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In the present paper the notion of a f-space is introduced, generalizing the
notion of a proximity space compatible with a completely regular space.

At the same time, f-spaces exist on every regular space, whereas proximity
spaces are compatible only with completely regular spaces. A connection is
given between #-spaces on a regular space X and bicompact extensions of all its
perfect irreducible preimages. In this connection, a theorem of Yu. M. Smirnov
(%) on the one-to-one correspondence between proximity spaces compatible with
a given completely regular space X and bicompact extensions of the space X
is generalized. The paper also introduces the notion of a #-mapping of #-spaces
and studies its connection with mappings of bicompact extensions of perfect
irreducible preimages of topological spaces.

Let X be a regular space. We shall say that a 6-proximity is given on X if for
any two subsets A C X and B C X, either AOB or A0B is specified and the
following axioms are satisfied:

I. AOB = BOA.
I. AGB;, i=1,2 < Af(B, U B,).
1L POX.
IV. {z}0A = z € [A].
V. AOB = there exists such a C' = ([C]) D A that A9(X \ [C]) and COB *.

Axioms I-IV coincide with the corresponding axioms of a proximity space com-
patible with the given topological space, and it is easy to see that axiom V is
a weakening of the normality axiom of a proximity space compatible with a
topological space.

An example of a f-proximity on a regular space X is the following relation:
A#,B < there exist disjoint neighborhoods of the sets A and B. Tt is easy
to verify that all the axioms are satisfied. It will be shown below that the
f-proximity 6, is maximal.
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Theorem 1. Let f: Z — X be a perfect irreducible mapping of a completely
reqular space Z onto a space X, and let bZ be a bicompact extension of the space
Z. Then the bicompactum bZ generates on X the following 0-proximity:

AOB <= [f 1 Al,; N [f ' Bl = 0.

We shall call a regular space X with a 6-proximity given on it a -space.

* By (D) is denoted the interior of the set D.
The main result of the paper is

Theorem 2. Fvery 0-space on a regular space X determines a completely
reqular space Xy, a perfect irreducible projection myq : Xg — X of the space Xy
onto X, and a bicompact extension by Xy, which generates the given 0-proximity.

Remark. The space by X, is the space of maximal centered systems 7 = {H}
of open subsets H of the space X with the following #-regularity condition: for
every H € 7 there exists an H’ € 7 such that H' 0 (X \ [H])*.

Theorem 3. Let f, : Z;, — X and fy : Zy — X be perfect irreducible mappings
of completely regqular spaces Z, and Z, onto X. If the bicompact extensions by Z;
and byZ, generate on X the same 0-space, then there exists a homeomorphism
g:b,Z, = byZy such that gZ, = Zy and f; = fog.

Corollary 1. There exists a one-to-one correspondence between the partially
ordered set of all 0-spaces on a reqular space X and the set of all pairs
bZ,f: Z — X), where bZ is a bicompact extension of the space Z and
f is a perfect irreducible mapping onto X.*

Corollary 2. There exists a mazimal 0-space on a regular space X.

Corollary 3. For any two perfect irreducible mappings f; : Z; — X and
fa:Zy — X onto X there exists a perfect irreducible mapping f : Z — X onto
X and perfect irreducible mappings g, : Z — Z; onto Zy and g, : Z — Zy onto
Zy such that fig, = f = fy95, and moreover the mapping f is minimal in the
sense that mappings f', g1 and gy with the same relations factor through the
mappings f, g, and g,, respectively™™*.

S. Iliadis proved [2] that the space B of maximal centered systems of open sets
of a regular space X is the Cech extension of the absolute of the space X. A
maximal centered system of open sets in a regular space X obviously satisfies the
f-regularity condition for the f-proximity €,. Hence, by the remark to Theorem
2 and Corollary 1, 0, is the maximal f-proximity.

Definition. A perfect irreducible mapping f : X — Y of a 6-space X onto a
f-space Y will be called a #-mapping if A, B C'Y and
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A0B = (f[A])0(f(B]).

Theorem 4. FEvery 0-mapping f : X — Y generates a perfect irreducible
mapping fo : by Xy — byYy such that fu Xy =Y, and frxy = Ty fy-

In accordance with (3), we shall call a multivalued mapping f : X — Y of
f-spaces a multivalued 6-mapping if there exists a #-space Z and f-mappings

* The notion of a centered system of open sets with a certain regularity condition
was introduced by P. S. Aleksandrov [1] in the construction of the maximal
bicompact extension.

** The order in this set is analogous to the order in the set of proximity spaces
compatible with the given space.

*¥4% Two pairs (bZ, f : Z — X) and (b'Z’, f'Z’ — X)) are identified if there exists
a homeomorphism g : bZ — b’Z’ such that ¢Z = Z" and f = f'g. (bZ,f) >
(b'Z', f") <= there exists a perfect irreducible mapping g : bZ — b’ Z’ such
that ¢Z = Z’ and f = f’g. It is easy to verify that pairs (b7, f) and (b'Z’, f/)
for which both inequalities (b7, f) < (b'Z’, f') and (bZ, f) > (b'Z’, f') hold are
identified.

Rk A mapping f' @ Z' — X factors through a mapping f : Z — X if there
exists a mapping g : Z’ — Z such that f' = fg.

f f
Theorem 5. Every multivalued f-mapping f : X Sz Ny generates a
multivalued perfect irreducible mapping

® P
Jo i bgXg < byZy — byYy,

such that ¢ ' X, = ¥~ 1Y, and fryy = Ty fs-

Theorem 6. Let #-spaces X and Y be given. Then for every multivalued
® P

perfect irreducible mapping f, : by X, < B — b,Y, satisfying ¢ 1 X, = ¢1Y),

f f
there exists a multivalued #-mapping f: X < 75 Y such that

B =byZy, Imxe = Tyofo, *)
and, among all multivalued #-mappings satisfying condition (%), there exists a
maximal one in the factorization sense.

In conclusion I express my gratitude to my adviser P. S. Aleksandrov for his
attention to my work.
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