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ON THE MEAN VALUES OF THE SUPPORT
FUNCTION

1. Let G be a convex body in n-dimensional Euclidean space; h(x,v) the
distance from the point z € G to the supporting plane to G with outward
normal v;  the unit sphere (the set of all v); x,, its area. Define the mean
values of the function h(zx,v)

—1/k
hy(z) = I:;‘[)hk(x,l/) du] , k#0, (1)
hy(z) = exp Xi /Q In h(z,v)dv. (2)

These functions h;, deserve attention not only because interesting geometric
problems are connected with them, but also because they majorize, up to a
factor, the solutions wu(z) of second-order equations of a fairly general form
under ulye = 0 (1?). In (?), for linear equations the majorants are given in
the form Hh,(z) with one or another k, 0 < k < n, where H is expressed in
terms of certain norms of the coefficients (and of the solution itself, if uniqueness
conditions are not satisfied). Further, in (%) it is proved that the majorants with
ho and h,, are sharp. Thus, for example, the function h, admits a definition
through solutions of elliptic linear second-order equations: hy(s) = sup |u(x)|,
where the supremum is taken over the solutions (with u|yo = 0) of all equations
for which H = 1.

2. Let us list some of the simplest properties of the function hy,.

(2.1) If G C G’y G #+ G, then for every k and every z € G

hy(z) < hy(x).

(2.2) If k > 1, then hy(z) < hy(x), except in the case when G is a ball and « is its
center. (This follows from the well-known property of means; see, for example,

(")-)
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(2.3) If k > —1, then everywhere inside G, d*h;, < 0, while for k < —1, d*h;, > 0.
For the proof we note that

h(z,v) = h(zy,v) + (xyg — x)v.

Substituting this in (1) or (2), it is easy to find d?h,, and to verify the asserted
statement. In addition, we find that h_;(x) = const.

(2.4) As is known, if from the point = in each direction v one lays off a segment
of length r(x,v) = h™!(z,v), then one obtains the convex body G?, polar to
G with respect to the point x (with respect to the unit ball with center x).
Therefore, for k + 0,

hy () = {1 /Q (2, v) du} o 3)

Xn

Hence it is easy to conclude that if k is an integer, 1 < k < n, then

hy(x) = 7 VR (@), (4)

where 7, is the volume of the k-dimensional unit ball, and Vk(x) is the
mean value of the k-dimensional volumes of the sections of the body G* by
k-dimensional planes passing through x; in particular, V, (z) is the volume of
G*. (The mean is understood here and below as the arithmetic mean in the
sense of the natural measure in the set of -

set of planes of the given dimension passing through a fixed point.)

What has been said makes it possible, among other things, to find h,,(z) when
the polar body G” is simply determined. For example, the body polar to an
ellipsoid is an ellipsoid. Its volume is found from elementary geometric consid-
erations. Thus we find that for an ellipsoid

() = (@, 0,) V7 (1 — () (41020,

where a; are the semiaxes, and p(z) is the ratio of the distance from the center
to  to the radius in the same direction.

3. Let us indicate estimates for H; # maxh,, in terms of the following quan-
tities: V,,,—the greatest of the volumes of the m-dimensional sections of
the body G; W,,—the mean value of the volumes of its m-dimensional
projections; w,,,—the least of these volumes. In particular, V,, = W, =w,,
is the volume of G, V; is the diameter, W, is the mean width. (Some in-
equalities between these quantities and the relation of W, to the integral

curvatures can be found in (*,%). In particular
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where S is the area of G, 7" W™ > T;i/me)W:n/iTH>.) We shall
denote by «,,, etc., positive numbers depending only on m and the dimen-

sion n.

(3.1) For every k, obviously, H;, < V;. On the other hand, for k < 1, H;, > a1,
but for £ > 1 such a lower estimate is impossible. (It suffices to note that G
contains a segment of length Vi, and therefore, if Hj is maxh, for such a
segment, then H, > H;. Computing Hj, we obtain what was asserted.)

(3.2) For k> —1, H,, < %Wl, except in the case when G is a ball. By definition,

1 2
W, = — /(h(:my) + h(z,—v))dv = —/h(myu) dv = 2h_,(z).
%n %Tl
Therefore h_,(z) = W), and the assertion follows from (2.2). On the other
hand, it also follows from (2.2) that for k < —1, hy(x) > h_(x), again except
in the case of a ball. Therefore, excluding this case, for k < —1

1
min h(z) > §W1

(cf. this with (2.3)).

(3.3)
a, Vil" > H, > B V"

By virtue of (4) H,, = "V " where V, = min, V,(z) is the least of the

volumes of the polar bodies G*. Therefore (3.3) is equivalent to

=T,0,"

n
The fact that such inequalities for ann hold is known and is proved simply.
From the known properties of mutually polar bodies there follows the affine
invariance of the product V,,V,,. Therefore it is enough to consider bodies of
volume V,, = 1 contained in a given cube. Then it is obvious that the product
Vﬁn attains finite and positive maximum and minimum values, and this is
precisely (5). It is not difficult also to obtain some values for A, u,,, but the
question of the best values remains open (see, for example, (), where )\, =
4n(n!)~2 is given). It is probable that the greatest value of V, V, is attained for
an ellipsoid, and the least for a simplex, to which, accordingly, the best values
of u,,, A, correspond.

(3.4) If 1 < k < n and [ is the integer part of k, then

Oé;CWll/l > Hk > 6];Wll/(l+1)7

+1

agvzl/l > Hy, > py, 11+/1<l+1) and  Hj > yw,

but lower estimates in terms of W), V; are impossible also for k£ = [.
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Let us prove the first inequality: H;, < alel/l. Since for k > I, H;, < H;, one
may put k =1[. Let F be an k-dimensional plane, pro-

passing through the center of the sphere €2; z is the projection of the point x
onto E; Gy, is the projection of G. For v € QN E, obviously, h(z,v) = h(zg,v),
that is, the distance from xp to the supporting plane of Gy with normal v.
Therefore, if we put

he(w, B) = [1 /Q Wt dv}w, (©6)

Xk

then hy(z, E) will be nothing other than the function h;, for G. Hence, accord-
ing to (3.3), we conclude that hy(x, E) = hy(zp, E) < oszkl/k(E)7 where V,(E)
is the volume of G .

If the measure in the set &£ of planes F is normalized so that mes& = 1, then
for every integrable f(v) we have

Applying this equality to f(v) = h~*(x,v) and using (6), we obtain

hik () = Xln/ﬂh_k(ac,v) du=/€<xlk /mE hk(z,v) dv) dE = /gh;’“(x,E) dE,

and since hy(z, F) < akal/k7 ie. hif(z, E) > a;*V,-1(E), it follows that

—1
hik(z) > a;’“/Vk—l(E) dE > a® (/Vk(E) dE) = a; "W L,
& £
where we have used the well-known inequality for means and the definition of

the quantity W,. Thus, for every z € G we have hy(x) < akal/k, as was
required to prove.

We omit the proofs of the other inequalities (3.4). The inequalities with W
and V follow from one another, since 6,, > W, V,.! > &/,; moreover, W, >

6// m?
mwm'
4. We now indicate functions estimating hy(x), 0 < k < n.

(4.1) Let G,,, be the body symmetric to G with respect to the point z € G, and
let V(x) be the volume of the body H = G N G,. It turns out that for h,,(z)

@V " (@) = h,(x) > B,V (x), (7)

n
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where, incidentally, 3, is the same as in (3.3). (From the left inequality (7) it is
not difficult to conclude that if V'(z) is the smallest of the volumes cut off from
G by arbitrary planes passing through x, then h,,(z) < o, 2"V (z).)

Let us prove (7). Let h,, be the function h,, for the body H. Obviously, h,, (x) >

h,(x), and by (3.3) h,(z) > B, VY™ (z), whence the right-hand inequality (7)
follows.

For the proof of the left-hand inequality we use the lemma:

Lemma. If K is a convex body, K, is the body symmetric to it with respect
to the point x € K, and K is the convex hull of K U K, then

V(K) > 7,V(K). (8)

For the proof, observe that, by the affine invariance of the ratio of volumes,
one may assume V(K) = 1 and that K is contained in some ball. On the set
of bodies K satisfying these conditions, for all z € K, the volumes V(K) are
bounded. If v, ! is their least upper bound, then (8) holds.

We apply this lemma to K = GV, where G is the body polar to G with respect
to the point z. Then K, = C:’; is the body polar to G,. From the properties of
polarity we conclude that K is the body H, polar to H = GNG,, (because under
polarity the common points of bodies correspond to planes not intersecting their
polars). Therefore (8) gives:

~

V(G) =7,V (H). 9)

But, as a consequence of (4), V(G) = 7,h,"(z), V(H) = 7,,h;;*(z). There-
fore, from (9) it follows that h,,(z) > 'y}z/nhn(xL and since, by (3.3), h,,(z) <
a, V'™ (x), we obtain the left-hand inequality (7). (The best values of the con-
stants in (7), (8) are unknown. The best 7, is the minimum of V(K) : V(K);
it is probably attained when K is a simplex and x is one of its vertices.)

(4.2) Let h(z) be the distance from z € G to 9G, i.e.
h(z) = min h(z,v).

For every k > 0 and < n,
hi(x) < R @)y (@) < @ R @) VI (), (10)
where V(z), a,, are the same as in (4.1).

The second inequality is a consequence of (7). The first is obtained as follows:
in view of (1) and the fact that h(z) < h(z,v),

1 —1/k
hy(x) = B~k () [X / RE="(2)h* (2, v) dv < hl_”/k(x)hff/k(x).
n JQ
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Analogously one obtains the lower estimate with H(x) = max h(z,v):

hy(w) > H =R (@)hgt* () > B/ EHY R () VIR (),

Estimate (10), in particular, determines when and with what rate hy(z) — 0,
if £ —» zy € 0G. If at z, the body G is, so to speak, sufficiently convex, then
V(x) — 0 so rapidly that also h'~™/*(z)V1/*(z) — 0. For example, from (10) it
is easy to conclude that for k >n —1

hy(z) < AR D/k(g) A= A(n, k, V).

If, however, k = n — 1, then h,(x) vanishes at all points of OG, except those
lying inside flat faces.

Further, if G is contained in a paraboloid of degree | with vertex x, € 0G, then
h(z) < Ahd(z), g=1—(n—1)01-1)/kl.

If G contains a similar paraboloid with vertex x,, then for points on its axis

near x,
hp(z) < A hi(x).

This shows that estimate (10) in this case gives the correct order of magnitude
(4.3) If the point x4 € 0G is conical, then
ho(x) < Alx — ao|/Xn,

where w is the solid angle of the normals to the supporting planes at x,. (The
proof consists in estimating hy(z) for a cone.) If, however, 2, € IG is the vertex
of a paraboloid of degree | > 1 contained in G, then hy(z,) > 0. For k < 0,
hi(x) > 0 everywhere on OG. Let us also note that on the surface of the unit

sphere
w2 (—ym
In hy(z) = (—1)"1 (mz +y ) .
m=1 m
Received
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