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1. Let the operator L be given by the formula

n—1
d
L=D5 3 n @0k (D, = g Ph=T). (1)
where the coefficients py(z) (k= 0,1,...,n — 1) are continuous functions on an

arbitrary fixed interval A of the real axis, and I is the identity operator. By M
we denote another operator

ny—1

" d
M=Dj + Y awDh (D, = 7). @
k=0 Y

of the same type, with coefficients g, (y) continuous on an arbitrary fixed interval
A, of the real axis.

Denote by {k;}72, and {v;}32, arbitrary fixed monotonically increasing
sequences of positive integers, and by {M, }2°, and {Nuf}ﬁo arbitrary fixed
sequences of positive numbers. '

An infinitely L-differentiable (see (°)) function f(x) on the interval A will be

said to belong to the class CT{M K, if, for every closed interval § C A, there
exist constants N and C (depending on L, f, and §) such that

‘D;’iLqif(x)|5 < NC’kiMki, k,=ng;+r;, 0<r,<n-—1, ¢ >0, (3)

where g; and r; are integers.
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The class CL{Mki} of functions f(z) defined on the interval A will be called

a quasi-L-analytic class if, from the equalities D;LQf (a) = 0, holding at some
point a € A for all 7 =0,1,...,n—1and ¢ =0, 1,2, ..., it follows that f(z) =0
on A.

A function g(z,y), defined in the domain x € A, y € A,, infinitely L-
differentiable with respect to z and infinitely M-differentiable with respect to
y, will be said to belong to the class

OL’M{Mki ) Nl/j}7

if for every closed interval 6 C A and every closed interval §; C A, there exist
constants A and B (depending on L, M, g, §, and ;) such that

| Dy Dy L% M¥sg(,y)| . < ABMHM N, (4)
1

ki=ng+r;, 0<r,<n-—-1, ¢q;>0;
vi=nip;+o;, 0<o;,<n—1, p; >0,
where g;,7;, uu;,0; are integers.

Suppose that the function o(z,y) in the domain z € A, y € A, is the sum of
the series

oley) =S by y)a o) (r €A (5)

p=0

and the functions b,(x,y) are continuous in the domain A x A;. Then the
function

pla) =Y ay(e—z,)7, (6)
p=0
whose coefficients a,, are given by the formulas
ap:Ig}(%)ldbp(xay)L p=20,1,2,..

will be called an exact Cauchy majorant of the function (5) in the closed domain
0 x 0; C A x Ay If for every closed domain § x §; C A x A; the function (6)
is an entire function of order of growth p, then this number p will be called the
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order of conditional growth with respect to the variable x of the function (5) in
the domain A x A;.

We shall assume that

lim %/M, = oo,
1—00 N

and then, for the sequence of points (k;,1n M, ), one can construct the Newton

polygon (see (2)). The sequence {M} }7<, will be called the convex regulariza-

tion by means of the logarithms of the sequence {M), }7<,, if the number In M

is equal to the ordinate of the Newton polygon at the point k,. '

If L = D, and k; = i, then the classes of functions CZ{M,} coincide with the
classes of functions C{M;}, whose properties are set forth in (?).

In the present note we establish that the conditions

o0
lim 5 /My, =00, D (k= ki) (My, /M) ) =00 (T)

i=1

are sufficient for the quasi-L-analyticity of the classes of functions C*{M, ki}7
if the coefficients of the operator L of the form (1) are continuous. Under
additional restrictions on the coefficients p, (z) we single out those operators L
for which it has been possible to establish that the conditions (7) are necessary
for the quasi-L-analyticity of the classes of functions C'* {M,, }. We use these
results in investigating the properties of solutions of the equation

Lsf(xa y) = Mmf($7y)7 (8)

satisfying the initial data

Dquf(mvyﬂm:z :<pnq+r(y)v 7":0,1,...,77,—].; q=0,1,...7s—1, (9)

where s and m are natural numbers. The solution of problem (8)—(9) is sought
in the classes of functions CL*M{Mki;NUj}, the initial data (9) being chosen
in such a way that these classes are quasi-analytic with respect to one of the
operators L or M. The direction of the investigation was chosen under the
influence of A. N. Tikhonov' s work (*) and M. K. Fage’ s work ().

We also note that the sufficient conditions for the quasi- L-analyticity of the note
(7) are special cases of the conditions (7), and that A. A. Tyanovskii (*) also
arrived at the conditions (7) as sufficient conditions for quasi- L-analyticity.
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2. Theorem 1. Conditions (7) are sufficient for the quasi-L-analyticity of
the classes of functions CL{M,;}, if L is an operator (1) of arbitrary order
n > 1 with continuous coefficients.

The proof is carried out in the same way as in note (7), with the aid of the
generalized Bang formula.

Theorem 2. Conditions (7) are necessary for the quasi-L-analyticity of the
classes of functions CE{M,} for the following operators L of the form (1):

1) L is a first-order operator with coefficient py(z) continuous on the interval
A;

2) L is a second-order operator with coefficients continuous on the interval
A, and the coefficient p, (z) has a second derivative, while py(z) has a first
derivative to the right (or to the left) of some point z; € A;

3) L is an operator of arbitrary order, all coeflicients of which are continu-
ous on the interval A and are analytic functions in an arbitrarily small
neighborhood of one of the endpoints of the interval A;

4) L is an operator of arbitrary order, all coefficients of which are continuous
on the interval A and, in an arbitrarily small neighborhood of some point
x, € A, are constant.

For the first three types of operators L, the proof is carried out by means of a
transformation operator (see (1)).

In the next four theorems we establish some properties of solutions of problem
(8)—(9)-

Theorem 3. Let nym < ns, and let on the interval A, the functions (9) belong
to the class CM{NJ»}, where N; = jl. Then in a neighborhood of each point
(x1,y1) € A x Ay there exists a unique solution of problem (8)—(9), belonging
to the class CL-M{M,, ;; N;}, where M, ; = (nsi)!.

If nym < ns, then the order of conditional growth with respect to the variable x
of the solution of problem (8)—(9) does not exceed the number ns/(ns —nym).

Theorem 4. Let nym < ns, let € be an arbitrary positive number, and let 3
and v be defined by the equalities

ns/(ns — B) =ns/(ns —n;m) + ¢, v = B/nym.

If on the interval A, the functions (9) belong to the class CM{N;}, where
N; = (v7)", then in the domain A x A, there exists a unique solution of
problem (8)—(9), belonging to the class CL-M{M, ;;N;}, where M, = (nsi)!.
The order of conditional growth with respect to the variable x of the solution of
problem (8)—(9) is not greater than the number ns/(ns —nym) + €.
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Theorem 5. Let nym > ns and o = ns/nym. If on the interval A, the
Junctions (9) belong to the class CM{N,}, where N; < I'(aj+1), then in a
neighborhood of each point (xy,y;) € A x Ay there exists a unique solution of
problem (8)—(9), belonging to the class CH-M{M, ; N;}, where M,,; = (nsi)!
and N; < T(aj+1). The order of conditional growth with respect to the variable
y of the solution of problem (8)—(9) is not greater than n,m/(n,m —ns);

Theorem 6. If the operator L satisfies the conditions of Theorem 2, nym > ns,
and the order of conditional growth with respect to the variable y of the solution
of problem (8)—(9) is greater than nym/(n;m — ns), then the solution is not
unique.

If in Theorem 6 we put s=m=1, L =D_, and M = DZ, then we obtain the
well-known result of A. N. Tikhonov (3).
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