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1. In the note [1], certain necessary optimality criteria and a uniqueness theorem
were formulated for a class of problems (class A) on the optimization of the
functional

I(n) = /Q F(p,u, (T, p)) dO 1)

(where p(t) are controls), under the condition that the right endpoint of the
system trajectory is free.

In the present note, which is a continuation of [1], we shall consider a class of
optimal problems (class B), when the functional

T
1) = [ [ Ftp,. Du ) i @)

is minimized, where, as in [1], U, (t,p) is a generalized solution of a parabolic
equation with a boundary condition of the third kind and with zero initial data.
(For more detail on the notation and the formulation of the problem, see [1, 2].)
It is assumed that the controls u(t) are measurable vector-functions with values
in a certain bounded set of the vector space R®. In addition, we assume that the
right endpoint of the trajectory uu(t, p) is constrained by certain restrictions.

2. Let us make a remark. In contrast to the finite-dimensional case, in infinite-
dimensional spaces the problem (of type B) of optimally bringing the trajectory
u,(t,p) to a fixed attainable point of this space may lose its meaning as a
variational problem; namely, it is not difficult to prove that for class B (for
dimension n > 2) the following assertion is true: between the set of all admissible
controls pu(t) € Ly(0,7) and the set of all attainable points u,,(T',p) € Ly ()
there exists a one-to-one correspondence.

3. Passing to the main problem B, in connection with the remark we shall
assume that the set G of possible values of the endpoints of the trajectories
u,,(t,p) is defined as a generalized neighborhood by means of the functional
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K(t,u(p)) = / B(t,p,u(p)) A2

Q

G(t) = {ulp) € L»(), K(t,u(p)) <0},

where the function ®(¢,p,u), together with the derivative @/, is assumed to be
measurable in p and continuous in ¢ X u. It is also assumed that the boundary
of the domain G is smooth, i.e., that if K =0, then @/ (¢, p,u(p)) # 0.

The necessary optimality criteria will be formulated for the functional (2) under
the condition that the function F' does not explicitly depend on Du,. The
general case is treated analogously. It is assumed, of course, that the functional
(2) has a continuous Fréchet derivative.

Let now py(t), 0 < t < Ty, T, > 0, be optimal elements of our problem,
and let {v,,(p)} be a complete orthonormal system in L,(Q2) of generalized
eigenfunctions of the operator associated with the stationary equation of the
problem; let {),,} be the corresponding set of eigenvalues. Further, let p_ (%),
0 < t < Ty, be a control defined by the equalities (see (*))

O P
Then the following formulas hold:
a) AT = I(s.,) — I(ig) = 61 + o(e),
b) Au= u#w(Tmp) — Uy, (Ty,p) = edu + o(e),
where 01 and du are the corresponding first variations.

4. Necessary optimality criteria. Consider several possible cases in our
problem B.

I. The end of the trajectory lies inside the domain G. It is not difficult to see
that in this case a necessary condition for optimality of the control g (t) is the
nonnegativity of the first variation dI: 6I(7, ) > 0 for almost all 7 € (0,T)
and all p.* Hence the following follows.

Theorem 1. Let u, (7;,p) € G. If p1y(t) is optimal, then (for almost all )

T
inf F(p)dQ + / / 0 (t AT dtdy b =
Jenns{/ﬂ () Zm: || onFa®ale

- / Flpo(r)) 2+ Y / / o i (£) g1t (r)) e Ant=7) dt 45,
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where II° is the control domain; g(p) is the right-hand side in boundary condi-
tions of the third kind;

Fi(t) = / Fl,0(p) 9.

Consider the simplest example. Let the functional have the form

1 T
10 = [y~ u@Pdoa [ @0d y>0. i<t
0 0

and the third boundary-value problem is solved (as in (%)) for the equation
uy, = ul,. By virtue of Theorem 1 we obtain, for all 7 € (0,7):

F m(To=T) = mij F’ m(To—T)
Zuo a,e min 4+ = Zuae :

i.e. in this case the optimal control is always inertial (continuous).

II. More important for applications is the case where the end of the trajectory
lies on the boundary of the domain G, i.e.

/(I)(To,p,uuo(TO,p)) dQ) = 0.
Q

* Obviously, this case can be included in the class of problems with a free right
end, since in deriving formulas a) and b) only local variations of u, (,p) were
used.

Let us first consider the special case when 6/ = 0, but the time T}, is not fixed
in advance; namely, let

T
1= [ [Fepaa 0
0o Jo
and let the functional (3) satisfy the condition

(1) > I(Ty), T, >T, (4)

(this includes the case of the time-optimal problem).

For this case the following criterion holds:
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Theorem 2. If the functional of problem B satisfies conditions (3) and (4),
then for almost all T

where

(I)m - /Um(p) (I);(TO’p’ ull(TO’p))dQ'
Q

Now suppose that for some 7 and u, 6 < 0. In this case it is necessary to
introduce into consideration the cone of attainability K (see (3)), defined as the
collection of vectors (61, du) issuing from the point (I(xo(t)),w,,, (Ty,p)) of the
space (—oo < I < 400 X Ly(£2)) and constituting the principal linear parts of
the increments Al and Awu on the varied controls specified by the equalities

k k—1
,ué?, ift € (Tj—EZB;),T»—EZﬁ;)),

p=1 p=1

MT,E,B? (t) = k k—1
po(t), ifté (Tj—ezﬁé’, r—sZﬁﬁ-’) :

p=1 p=1

All 7; are assumed to be distinct Lebesgue points, ﬁf >0,7=12,...,r, k=
1,2, .0 ,ué? e I1°.

We note that the cone K is a convex set in (—oo < I < 400 x Ly(2)). It is also
easy to establish that it has no common points with the interior of the angle
(I, ®), defined by the inequalities

I < Ipo(1)];

/ @/ u(p) dQ < / @, u,, (To, p) de2.
Q Q

Since the angle (I,®) is a convex body in the space (R! x Ly(f2)), by the
separation theorem (°) there exists a constant C' > 0 such that

Cor+ [ @y ., (T ) ud2 > 0 5)
Q
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for arbitrary vectors (61, 6u) of the cone K. From (5) we obtain the necessary
optimality conditions in the case when dI < 0 for some 7 and u—Theorem 3,
analogous to Theorems 1 and 2 with the obvious changes (following from (5)).

Arguing in the same way as in the derivation of (5), we see that there always
(i.e., independently of the sign of 6I) exist two constants C > 0 and ¢ > 0,
C + o > 0, such that

caua/cp;audﬂ >0
Q

for any vectors (01, du) of the cone K. Hence there follows a general optimality
criterion for 1 (t), independent of the sign of 61, analogous to Theorem 3.

5. All the preceding arguments (with obvious modifications) remain valid if
the domain G, formed with the aid of the functional K, is replaced by an
arbitrary but convex domain G* C Ly(€2).

6. Analogous criteria can also be formulated for more general optimal prob-
lems, when the control is concentrated not only on the boundary, but also
inside the domain of definition of the parameters, 2.
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