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The mathematical theory of plasticity proceeds from the definition of the loading
function (1)

f(o—ij7€€j7 Xis k;) =0, (1)
where o, 5% are, respectively, the components of stress and plastic strain; x;
are nonholonomic hardening parameters, k; are constants.

In what follows we shall omit the index p. Thus, it may be assumed that we
are dealing with a model of a rigid-plastic body; extending the results to the
case of an elastic-plastic material whose elastic properties do not depend on the
plastic ones introduces essentially no changes.

The Mises principle (or Bishop-Hill postulate) may be taken as the basis for
defining the relation o,; —e,;, where e,; are the components of the rate of plastic
strain, e;; = de;;/dt. With fixed parameters ¢,;, x;, alongside the actual stress
components o,; satisfying the loading function, one introduces the set of possible

stress components o7;, for which

f(UfjaEipXi,ki) <0. (2)

The Mises maximum principle asserts that

0,3€i; = 01€; (3)

From equality (2) follow the convexity (nonconcavity) of the loading function
and the associated flow law, which determines the orthogonality of the vector
e;; to the loading surface in the six-dimensional stress space,

€ij = Haf/agija (4)
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where

_9f 4

= O
ij
do;;

p=0, if f=0, d'f > 0; (5)

w=0, if f<Oorf=0, df<0. (6)

The parameters Y, are determined from the differential relations (1)

dx; = Ad'f. (7)

Relations (1), (4)—(7) define the model of a hardening plastic body.

In plastic deformation the work performed by the stresses on the components of
plastic strain is irreversible. Let us introduce the dissipative function D, which
determines the rate of dissipation of mechanical energy per unit time in a unit
volume,

D =o0,e;; (8)

The scalar product (8), for fixed parameters €;j» Xi» for nonconcave loading
surfaces, is completely determined by the giv—

of the vector e;;. Consequently,

D= D(eijvgijaXivki>' 9)

The dissipative function (9) must be homogeneous of the first degree with respect
to the components e,;, since relation (8) must not depend on time. Consequently,

D = (0D/0e;;)e;; and from (8) one can obtain

(GD/Beij —0; -)eij =0, e #0. (10)

J

For fixed parameters €,;, x;, let us write relation (8) in total differentials

oD
e;jdo; + o;de;; = Do de;;. (11)
ij

Using the relations of the associated flow law (4), we obtain

9 ,
€;;d; = ua—‘f do;;=pd'f. (12)

]
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For fixed parameters ¢;;, x;, the change in the stress state occurs along the
loading surface; consequently, relation (12) is equal to zero. Then from (11) it
follows that

0, = 0D/de,;. (13)

Relation (13) is in complete agreement with (10).

Consequently, if the model of a hardening plastic body is determined by relations
(1), (4), then a dissipative function (8), (9) can be determined such that (13)
holds.

Let us show that it is possible to construct a theory of plasticity based on the
definition of a dissipative function

0;€i; = D= D(eijvsijv Xis kz) (14)

For fixed parameters ¢,;, x;, along with the actual components of the strain-rate

e, introduce the set of possible components of the strain-rate e;;, for which

D(e:j’gipXiaki) < D<ei75ij7Xivki)’ (15)

Thus, if in the space of strain rates a certain level surface of the dissipative
function D is defined, then the vector of the possible strain rate e;; lies inside
the volume bounded by this surface.

Introduce a maximum principle analogous to Mises’ maximum principle (?)

ij€ij = Uijefj- (16)

o
From inequality (14) there follows the convexity (nonconcavity) of the dissipa-
tive function and the associated loading law

D
0,j=A0D/0e;;, A= D/ (i-»eij) . (17)
ij

Specific models are determined by an assumption about the structure of the
function D. Suppose that D is a homogeneous function of order m of the
components e,;. Then mD = (0D/de;;)e,;. From (17) it follows that A = 1/m.

Suppose that the function D is homogeneous of the first degree in the compo-
nents e,; in this case A = 1. In this case relation (15) coincides completely
with (13). The derivatives D/0e;; are functions homogeneous of degree zero
with respect to the components e;;. Consequently, the 6 relations (17) can be

regarded as functions of 5 variables, for example e,;/eq;.
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Assuming the solvability of relations (17) with respect to e;;/e;;, as a result of
eliminating e,;; we obtain a certain finite relation of the form (1), not containing
the components of the strain rate. Thus, a loading function is obtained in the
usual form.

Let us now show that the components of the strain rate are determined according
to the associated flow law (4). Differentiating relation (14), we obtain expression
(11). Using (13), from (11) we obtain

e;do;; = 0. (18)

ij494j
Next, differentiating the obtained relation (1) for fixed ¢,;, x;, we find

9f 4

O, .
ij
do;;

—0. (19)

Relations (18), (19) may be considered at the corresponding values of o;
whence it follows that there exists such a multiplier p that

3 €45

€ij = ,u@f/@aij. (20)

Thus, the model of a plastic body can be introduced in equivalent ways: ei-
ther through the definition of a loading function, or through the definition of a
function D homogeneous of first degree with respect to e;;. In both cases the
corresponding maximum principle should be formulated.

The loading criterion in the second case is written in the form D > 0. The
parameters y; are determined in this case from the differential relations dy,; =
DdB;, where B, play a role analogous to A, in relations (7).

In the case when D is homogeneous of the second degree with respect to e,
then A = 1/2. Relations (17) in this case determine a model of a viscous fluid.
The classical model of a viscous fluid will occur as a special case.

As an example, let us consider the function

D = Jpe;je;; + cejeq;, $ = 90(5ija Xis ki), c= C(gij’Xiv k;). (21)

Function (21) is homogeneous of the first degree with respect to the components
e;j- According to (17), for A = 1 we obtain

o5 = (1/p)e;; + cgj, p=\/eii€ii/ /P (22)

From (22) it follows that
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€ij = M(Uz‘j - cgij)' (23)

Squaring relations (23), we obtain

(Uij - cgij)(aij - C‘Sij) =®. (24)

Expressions (24) and (23) determine, respectively, the loading function and the
associated flow law for models of a plastic body, whose hardening is achieved by
expansion of the loading surface and its displacement as a rigid whole in stress
space.

Let us note that relations (21), (22) are consequences of (23), (24), and con-
versely. For ¢ = 0, ¢ = const, the theory of ideal plasticity under the Mises
plasticity condition takes place. All the above arguments can be generalized to
the case of piecewise-smooth functions D.

The author expresses deep gratitude to Academician L. I. Sedov for a valuable
discussion.
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