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Abstract
The article considers a system of fourth-order differential equations describing,
in particular, the motion of coupled Froude pendulums of equal masses sus-
pended on a shaft rotating at a speed Ω. The paper provides upper and lower
bounds for the values of the speed Ω in the case of the existence of circular mo-
tions of the pendulums, i.e., motions in which the pendulum velocity is positive
starting from a certain point in time. Under various assumptions regarding the
parameters and functions included in the system, sufficient conditions for the
existence of circular motions of the pendulums are derived, and four theorems
on the existence of a periodic solution to the system are formulated. As in the
author’s previously published works (see bibliography), the study is conducted
using the method of projections onto phase planes by introducing comparison
equations. Illustrations: 2. Bibliography: 4.

Full Text
Preamble
This study investigates the dynamics of a coupled system of differential equa-
tions, building upon the foundational work established in [?] and [?]. We con-
sider a system of the form:

̈𝑥 + 𝑎 ̇𝑥 + 𝑓(𝑥) = 𝑁(𝑄 − 𝑥) + 𝑘𝐹(𝑦 − 𝑥)
̈𝑦 + 𝑎 ̇𝑦 + 𝑓(𝑦) = 𝑁(𝑄 − 𝑦) − 𝑘𝐹(𝑦 − 𝑥) (1)

Under the assumptions (A), let 𝑓(𝑥) be a periodic function such that 𝑓(𝑥1) =
𝑓(𝑥2) = 0 for 𝑥1 − 𝑥2 = 2𝜋. We assume 𝑓 ′(0) > 0 and 𝑓(𝑥) > 0 for 𝑥 ∈
(0, 𝑥1). The parameters 𝑁, 𝑄, and 𝑘 are constants. The coupling function 𝐹(𝑧)
is assumed to be bounded, |𝐹 (𝑧)| ≤ 1, and we specifically consider cases where
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𝑓(𝑥) = sin 𝑥. This system describes the synchronization of coupled oscillators
under external torque 𝑁(𝑄 − 𝑥), as discussed in [?].

By introducing the variables 𝑢 = ̇𝑥 and 𝑣 = ̇𝑦, we can rewrite the system (1) as
a set of first-order equations. Following the methodology in [?], we define the
auxiliary function Φ(𝑥) to simplify the analysis of the phase trajectories:

Φ(𝑥) = 𝑓(𝑥) − 𝑁𝑄 + 𝑘 (4)

We assume the existence of a periodic solution such that Φ(𝑥 + 2𝜋) = Φ(𝑥) and
∫2𝜋
0 Φ(𝑥)𝑑𝑥 < 0 (6), (7). For the system to exhibit stable equilibrium points,

the parameters 𝑄, 𝑁, and 𝑘 must satisfy the condition:

0 < 𝑄 < max 𝑓(𝑥) ± 𝑘
𝑁 (10)

As shown in

, the phase portrait of the system is characterized by the behavior of the function
Φ(𝑥). Let 𝜂0 be a root such that Φ(𝜂0) = 0. We define the regions of stability
based on the sign of Φ(𝑥) relative to the equilibrium points 𝜂1 and 𝜂2, where
𝜂1 − 𝜂2 = 2𝜋.

The existence of limit cycles and the stability of the rotational motions are
governed by the energy integrals 𝑆1 and 𝑆2 (see

). According to the criteria in [?], the condition for the absence of out-of-phase
rotations is given by the inequality:

𝑆1(𝜂0) > 𝑆2(𝜂0) (14)

For the trajectories 𝑢 = 𝑆1(𝑥) in the interval 𝜂0 < 𝑥 < 𝜂1, we can derive the
following upper bound:

𝑆1(𝑥) < (𝑎 + 𝑁)(𝜂1 − 𝑥) + √2 ∫
𝜂1

𝑥
Φ(𝑥)𝑑𝑥 (16)

Conversely, for the trajectory 𝑢 = 𝑆2(𝑥) in the interval 𝜂2 < 𝑥 < 𝜂0, the lower
bound is expressed as:

𝑆2(𝑥) > (𝑎 + 𝑁)(𝜂2 − 𝑥) + √2 ∫
𝑥

𝜂2

Φ(𝑥)𝑑𝑥 (20)

Based on these estimates, we can formulate several theorems regarding the
global stability of the system.
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Figure 1: Figure 1
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Figure 2: Figure 2
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Theorem 1. If the parameters satisfy the inequality:

𝑎 > 𝑁(−𝑥2)
ln(𝑎 + 𝑁) +

√
2𝐽 + … (21)

then the system (1) does not possess limit cycles of the second kind, and all
trajectories converge to the equilibrium state (7).

Theorem 2. For the specific case 𝑓(𝑥) = sin 𝑥, the condition for synchroniza-
tion (the absence of asynchronous rotations) is satisfied if:

𝑎 >
√

2𝐽 − (𝑎 + 𝑁)𝜋
𝜋 + … (24)

where 𝐽 represents the integral of the restoring force over a period.

Further analysis of the phase space shows that when 𝑘 < 𝑁𝑄, the coupling
term 𝑘𝐹(𝑦 − 𝑥) acts as a restorative force that facilitates synchronization. If
the damping coefficient 𝑎 is sufficiently large, specifically satisfying:

√
2𝐽 − 4(𝑎 + 𝑁)𝜋 − (𝑎 + 𝑁)𝑥1√

2𝐽 − 4(𝑎 + 𝑁)𝜋 > 0 (30)

then the system (1) is guaranteed to reach a synchronous state regardless of
the initial conditions. These results extend the classical stability criteria for
pendulum-like systems to coupled oscillators with linear dissipation and constant
external torque.
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Figure 3: Figure 3
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Figure 4: Figure 4

russiarxiv.org/items/ru-196701.66493 Machine Translation

https://russiarxiv.org/items/ru-196701.66493

	Conditions for the existence of circular motions of Froude’s connected pendulums
	Abstract
	Full Text
	Preamble
	References

	Figures


