARABOLIC SYSTEMS WITH SMALL
PARAMETERS AT THE HIGHEST DERIVA-
TIVES
(Presented by Academician S. L. Sobolev on 6 VII 1966)

The paper studies questions connected with the limiting behavior of solutions of
the Cauchy problem for parabolic systems as the small parameter at the highest
derivatives tends to zero. First we obtain sufficient conditions for convergence,
under such a limiting transition, of the solution of the parabolic system to the
solution of the limiting equation.

Consider solutions of the linear system

𝐴u𝜀
𝑡 +

𝑚
∑
𝑖=1

𝐵𝑖u𝜀
𝑥𝑖

+ 𝐵0u𝜀 = 𝜀 (
𝑚

∑
𝑖,𝑗=1

𝐶𝑖𝑗u𝜀
𝑥𝑖𝑥𝑗

+
𝑚

∑
𝑖=1

𝐶𝑖0u𝜀
𝑥𝑖

+ 𝐶00u𝜀) + f (1)

with one and the same initial condition u0(x). Here 𝐴, 𝐵𝑖, 𝐶𝑖𝑗 are 𝑙× 𝑙 matrices;
u, f, u0 are 𝑙-dimensional vectors.

Definition. System (1) belongs to the class 𝑄(𝑟, 𝑀, 𝑇 ) if the matrices
𝐴, 𝐴𝑡, 𝐵0, 𝐵𝑖, 𝐶00, 𝐶𝑖0, 𝐶𝑖𝑗, (𝐵𝑖)𝑥𝑘

, (𝐶𝑖𝑗)𝑥𝑘
, 𝑖, 𝑗, 𝑘 = 1, … , 𝑚, and all their deriva-

tives up to order 𝑟 inclusive are uniformly continuous and bounded in norm by
the constant 𝑀 in the domain 0 ≤ 𝑡 ≤ 𝑇 , −∞ < 𝑥1, … , 𝑥𝑚 < ∞.

For y = {𝑦1, … , 𝑦𝑞} set ‖y‖2 = ∑𝑞
𝑖=1 |𝑦𝑖|2; for 𝜑⃗(𝑡, x) = {𝜑1(𝑡, x), … , 𝜑𝑙(𝑡, x)}

set

‖𝜑⃗(𝑡)‖𝜆,𝑛 = ∑
𝑞1+⋯+𝑞𝑚≤𝑛

∫
𝐸𝑚

|𝜑(𝑞1,…,𝑞𝑚)|2 exp(2𝜆‖x‖) 𝑑𝑋,

‖𝜑⃗‖𝑇 ,𝜆,𝑛 = sup
0≤𝑡≤𝑇

‖𝜑⃗(𝑡)‖𝜆,𝑛.

Condition 1. 𝐴 = 𝐴′, 𝐵𝑖 = 𝐵′
𝑖, 𝑖 = 1, … , 𝑚;
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(𝐴 ⃗𝜉, ⃗𝜉) ≥ 𝑞1( ⃗𝜉, ⃗𝜉),
𝑚

∑
𝑖,𝑗=1

(𝐶𝑖𝑗 ⃗𝜉𝑖, ⃗𝜉𝑗) ≥ 𝑞2
𝑚

∑
𝑖=1

( ⃗𝜉, ⃗𝜉𝑖)

for all real ⃗𝜉, ⃗𝜉𝑖, where 𝑞1, 𝑞2 > 0 do not depend on (𝑡, x).
This condition ensures the hyperbolicity of system (1) for 𝜀 = 0 and its evolution
property for 𝜀 > 0.

Theorem 1. Under Condition 1, in the cases: a) 𝜆 = 𝜆′ = 0, 𝑚 arbitrary; b)
𝜆 ≤ 𝜆′, 𝑚 = 1; c) 𝜆 < 𝜆′, 1 < 𝑚, for a system of the class 𝑄(𝑟, 𝑚, 𝑇 ), when
𝑛 ≤ 𝑟, 𝑘 ≤ 2, the inequalities

‖u0 − u𝜀‖𝑇 ,𝜆,𝑛−𝑘 ≤ 𝜎𝑘(𝑛, 𝑀, 𝑇 , 𝑞1, 𝑞2, 𝜆, 𝜆′)(‖u0‖𝜆′,𝑛 + ‖f‖𝑇 ,𝜆′,𝑛)𝜀𝑘/2.

For 𝜆 = 𝜆′ = 0 the theorem is proved by obtaining uniform in 𝜀 estimates of
the norms ‖u𝜀‖𝑇 ,0,𝑛 and subsequent estimates of the norms of the necessary
quantities. In the other cases, for 𝑚 = 1 we reduce the problem to the case
where u and f are nonzero only in the direction of one of the half-axes, while for
𝑚 > 1 only in certain cones of small opening. Then, by a change of variables of
the form u = exp (∑𝑚

𝑖=1 𝑑𝑖𝑥𝑖) v, we reduce the problem to the case 𝜆 = 𝜆′ = 0.

Theorem 2. Let u0, f be measurable,

‖u0‖ + ‖f‖ ≤ exp(𝑎‖x‖) for ‖x‖ ≥ 𝑅2,

∫
‖x‖≤𝑅2

(‖u0‖2 + ∫
𝑇

0
‖f‖2 𝑑𝑡) 𝑑𝑋 < ∞.

Then for a system of the class 𝑄(1, 𝑇 , 𝑀), for any 𝑅1, uniformly for 0 ≤ 𝑡 ≤ 𝑇 ,
we have

lim
𝜀→0

∫
‖x‖≤𝑅1

‖u𝜀(𝑡, x) − u0(𝑡, x)‖2 𝑑𝑋 = 0.

This is proved with the aid of Theorem 1 by approximating u0 and f by smooth
functions.

Consider the case of a system with constant coefficients.

Theorem 3. In order that the solutions of equation (1) converge to solutions of
the limiting equation for all u0 and f satisfying the condition ‖u0‖𝑞+‖f‖𝑇 ,0,𝑞 < ∞
for some 𝑞 < ∞, it is necessary that condition 2 be satisfied.

Condition 2. For real 𝜆1, … , 𝜆𝑚, among the roots of the equation
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∣det ∥𝐴𝜇 + 𝑖
𝑚

∑
𝑘=1

𝐵𝑘𝜆𝑘 +
𝑚

∑
𝑘,𝑗=1

𝐶𝑘𝑗𝜆𝑘𝜆𝑗∥∣ = 0 (2)

there are no roots 𝜇 with positive real part.

The validity of the theorem follows from the existence for (1) of particular
solutions of the form 𝑐 exp (((𝜇 + 𝑜(1))𝑡 + 𝑖 ∑𝑚

𝑘=1 𝜆𝑘𝑥𝑘) /𝜀).

Condition 2 is stronger than the condition of evolutionarity of system (1).

Condition 3. For real 𝜆1, … , 𝜆𝑚, ∑𝑚
𝑘=1 𝜆2

𝑘 ≠ 0, the roots of equation (2) satisfy
the condition

Re 𝜇 ≤ −𝑞3
𝑚

∑
𝑘=1

𝜆2
𝑘 < 0.

In what follows we consider the case 𝑚 = 1. We give a number of interesting
conditions supplementing the theorems proved.

Lemma 1. Let 𝐴 = 𝐸, 𝐵1 be diagonal, and let its diagonal elements be ordered:

𝑏11 = ⋯ = 𝑏𝑙1𝑙1
< 𝑏𝑙1+1,𝑙1+1 = ⋯ = 𝑏𝑙2𝑙2

< ⋯ = 𝑏𝑙𝑡𝑙𝑡.

In order that condition 2 be satisfied, it is necessary that the principal minors of
the matrix 𝐶11 corresponding to the sets of indices (1, … , 𝑙1), (𝑙1 + 1, … , 𝑙2), …,
have no eigenvalues with negative real parts.

Lemma 2. Let 𝐴 = 𝐶11 = 𝐸, and let the roots of the equation

|det ‖𝐵(𝑡, 𝑥) − 𝜇𝐵(𝑡, 𝑥)‖| = 0

be simple and let condition 3 be satisfied at the point (𝑡, 𝑥). Then, for 𝑙 = 2, in
a neighborhood of the point (𝑡, 𝑥) the system is reducible to a form satisfying
condition 1.

Lemma 3. Let
| det ‖𝐴(𝑡, 𝑥)‖| ≠ 0,

and let the roots of the equation

| det ‖𝐴(𝑡, 𝑥) − 𝜇𝐵(𝑡, 𝑥)‖| = 0

be simple and let condition 3 be satisfied at the point (𝑡, 𝑥). Then, for 𝑙 = 2, in
a neighborhood of the point (𝑡, 𝑥) the system is reducible to a form satisfying
condition 1.

For the study of the stability of discontinuous solutions of systems of quasilinear
equations
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𝜕𝜑𝑖(u)/𝜕𝑡 + 𝜕𝜓𝑖(u)/𝜕𝑥 = 𝜀
𝑙

∑
𝑗=1

𝜕(𝑐𝑖𝑗(u) 𝜕𝑢𝑖/𝜕𝑥)/𝜕𝑥 (3)

it is of interest (1) to find particular solutions of these equations in the form of
a traveling wave: 𝑢𝑖 = 𝑧𝑖((𝑥 − 𝜔𝑡)/𝜀), such that the limits lim𝑦→±∞ 𝑧𝑖(𝑦) = 𝑧±

𝑖
exist and are finite.

Substituting the solutions in this form into (3), we obtain that the functions 𝑧𝑖
are solutions of the system

𝐶𝑖 − 𝜔𝜑𝑖(𝑧) + 𝜓𝑖(𝑧) =
𝑙

∑
𝑗=1

𝑐𝑖𝑗(𝑧)𝑑𝑧𝑗
𝑑𝑥 , (4)

which enter the singular points 𝑍±(𝑧±
1 , … , 𝑧±

𝑙 ).
The type of the singular point 𝑍 in the linear approximation is determined by
the number of positive and negative roots of the equation

∣det ∥𝑐𝑖𝑗(𝑍)𝜇 + 𝜔𝜕𝜑𝑖(𝑍)
𝜕𝑢𝑗

− 𝜕𝜓𝑖(𝑍)
𝜕𝑢𝑗

∥∣ = 0. (5)

Let, for 𝜀 = 0, system (3) be hyperbolic. The directions of the characteristics
for 𝑢 = 𝑍 are determined from the equation

∣det ∥−𝜌𝜕𝜑𝑖(𝑍)
𝜕𝑢𝑗

+ 𝜕𝜓𝑖(𝑍)
𝜕𝑢𝑗

∥∣ = 0. (6)

Theorem 4. Let 𝑢 = 𝑍 be a singular point of system (4); suppose that for
𝑢 = 𝑍 the system of equations in variations for system (3) satisfies condition 3;
suppose that 𝜎 roots of equation (6) are less than 𝜔, 𝑡 roots are greater than 𝜔,
and the remaining 𝑙 − 𝜎 − 𝑡 roots are equal to 𝜔. Then equation (5) has 𝑡 roots
with positive real parts, 𝜎 with negative real parts, and 𝑙 − 𝜎 − 𝑡 equal to 0.

In the proof one counts the change in the number of zeros of equation (5) in the
right and left half-planes as 𝜔 varies. In doing so the following is used: under
condition 3, equation (5) cannot have roots 𝜇 = 𝑖𝑏 for 𝑏 ≠ 0, and the root 𝜇 = 0,
moreover simple, can occur only in the case when 𝜔 is a root of (6). In the case
when the system of equations in variations satisfies the weaker condition 2, one
may assert that equation (5) has no more than 𝑡 roots with positive real parts
and no more than 𝜎 with negative real parts.

Now suppose that for 𝑍 = 𝑍− equation (6) has 𝜎− roots not less than 𝜔, and
for 𝑍 = 𝑍+ it has 𝜎+ roots not greater than 𝜔. Then it follows from Theorem
5 that the manifold of solutions of (4) connecting the points 𝑍− and 𝑍+ has,
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generally speaking, dimension not greater than 𝜎+ + 𝜎− − 𝑙 − 1. Thus, for
𝜎+ + 𝜎− ≤ 𝑙, the existence of such solutions under condition 3 is an exceptional
case. In particular, for the example of“nonuniqueness”constructed in the work
(2), condition 2 is not fulfilled for the system of equations in variations.

Consider the system of equations

𝑢𝑖 + ((𝑢𝑖)2/2)𝑥 = 𝜀(𝑏𝑖1𝑢1 + 𝑏𝑖2𝑢2)𝑥𝑥 (𝑖 = 1, 2). (7)

u = {𝑢1, 𝑢2} is called a generalized solution of this system for 𝜀 = 0 if, along
any closed contour,

∮ 𝑢𝑖𝑑𝑥 − 1
2(𝑢𝑖)2𝑑𝑡 = 0, (8)

Δ𝑢𝑖/Δ𝑥 < 𝑐/𝑡 for 𝑡 > 0. (9)

Let

𝑏11, 𝑏22, 𝑏11𝑏22 − 𝑏12𝑏21 > 0; (10)

then condition 3 is fulfilled for the equations in variations.

Theorem 5 (N. N. Kuznetsov). Let max 𝑏12, 𝑏21 > 0. Then system (7) has a
solution of traveling-wave type which, as 𝜀 → 0, converges to a certain function
𝑢(𝑥/𝑡) satisfying relation (8), but not satisfying relation (9).

For 0 ≤ 𝑡 ≤ 𝑇 we shall call u(𝑡, 𝑥) an 𝜂-solution of the system ℒ(u) = 0 with
initial condition u0, if

∫
∞

−∞
(‖u(0, 𝑥) − u0(𝑥)‖ + ∫

𝑇

0
‖ℒ(u)‖ 𝑑𝑡) 𝑑𝑥 ≤ 𝜂.

Consider the initial conditions

𝑢𝑖 = 𝑢𝑖
+ for 𝑥 ⩾ 0; 𝑢𝑖 = 𝑢𝑖

− for 𝑥 < 0,

such that system (7) for 𝜀 = 0 has a solution of the form of a shock wave.

Theorem 6. Under condition (10), for the set of such quadruples
(𝑢1

+, 𝑢1
−, 𝑢2

+, 𝑢2
−), with the exception of a certain manifold of lower dimen-

sion, the following alternative holds: either system (7) has a solution of
traveling-wave type that tends to this shock wave as 𝜀 → 0; or, for each
𝜀 > 0, one can indicate a certain 𝐶𝜀-solution u𝜀(𝑡, 𝑥) of system (7) such that
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lim𝜀→0 u𝜀(𝑡, 𝑥) = u(𝑥/𝑡), where u(𝑥/𝑡) satisfies relation (8) and does not satisfy
relation (9); the quantity 𝐶 is determined by the initial conditions.

In the proof of the theorem, examples of“nonuniqueness”constructed by N. N.
Kuznetsov (Theorem 5) were used.

It is possible that the assertion of Theorem 6 indicates the essential nature of
the condition for the existence of a traveling-wave solution for the stability of
a shock wave with respect to the addition of a small “viscosity”in the case of
convex equations of state.

We note that for the system of equations considered in works (3,4 ), condition 3
for the system of equations in variations is satisfied.

The author expresses gratitude to S. K. Godunov and N. N. Kuznetsov for
valuable discussions.

Moscow State University
named after M. V. Lomonosov

Received
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