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We shall consider three categories of commutative groups in which there exist
limits of direct and inverse spectra, as well as sums and products. A topology
t on a group X will be called a group topology if (X,¢) is a topological
group. R denotes the additive group of real numbers; Z the subgroup of integers;
T =R/Z;9: R— T the canonical representation, and W = 9([—1/4,1/4]).

1. Let X’ be the group of all characters of the topological group™ (X, t) (i.e. of
its continuous representations in 7T'); (z,z’) is the value of the character
2’ € X’ at the point » € X; M° = {2’ € X’ : (M,2’) C W} for any
set M C X, and M'° = {r € X: (x, M) C W} for any set M’ C X"
A set M C X is called, following N. Ya. Vilenkin (}), quasi-convex if
(M®)° = M. If ¢ is a continuous representation of (X,¢) in (Y, v), then
©(M) C (pM)% for any set M C X, and ¢ 'N is quasi-convex for
any quasi-convex set N C Y. The group (X,t) is called locally quasi-
convex (an le-group) (1) if in (X, ) there exists a fundamental system of
neighborhoods of zero consisting of quasi-convex sets. The topology of an
le-group is called an lc-topology. If (X, t) is a separated lc-group, then for
every € X \ {0} there exists an " € X’ such that (z,z") # 0.

Theorem 1. Let (X,,t,)qaca be an arbitrary family of topological groups, X
a group, and for every a € A let a representation ¢, : X, — X be defined.

Then among those group (respectively lc-) topologies on X for which all ¢, are
continuous, there exists a strongest topology ¢ (respectively an lc-topology c¢),
and

(X,c) = (X,t).

If B is a fundamental system of neighborhoods of zero in (X, ), then (U)o
is a fundamental system of neighborhoods of zero in (X,¢). If (Y,v) is an
(lc-)group, then the representation ¢ : (X,t) — (Y,v) ((X,¢) — (Y,v)) is
continuous if and only if ¢y, is continuous for every o € A.

Theorem 2. Let (X, t%),c4 be an arbitrary family of lc-groups, X a group,
and for every a € A let a representation ¢® : X — X* be defined.
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Then the weakest topology ¢ on X for which all ¢ are continuous is an lc-
topology.

A boundedness in a group X (1) is a set BX of subsets of X satisfying the
following axioms: M UN € BX and M + N € BX for any M, N € BX;
UM =X;if M C Nand N € BX, then M € BX; if M € BX, then
—M € BX. A set B, X C BX is called a base of the boundedness BX
if for every M € BX there exists an N € %6, X such that M C N. Examples
of boundednesses are the sets b(X,t) of all bounded sets () and pe(X,t) of all
precompact sets of the topological group (X, t); the set ¢(X,t) of all bicompact
sets is a base of boundedness

* Here, as everywhere below, by a “group” is meant a commutative group.

in X. The group X, endowed with the boundedness B X, will be denoted by
[X,BX]. A representation

0 [X,BX] = [V, BY]

is called bounded if pM € BY for every M € BX. The groups [X,BX] and
[Y,BY] are called isomorphic if there exists such an algebraic isomorphism
¢ of X onto Y that ¢ and ¢! are bounded representations. On the set of all
boundednesses of the group X an order relation is introduced by inclusion. A
boundedness BX in a topological group (X,t) is called quasi-convex if for
B X there exists a base consisting of quasi-convex sets. If BX is a boundedness
n (X,t), then the family (M°%),,.q x is a base of a quasi-convex boundedness
in X. We shall denote it by B°°X. An lc-group endowed with a quasi-convex
boundedness is called an lcb-group.

Theorem 3. Let [X,,t,, BX,],ca be a family of icb-groups; let X be a group;

for every a € A a representation ¢, : X, — X is defined, and let ¢ be the
strongest lc-topology in X for which all ¢, are continuous.

Then in X there exists the weakest boundedness 8X for which all ¢, are
bounded representations, and (M%) ,, . v is a base of the weakest quasi-convex
boundedness in X for which all ¢, are bounded representations. If [V, v, BY]
is an lcb-group, then

p: X =Y

is a continuous bounded representation if and only if ¢¢, is a continuous
bounded representation for every o € A.

Theorem 4. Let [X*,t%,BX*] .4 be a family of lcb-groups; let X be a group;
for every o € A a representation

¥ X = X«

is defined, and let ¢ be the weakest lc-topology in X for which all ¢, are con-
tinuous.

sovietrxiv.org/items/ru-196701.67843 Machine Translation


https://sovietrxiv.org/items/ru-196701.67843

Then in X there exists the strongest boundedness B X for which all p* are
bounded representations, and moreover B.X is a quasi-convex boundedness. If
[Y,v,BY] is an lcb-group, then

@:Y—>X

is a continuous bounded representation if and only if ¢p®p is a continuous
bounded representation for every o € A.

Let X1, X 5, and X5 be, respectively, the categories of all (commutative) topo-
logical groups, lc-groups, and lcb-groups, whose morphisms are all possible con-
tinuous representations in the case of Xy and X'y, or continuous bounded rep-
resentations in the case of X'5. In each of these categories there exist limits
of direct spectra and sums (realized on the basis of Theorem 1 or 3), and also
limits of inverse spectra and products (realized on the basis of Theorem 2 or 4).
Thus, the limit of the direct spectrum

{[(Xarta: BXo 75 a

Oé’tot’
in X5 is its limit X in the category of groups, endowed with the strongest
lc-topology t and the weakest quasi-convex boundedness 2 .X, for which all
canonical representations

Tyt Xy =+ X

are continuous and bounded. The sum of an arbitrary family of lcb-groups

[X,,t,,BX,] (€A

[e 2o 2]

in X5 is the sum

> Xa
acA

of this family in the category of groups, endowed with the strongest lc-topology
and the weakest quasi-convex boundedness for which all canonical representa-

tions
D P o
acA

are continuous and bounded. In X5 the quotient group of an Icb-group
[X,t,BX] by a subgroup Y is defined as the quotient group X/Y, endowed
with the strongest lc-topology and the weakest quasi-convex boundedness for
which the canonical representation

w:X > X)Y

is continuous and bounded. Similarly, in X5 the limit of an inverse spectrum
and the product, which is determined by a subgroup, are realized. Many results
known for limits of direct and inverse spectra in the category of groups (®) are
also valid in Xy, X, and X'3. Moreover, for some classes of spectra (+°) the
limits have such important properties as separability, completeness, and others.
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2. In this part we consider the category X'5. Let [X, ¢, B X] be an lcb-group;
its character group X’ endowed with the lc-topology in which

a fundamental system of neighborhoods of zero consists of sets of the form M?°,
where M € BX, and a basis of the quasi-convex boundedness consists of sets
of the form U, where U is a neighborhood of zero in (X, ), is called the group
conjugate to [X,t,BX], and is denoted by [X,¢,BX]" (1). [X,t,BX] is a
separable lcb-group. If

v: [X,t,BX] = [Y,v,BY]

is a continuous bounded representation, then also ¢’ : Y’ — X’, defined by the
formula

(x,¢'y) = (pz,y) (r€ X,y €Y'),

is a continuous bounded representation. ¢’ is called conjugate to ¢. A sepa-
rable lcb-group [X, ¢, BX] is called reflexive if the representation z — (x,-) is
an isomorphism of the group [X,¢,BX] onto [X,t, BX]".

Theorem 5. Let {[X,,,?,, BX,]; 75} be a direct spectrum in 8. If X7, # {0}
(o € A), then

(lii)n{[Xou |2 %Xa]; 7Tg}A)

is isomorphic to
Wn{[X,,. 1, B, (1) } .

) Yo

Theorem 6. Let {[ X, t* BX*];p’}, be an inverse spectrum in £; and

Hm{[X<, 1, BX]; p8Y, = [X, ¢, BX].
—

If the projection p® X is dense in (X*,t*) (o € A), then there exists a continuous
%B-isomorphism of the group

. a 4o ). (,BY
lm{[X, ¢, BX)’; (02) }a

onto [X,¢,BX|. If, moreover, all [X* % BX] are reflexive, BX* C
pc? (X t%) and BX D ¢(X,t), then [X,¢,BX] is isomorphic to

: a pa al’. (ABY
lin{[X )t aSBX ] 7(pa> }A'

3. A group of the I (II) kind (6) will mean a topological group isomorphic
to the limit of a direct* (inverse) countable spectrum of separable locally
bicompact groups (the formation of these limits in the categories of topo-
logical spaces £, or &, leads to isomorphic topological groups; in the case
f; every topological group (X, t) is endowed with the quasi-convex bound-
edness c’°(X,t)). The sum (product) of a countable family of real lines
is not a locally bicompact group of the I (II) kind. This shows that there
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exist groups of the I (IT) kind which are not groups of the II (I) kind. De-
note by A and B the classes of all groups of the I and, respectively, IT kind.
A’ = B, B = A, and every group of these classes is c"-reflexive. The
classes A and B are closed with respect to passage to closed subgroups
and to quotient groups by them. If X is a group of the I or II kind and Y
is its closed subgroup, then

(X/)Y) =Y°
and
Y = X'/Y°

(an isomorphism in K3). For any y" € Y and © € X \'Y there exists an
2’ € X’ such that 2’|y =y’ and (z,2’) # 0. The last result (for groups of
the I kind) is also contained in (7), but is proved there by another method
(we used the fact that a quotient group of a group of the II kind is a group
of the IT kind).

I express my sincere gratitude to Prof. D. A. Raikov for valuable discussions.
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