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Abstract
A quasilinear autonomous system with many degrees of freedom and delays is
considered. Under the assumption that the generating system possesses a multi-
frequency periodic regime, the solution of the system is constructed using the
asymptotic method of N. M. Krylov and N. N. Bogolyubov. The possibility of
the existence of periodic solutions in the system is investigated, and a stability
criterion is established, which coincides in form with the one obtained by the
small parameter method. Bibliography 4.

Full Text
Preamble
This work builds upon the foundational methods established in 1967 by R. E.
Kushner [2] and N. M. Krylov and N. N. Bogolyubov [2]. We consider the
systems discussed in [1], focusing on the stability and periodic solutions of
differential-difference equations. Building on the results in [3], we examine a
system of equations of the form:

𝑥(𝑡) = {𝑥1(𝑡), … , 𝑥𝑛(𝑡)}
where the dynamics are governed by functions 𝐹 = {𝐹1, … , 𝐹𝑛} and 𝐺. We
assume the existence of time delays 0 < 𝜏1 < 𝜏2 < ⋯ < 𝜏𝑝. The functions 𝐹𝑛
are assumed to be bounded such that |𝐹𝑛| < 𝜇, where 𝜇 is a small parameter.

We analyze the characteristic equation associated with the linearized system:

(𝐸 − 𝑒𝑎) det(1.2) = 0
Let 𝑁𝑗 denote the roots of the characteristic equation. The solution to the ho-
mogeneous system can be expressed in terms of 𝑥(𝑡) = ±𝑁𝑗. For the perturbed
system, we consider the operator:

𝐴𝐺𝑥(𝑡 − 𝜏0) (1.3)
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The solution to (1.3) is sought in the form of a series expansion (1.4). We
define the fundamental frequency and the corresponding eigenfunctions 𝜙𝑘 =
{𝜙1𝑘, … , 𝜙𝑛𝑘} as described in [4], associated with the eigenvalues ±𝑁𝑗. For the
case where 𝜏 = 0, the eigenfunctions take the form 𝜙𝑠1 = 𝐵𝑠, where 𝐵𝑠 is a
constant. More generally, the components are given by:

𝜙𝑠𝑗(𝜃) = 𝐶𝑠𝑗 cos 𝑁𝑗𝜃 + 𝐷𝑠𝑗 sin 𝑁𝑗𝜃
where the coefficients 𝐶𝑠𝑗 and 𝐷𝑠𝑗 are determined by the boundary conditions
of (1.2) and (1.3).

2. Method of Construction

Following the approach in [2], we represent the solution to (1.1) in the following
form:

𝑥(𝑡) ≈ 𝑉 + 𝜇𝑈1(𝜃, 𝑀1, … , 𝑀𝑚−1) + … (2.1)
where 𝑈𝑖 = [𝑈𝑖1, … , 𝑈𝑖𝑛] and 𝑀𝑘 are functions to be determined. We assume
the parameters 𝑀𝑘 satisfy the following system of equations:

𝑑𝑀𝑘
𝑑𝑡 = 𝜇𝐴𝑘 + 𝜇2𝐵𝑘 + … (2.2)

Substituting (2.1) and (2.2) into the original system (1.1), and collecting terms
of the same order of 𝜇, we obtain a sequence of equations for 𝑈𝑖:

(𝐿 − 𝐴)𝑈𝑖 = 𝑓𝑖 (2.3)
where 𝐿 is the linear operator corresponding to the unperturbed system.
The functions 𝐹0, 𝐹1, … represent the expansion of the nonlinear part
𝐹[𝑥(𝑡 − 𝜏), … , 𝑥(𝑡)]. Using the substitution Φ𝑘 = 𝜙𝑘[𝜃 − 𝛼(𝑐0 + 𝜇 … )], we can
express the derivatives and the delayed terms. The resulting equations for the
first and subsequent approximations are:

∑ Φ𝑘(𝜃 − 𝜏𝑗𝜔) − ⋯ = 𝐹0 (2.5)

∑ Φ𝑘(𝜃 − 𝜏𝑗) + 𝛼𝑀𝑘(𝜃) = 𝑅𝑖 (2.6)
where 𝑅𝑖 depends on the previous approximations 𝑈𝑚−1 and 𝑀𝑚−1. The solv-
ability conditions for these equations, as established in [4], require that the
right-hand sides be orthogonal to the solutions of the adjoint system 𝜓𝑗 =
{𝜓1𝑗, … , 𝜓𝑛𝑗}. The adjoint system is defined by:

𝑑𝑦(𝑡)
𝑑𝑡 = 𝐴′𝐺𝑦(𝑡 + 𝜏0)

where 𝐴′ is the transpose of the matrix 𝐴. Following the procedure in [4], we
determine the constants 𝑎𝑘𝑗 such that the resonance conditions are satisfied.
Specifically, we require 𝑎𝑘𝑗 = 1

2𝜋 𝛿𝑘𝑗, leading to the following conditions for 𝑀𝑘:
𝑃𝑗(𝑀1, … , 𝑀𝑚−1) = 0 (2.9)

The solution for 𝑈𝑖 can then be written as:
𝑈𝑖 = Φ𝑘Φ∗

𝑘(𝜃) + 𝑓𝑖(𝜃, 𝑀1, … , 𝑀𝑚−1) (2.10)
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3. Stability and Convergence

We now consider the stability of the periodic solutions for (1.1). Let 𝑀𝑘 =
𝑀𝑘(𝜇) be the solutions to the averaged equations (2.2). At 𝜇 = 0, we denote
these values as 𝑀𝑘(0) = 𝑀 ′

𝑘. The equilibrium points 𝑀 ′
𝑘 must satisfy the

stationary condition (2.9):

𝑃𝑗(𝑀 ′
1, … , 𝑀 ′

𝑚−1) = 0 (3.2)

The perturbed values are then expressed as:

𝑀𝑘 = 𝑀 ′
𝑘 + 𝜇𝜌𝑘 + … (3.3)

As shown in [4], if the Jacobian of the system (3.2) is non-zero at the equilibrium
point, then for sufficiently small 𝜇, there exists a unique periodic solution to (1.1)
that corresponds to the steady-state solution (2.1). The stability of this solution
is determined by the eigenvalues of the matrix 𝜕𝑃𝑘

𝜕𝑀𝑗
.

4. Conclusion

We have demonstrated that the periodic solutions of the differential-difference
system can be constructed using an asymptotic expansion in terms of the small
parameter 𝜇. By introducing the corrected frequencies 𝑀𝑘 = 𝑀 ′

𝑘 + Δ𝑀𝑘, we
ensure that the resonance terms are properly accounted for in the higher-order
approximations. The conditions for the existence and stability of these solutions
are given by the properties of the averaged equations (4.5). This approach
extends the classical results of Krylov-Bogolyubov to systems with multiple
time delays.
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