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APPLICATION
(Presented by Academician S. L. Sobolev, February 4, 1967)

1. Let the operator 𝐿 be given by the formula

𝐿 = 𝐷𝑛
𝑥 +

𝑛−1
∑
𝑘=0

𝑝𝑘(𝑥)𝐷𝑘
𝑥 (𝐷𝑥 = 𝑑

𝑑𝑥, 𝐷0
𝑥 = 𝐼) , (1)

where the coefficients 𝑝𝑘(𝑥) (𝑘 = 0, 1, … , 𝑛 − 1) are continuous functions on an
arbitrary fixed interval Δ of the real axis, and 𝐼 is the identity operator. By 𝑀
we denote another operator

𝑀 = 𝐷𝑛1𝑦 +
𝑛1−1
∑
𝑘=0

𝑞𝑘(𝑦)𝐷𝑘
𝑦 (𝐷𝑦 = 𝑑

𝑑𝑦 ) , (2)

of the same type, with coefficients 𝑞𝑘(𝑦) continuous on an arbitrary fixed interval
Δ1 of the real axis.

Denote by {𝑘𝑖}∞
𝑖=0 and {𝜈𝑗}∞

𝑗=0 arbitrary fixed monotonically increasing
sequences of positive integers, and by {𝑀𝑘𝑖

}∞
𝑖=0 and {𝑁𝜈𝑗

}∞
𝑗=0 arbitrary fixed

sequences of positive numbers.

An infinitely 𝐿-differentiable (see (5)) function 𝑓(𝑥) on the interval Δ will be
said to belong to the class 𝐶𝐿{𝑀𝑘𝑖

} if, for every closed interval 𝛿 ⊂ Δ, there
exist constants 𝑁 and 𝐶 (depending on 𝐿, 𝑓 , and 𝛿) such that

∣𝐷𝑟𝑖𝑥 𝐿𝑞𝑖𝑓(𝑥)∣𝛿 ≤ 𝑁𝐶𝑘𝑖𝑀𝑘𝑖
, 𝑘𝑖 = 𝑛𝑞𝑖 + 𝑟𝑖, 0 ≤ 𝑟𝑖 ≤ 𝑛 − 1, 𝑞𝑖 ≥ 0, (3)

where 𝑞𝑖 and 𝑟𝑖 are integers.
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The class 𝐶𝐿{𝑀𝑘𝑖
} of functions 𝑓(𝑥) defined on the interval Δ will be called

a quasi-𝐿-analytic class if, from the equalities 𝐷𝑟𝐿𝑞𝑓
𝑥 (𝑎) = 0, holding at some

point 𝑎 ∈ Δ for all 𝑟 = 0, 1, … , 𝑛 − 1 and 𝑞 = 0, 1, 2, …, it follows that 𝑓(𝑥) ≡ 0
on Δ.

A function 𝑔(𝑥, 𝑦), defined in the domain 𝑥 ∈ Δ, 𝑦 ∈ Δ1, infinitely 𝐿-
differentiable with respect to 𝑥 and infinitely 𝑀 -differentiable with respect to
𝑦, will be said to belong to the class

𝐶𝐿,𝑀{𝑀𝑘𝑖
; 𝑁𝜈𝑗

},

if for every closed interval 𝛿 ⊂ Δ and every closed interval 𝛿1 ⊂ Δ1 there exist
constants 𝐴 and 𝐵 (depending on 𝐿, 𝑀 , 𝑔, 𝛿, and 𝛿1) such that

∣𝐷𝑟𝑖𝑥 𝐷𝜎𝑗
𝑦 𝐿𝑞𝑖𝑀𝜇𝑗𝑔(𝑥, 𝑦)∣

𝛿×𝛿1
≤ 𝐴𝐵𝑘𝑖+𝜈𝑗𝑀𝑘𝑖

𝑁𝜈𝑗
, (4)

𝑘𝑖 = 𝑛𝑞𝑖 + 𝑟𝑖, 0 ≤ 𝑟𝑖 ≤ 𝑛 − 1, 𝑞𝑖 ≥ 0;

𝜈𝑗 = 𝑛1𝜇𝑗 + 𝜎𝑗, 0 ≤ 𝜎𝑗 ≤ 𝑛1 − 1, 𝜇𝑗 ≥ 0,

where 𝑞𝑖, 𝑟𝑖, 𝜇𝑗, 𝜎𝑗 are integers.

Suppose that the function 𝜎(𝑥, 𝑦) in the domain 𝑥 ∈ Δ, 𝑦 ∈ Δ1 is the sum of
the series

𝜎(𝑥, 𝑦) =
∞

∑
𝑝=0

𝑏𝑝(𝑥, 𝑦)(𝑥 − 𝑥1)𝑝 (𝑥1 ∈ Δ) (5)

and the functions 𝑏𝑝(𝑥, 𝑦) are continuous in the domain Δ × Δ1. Then the
function

𝜑(𝑥) =
∞

∑
𝑝=0

𝑎𝑝(𝑥 − 𝑥1)𝑝, (6)

whose coefficients 𝑎𝑝 are given by the formulas

𝑎𝑝 = max
𝛿×𝛿1

|𝑏𝑝(𝑥, 𝑦)|, 𝑝 = 0, 1, 2, …

will be called an exact Cauchy majorant of the function (5) in the closed domain
𝛿 × 𝛿1 ⊂ Δ × Δ1. If for every closed domain 𝛿 × 𝛿1 ⊂ Δ × Δ1 the function (6)
is an entire function of order of growth 𝜌, then this number 𝜌 will be called the
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order of conditional growth with respect to the variable 𝑥 of the function (5) in
the domain Δ × Δ1.

We shall assume that

lim
𝑖→∞

𝑘𝑖√𝑀𝑘𝑖
= ∞,

and then, for the sequence of points (𝑘𝑖, ln 𝑀𝑘𝑖
), one can construct the Newton

polygon (see (2)). The sequence {𝑀𝑐
𝑘𝑖

}∞
𝑖=0 will be called the convex regulariza-

tion by means of the logarithms of the sequence {𝑀𝑘𝑖
}∞

𝑖=0, if the number ln 𝑀𝑐
𝑘𝑖

is equal to the ordinate of the Newton polygon at the point 𝑘𝑖.

If 𝐿 = 𝐷𝑥 and 𝑘𝑖 = 𝑖, then the classes of functions 𝐶𝐿{𝑀𝑖} coincide with the
classes of functions 𝐶{𝑀𝑖}, whose properties are set forth in (2).
In the present note we establish that the conditions

lim
𝑖→∞

𝑘𝑖√𝑀𝑘𝑖
= ∞,

∞
∑
𝑖=1

(𝑘𝑖 − 𝑘𝑖−1)(𝑀𝑘𝑖−1
/𝑀𝑐

𝑘𝑖
)1/(𝑘𝑖−𝑘𝑖−1) = ∞ (7)

are sufficient for the quasi-𝐿-analyticity of the classes of functions 𝐶𝐿{𝑀𝑘𝑖
},

if the coefficients of the operator 𝐿 of the form (1) are continuous. Under
additional restrictions on the coefficients 𝑝𝑘(𝑥) we single out those operators 𝐿
for which it has been possible to establish that the conditions (7) are necessary
for the quasi-𝐿-analyticity of the classes of functions 𝐶𝐿{𝑀𝑘𝑖

}. We use these
results in investigating the properties of solutions of the equation

𝐿𝑠𝑓(𝑥, 𝑦) = 𝑀𝑚𝑓(𝑥, 𝑦), (8)

satisfying the initial data

𝐷𝑟
𝑥𝐿𝑞𝑓(𝑥, 𝑦)∣𝑥=𝑥1

= 𝜑𝑛𝑞+𝑟(𝑦), 𝑟 = 0, 1, … , 𝑛 − 1; 𝑞 = 0, 1, … , 𝑠 − 1, (9)

where 𝑠 and 𝑚 are natural numbers. The solution of problem (8)—(9) is sought
in the classes of functions 𝐶𝐿,𝑀{𝑀𝑘𝑖

; 𝑁𝑣𝑗
}, the initial data (9) being chosen

in such a way that these classes are quasi-analytic with respect to one of the
operators 𝐿 or 𝑀 . The direction of the investigation was chosen under the
influence of A. N. Tikhonov’s work (3) and M. K. Fage’s work (6).
We also note that the sufficient conditions for the quasi-𝐿-analyticity of the note
(7) are special cases of the conditions (7), and that A. A. Tyanovskii (4) also
arrived at the conditions (7) as sufficient conditions for quasi-𝐿-analyticity.
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2. Theorem 1. Conditions (7) are sufficient for the quasi-𝐿-analyticity of
the classes of functions 𝐶𝐿{𝑀𝑘𝑖}, if 𝐿 is an operator (1) of arbitrary order
𝑛 ≥ 1 with continuous coefficients.

The proof is carried out in the same way as in note (7), with the aid of the
generalized Bang formula.

Theorem 2. Conditions (7) are necessary for the quasi-𝐿-analyticity of the
classes of functions 𝐶𝐿{𝑀𝑘} for the following operators 𝐿 of the form (1):

1) 𝐿 is a first-order operator with coefficient 𝑝0(𝑥) continuous on the interval
Δ;

2) 𝐿 is a second-order operator with coefficients continuous on the interval
Δ, and the coefficient 𝑝1(𝑥) has a second derivative, while 𝑝0(𝑥) has a first
derivative to the right (or to the left) of some point 𝑥1 ∈ Δ;

3) 𝐿 is an operator of arbitrary order, all coefficients of which are continu-
ous on the interval Δ and are analytic functions in an arbitrarily small
neighborhood of one of the endpoints of the interval Δ;

4) 𝐿 is an operator of arbitrary order, all coefficients of which are continuous
on the interval Δ and, in an arbitrarily small neighborhood of some point
𝑥1 ∈ Δ, are constant.

For the first three types of operators 𝐿, the proof is carried out by means of a
transformation operator (see (1)).

In the next four theorems we establish some properties of solutions of problem
(8)—(9).

Theorem 3. Let 𝑛1𝑚 ≤ 𝑛𝑠, and let on the interval Δ1 the functions (9) belong
to the class 𝐶𝑀{𝑁𝑗}, where 𝑁𝑗 = 𝑗!. Then in a neighborhood of each point
(𝑥1, 𝑦1) ∈ Δ × Δ1 there exists a unique solution of problem (8)—(9), belonging
to the class 𝐶𝐿,𝑀{𝑀𝑛𝑠𝑖; 𝑁𝑗}, where 𝑀𝑛𝑠𝑖 = (𝑛𝑠𝑖)!.
If 𝑛1𝑚 < 𝑛𝑠, then the order of conditional growth with respect to the variable 𝑥
of the solution of problem (8)—(9) does not exceed the number 𝑛𝑠/(𝑛𝑠 − 𝑛1𝑚).
Theorem 4. Let 𝑛1𝑚 < 𝑛𝑠, let 𝜀 be an arbitrary positive number, and let 𝛽
and 𝛾 be defined by the equalities

𝑛𝑠/(𝑛𝑠 − 𝛽) = 𝑛𝑠/(𝑛𝑠 − 𝑛1𝑚) + 𝜀, 𝛾 = 𝛽/𝑛1𝑚.

If on the interval Δ1 the functions (9) belong to the class 𝐶𝑀{𝑁𝑗}, where
𝑁𝑗 = (𝛾𝑗)𝛾𝑗, then in the domain Δ × Δ1 there exists a unique solution of
problem (8)—(9), belonging to the class 𝐶𝐿,𝑀{𝑀𝑛𝑠𝑖; 𝑁𝑗}, where 𝑀𝑛𝑠𝑖 = (𝑛𝑠𝑖)!.
The order of conditional growth with respect to the variable 𝑥 of the solution of
problem (8)—(9) is not greater than the number 𝑛𝑠/(𝑛𝑠 − 𝑛1𝑚) + 𝜀.
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Theorem 5. Let 𝑛1𝑚 > 𝑛𝑠 and 𝛼 = 𝑛𝑠/𝑛1𝑚. If on the interval Δ1 the
functions (9) belong to the class 𝐶𝑀{𝑁𝑗}, where 𝑁𝑗 ≤ Γ(𝛼𝑗 + 1), then in a
neighborhood of each point (𝑥1, 𝑦1) ∈ Δ × Δ1 there exists a unique solution of
problem (8)—(9), belonging to the class 𝐶𝐿,𝑀{𝑀𝑛𝑠𝑖; 𝑁𝑗}, where 𝑀𝑛𝑠𝑖 = (𝑛𝑠𝑖)!
and 𝑁𝑗 ≤ Γ(𝛼𝑗+1). The order of conditional growth with respect to the variable
𝑦 of the solution of problem (8)—(9) is not greater than 𝑛1𝑚/(𝑛1𝑚 − 𝑛𝑠);
Theorem 6. If the operator 𝐿 satisfies the conditions of Theorem 2, 𝑛1𝑚 > 𝑛𝑠,
and the order of conditional growth with respect to the variable 𝑦 of the solution
of problem (8)—(9) is greater than 𝑛1𝑚/(𝑛1𝑚 − 𝑛𝑠), then the solution is not
unique.

If in Theorem 6 we put 𝑠 = 𝑚 = 1, 𝐿 = 𝐷𝑥, and 𝑀 = 𝐷2
𝑦, then we obtain the

well-known result of A. N. Tikhonov (3).
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