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The formulation of problems in ocean dynamics has been studied in a number
of investigations (179). In this direction a number of significant results have
been achieved. In recent years, in connection with the problem of interaction
between the atmosphere and the ocean, interest in hydrodynamic theories of
oceanic circulation has increased substantially.

Of special interest in this connection has been the use of the complete system of
equations of ocean dynamics, taking baroclinic effects into account, for solving
the problem of forecasting sea currents. In the present work the problem of
ocean dynamics is considered and algorithms for its solution are formulated.
The article considers gradient currents in an ocean of infinite extent in the
(z,y) plane. The ocean bottom coincides with the plane z = H. We shall
consider the linearized equations of ocean-current dynamics in the form

Ou_, __10p
ot - pox’
v 10p
a T ey
Ip/0z = gp, (1)

Ou/dx + Ov/0y + dw/dz = 0,
oT /ot + wIT [0z = 0,
05/0t +wdS )0z = 0.

Here u,v,w are the components of the velocity vector u; p is pressure; p is
density; T is temperature; S is salinity; and [ is the Coriolis parameter. To the
system of equations (1) we append the equation of state in the form

p= f(T,S). (2)

As boundary conditions on the free surface of the ocean z = ((z,y,t), we shall
take the following;:
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w = dC/dt. (3)

We shall write this condition approximately for the equation z = 0. We trans-
form equation (3), using the obvious relation between the pressure p at the
surface z = 0, the atmospheric pressure p,, which for simplicity we shall regard
as constant, and the free surface (. Indeed, we have

p=py—gp¢ for z=0. (4)

This means that condition (3) can be written in the form

Op/ot + gpw =0 for z=0. (5)

The boundary condition at the ocean bottom we set as follows:

w=0 forz=H. (6)

We shall seek bounded solutions in the entire domain of definition of the solution,
satisfying the initial data

u=ud ov=0; T=T7T% S§=8° fort=0. (7)

Thus, problem (1), (2), (5), (6), (7) has been posed completely. The problem for-
mulated above can be somewhat simplified by passing from physical quantities
to their deviations from the standard ones, which depend only on the coordi-
nate z. Thus, if ¢ is some hydrophysical characteristic, then ¢ = @(z) + ¢’. In
addition, introduce the notation

dT/dz=Tp,  dS/dz=Tj,

where I'- and I'g are functions of z. Then, on the basis of an order-of-magnitude
analysis, we arrive at the following problem.

First consider the equation of state. Setting p = p+ p’, p = P+ p’, and
S =5+5’, to within small quantities of higher order, we shall have

of of
/:iT/ jS’. 8
F=ar’ T as ®)

Next consider the equations of heat and salinity inflow. To within small quan-
tities of higher order they will have the form
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oT’ /ot + Trw = 0,

S’ /ot + T gw = 0. 9)

Multiply the first equation of system (9) by /9T, the second by df/dS, and
add the results. Then we arrive at one equation for p’,

0p' /Ot +Tw=0, (10)
where
of of
I'=—=T —T 11
By s+ o7 T (11)

Let us note that the quantities a—if‘s > O and a—iI‘T > 0.
oS or

Taking into account the considerations set forth above, we write the system of
equations (1) in the form

ou Iy — 10p
ot pox’
dv 19p
ot Ry
Op/9z = gp,

Ou/dx + Ov/dy + dw/dz = 0,

dp/ot +Tw = 0. (12)

Here p and p are deviations from the standard values. The primes have been
omitted for simplicity. As boundary conditions we take conditions (5), (6),
which, for the deviations, have the form

Op/ot + gpw =0 for z=0, (13)

w=0 forz=H. (14)
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We reduce the system of equations (12) to one equation for p. For this purpose
we differentiate the last equation with respect to z,

d10p 0

Using the equation of continuity, we shall have

o1 /0p ou v
5t ()~ (G ) 0 16)
From equation (16) we eliminate p. Then we obtain
1010 /op ou  Ov
——==—|=)-|=+5=]=0. 1
g@zl"@z(@t) <8x+8y> 0 (17

Let us next consider the first two equations of system (12). By differentiation
and elimination one can arrive at the relations

(2 e)umton 1o

o2 pOy  pdxot’

(18)
P\, Lo 10
ot2 Cpdx poyot

Act on equation (17) with the operator 92/9t? + [ and eliminate u and v with
the help of (18), under the assumption that [ is a linear function of y. Then, to
within small quantities, we obtain

0? 2P 010 dp dp
[(W—H ) g(‘?ZI‘({9Z+A:| E-Fﬁa—o. (19)

To obtain the boundary conditions, we use relations (13), (14) and eliminate w
from these equalities with the aid of the equation for p. As a result we shall
have

(0/0z—T/p)0p/Ot =0 for z =0; (20)

0?p/0z0t =0 for 2= H. (21)

We proceed to the solution of the problem (19), (20), (21). For this purpose we
investigate the spectral problem
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d 1dyp

litied RTINS VP

a=Tdz 0
lde 1
— _ o= f = 22
T L ﬁgp 0 forz=0, (22)

dp/dz=0 for z=H.

It is not difficult to verify that problem (22) is self-adjoint in the sense of La-
grange, i.e., the following functional equality holds for functions g, h belonging
to some class R:

(g, Lh) = (h, Lg), (23)

where the scalar product is understood in the sense of the metric of Hilbert space.
Problem (22) is self-adjoint; it determines a complete system of eigenfunctions
©,(z) and the corresponding system of real eigenvalues A,. Let us show that
all the eigenvalues of problem (22) are positive. For this purpose it is necessary
to establish the positive definiteness of the operator

d1ld

T dzTdz

on the class of functions R, whose elements ¢ satisfy the boundary conditions
from (22). The criterion for the positive definiteness of the operator L, as is
known, has the form

J = (¢, Ly) > 0. (24)

We write the functional J in explicit form:

H
d 1dy

J=- e 25

(4 PdTdz " (25)

With the help of integration by parts and taking into account the boundary
conditions for the function ¢, we arrive at the equality

H

J = %302(0) +/0 T <C§§>2dz > 0. (26)

Here it is assumed that I' > 0. Hence follows the positive definiteness of the
operator L.
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Since we now have a complete set of eigenfunctions of the operator {¢,,} and
the corresponding spectrum {\,,}, with all A,, >

> 0, then we can seek solutions of problem (19), (20), (21) in the form of the
expansion

p=3 Py, 0om(2). (27)

m=0

where the functions ¢, (z) are assumed to be orthonormal. We substitute (27)
into (19), (20), (21) and multiply the result scalarly by ¢,,(z). Then we arrive
at the system of equations

A p [ 02 0 0
[ _f(aﬁﬂzﬂapgurg;;:o (n=0,1,2,..). (28)

The correctness of the system of equations (28) for A\, > 0 is evident.

We now turn to the formulation of the boundary conditions in the case when
the sea is bounded by a closed cylindrical surface S. The natural condition in
this case will be the condition of no normal flow, u,, = 0 on S. With the aid
of (18) one can obtain the boundary condition for P,

0 (0p,\ _,9p, B

Here v is the normal and s the tangential component of the unit vector.
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