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HYDROMECHANICS

A. K. NIKITIN, E. N. POTEPENKO

ON THE SPATIAL CAUCHY–POISSON
PROBLEM ON WAVES ON THE SURFACE
OF A VISCOUS LIQUID OF FINITE DEPTH
(Presented by Academician P. Ya. Kochina on 20 VI 1966)

We shall assume that the liquid, extending without bound in the horizontal
direction, is bounded above by a free surface and below by a fixed horizontal
plane. We take the surface of the liquid in the equilibrium position as the
coordinate plane 𝑧 = 0 and direct the axis 𝑂𝑧 vertically upward. We denote the
depth of the liquid by ℎ. We shall suppose that at the initial instant of time
the velocity of the liquid particles is zero and the shape of the free surface is
prescribed. On the free surface the pressure 𝑝 = 𝑝0(𝑥, 𝑦, 𝑡) is prescribed and the
tangential stress is absent. We regard the motion of the liquid as slow, the wave
amplitude as small, and the waves as long. Then in the Navier–Stokes equations
the nonlinear terms may be discarded, and the problem reduces to integrating,
in dimensionless variables, the equations

𝜕𝑣𝑥/𝜕𝑡 = −𝜕𝑝/𝜕𝑥 + Δ𝑣𝑥, 𝜕𝑣𝑦/𝜕𝑡 = −𝜕𝑝/𝜕𝑦 + Δ𝑣𝑦,
𝜕𝑣𝑧/𝜕𝑡 = −𝜕𝑝/𝜕𝑧 + Δ𝑣𝑧, 𝜕𝑣𝑥/𝜕𝑥 + 𝜕𝑣𝑦/𝜕𝑦 + 𝜕𝑣𝑧/𝜕𝑧 = 0,

𝑝 = 𝑝′ + 𝜆3𝑧, 𝜆3 = 𝑔ℎ3𝜈−2
(1)

with the boundary and initial conditions

𝜕𝑣𝑥/𝜕𝑧 + 𝜕𝑣𝑧/𝜕𝑥 = 0, 𝜕𝑣𝑦/𝜕𝑧 + 𝜕𝑣𝑧/𝜕𝑦 = 0,
−𝑝 + 𝜆3𝜁 + 2𝜕𝑣𝑧/𝜕𝑧 = −𝑝0(𝑥, 𝑦, 𝑡), 𝜕𝜁/𝜕𝑡 = 𝑣𝑧 for 𝑧 = 0; (2)

𝑣𝑥 = 𝑣𝑦 = 𝑣𝑧 = 0 for 𝑧 = −1; (3)

𝑣𝑥 = 𝑣𝑦 = 𝑣𝑧 = 0, 𝜁 = 𝜁0(𝑥, 𝑦) for 𝑡 = 0. (4)

Here 𝑝′ is the dimensionless hydrodynamic pressure.
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The dimensional coordinates 𝑥1, 𝑦1, 𝑧1, velocity v1, time 𝑡1, dynamic part of the
pressure 𝑝1, and elevation of the free surface 𝜁1 are expressed in terms of the
dimensionless variables as follows:

𝑥1 = ℎ𝑥, 𝑦1 = ℎ𝑦, 𝑧1 = ℎ𝑧,

v1 = 𝜈
ℎv, 𝑡1 = ℎ2

𝜈 𝑡, 𝜁1 = ℎ𝜁, 𝑝1 = 𝜌 𝜈2

ℎ2 𝑝. (5)

Let us apply to equations (1), to the boundary and initial conditions (2)–(4),
the multiple Fourier transform (2) with respect to the variables 𝑥 and 𝑦, and
then the Laplace transform (2) with respect to the time 𝑡, taking the initial
conditions into account. Solving the resulting boundary-value problem for the
system of ordinary differential equations, we find, after applying the inversion
formulas for the Laplace and Fourier transforms and the convolution theorem
(2) for the Laplace transform,

𝜁 = 𝜁0 − 1
2𝜋 ∫

𝑡

0
∫

∞

−∞
∫

∞

−∞
𝑝0(𝜉, 𝜂, 𝑡 − 𝜏)Ψ(𝑎, 𝜏)𝑒−𝑖(𝜉𝑥+𝜂𝑦) 𝑑𝜉 𝑑𝜂 𝑑𝜏−

− 𝜆3

2𝜋

∞

∫
−∞

∫ 𝐻0(𝜉, 𝜂)Φ(𝑎, 𝑡)𝑒−𝑖(𝜉𝑥+𝜂𝑦) 𝑑𝜉𝑑𝜂; (6)

Ψ(𝑎, 𝜏) = 1
2𝜋𝑖

𝛾+𝑖∞

∫
𝛾−𝑖∞

𝑎𝑓1(𝑏, 𝑎)
𝑓2(𝑏, 𝑎) 𝑒𝑠𝜏𝑑𝑠,

Φ(𝑎, 𝑡) = 1
2𝜋𝑖

𝛾+𝑖∞

∫
𝛾−𝑖∞

𝑎𝑓1(𝑏, 𝑎)
𝑓2(𝑏, 𝑎) 𝑒𝑠𝑡 𝑑𝑠

𝑠 ; (7)

𝐻0(𝜉, 𝜂) = 1
2𝜋

∞

∫
−∞

∫ 𝜁0(𝑥, 𝑦)𝑒𝑖(𝜉𝑥+𝜂𝑦) 𝑑𝑥 𝑑𝑦,

𝑃0(𝜉, 𝜂, 𝑡) = 1
2𝜋

∞

∫
−∞

∫ 𝑝0(𝑥, 𝑦, 𝑡)𝑒𝑖(𝜉𝑥+𝜂𝑦) 𝑑𝑥 𝑑𝑦; (8)
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𝑓1(𝑏, 𝑎) = 𝑏 sh 𝑎 ch 𝑏 − 𝑎 ch 𝑎 sh 𝑏,
𝑓2(𝑏, 𝑎) = 𝜆3𝑎𝑓1(𝑏, 𝑎) + (𝑎2 + 𝑏2)2𝑓3(𝑏, 𝑎)−

− 4𝑎3𝑏 (𝑏 sh 𝑎 sh 𝑏 − 𝑎 ch 𝑎 ch 𝑏) − 4𝑎2𝑏(𝑎2 + 𝑏2),
𝑓3(𝑏, 𝑎) = 𝑏 ch 𝑎 ch 𝑏 − 𝑎 sh 𝑎 sh 𝑏,

𝑎2 = 𝜉2 + 𝜂2, 𝑏2 = 𝑎2 + 𝑠,

(9)

𝑠 is the parameter of the Laplace transform. Formulas (6)—(9) give the exact
solution of the problem posed.

To compute the integrals (7), we use the identity

𝑎𝑓1(𝑏, 𝑎)
𝑓2(𝑏, 𝑎) = 𝑎 th 𝑎

(𝑎2 + 𝑏2)2 + 𝜆3𝑎 th 𝑎 − 𝑎𝑓1(𝑏, 𝑎)
𝑓2(𝑏, 𝑎)

𝐸(𝑎, 𝑏) th 𝑎
(𝑎2 + 𝑏2)2 + 𝜆3𝑎 th 𝑎,

𝐸(𝑎, 𝑏) = (𝑎2 + 𝑏2)2𝑎 sh 𝑏
sh 𝑎 ⋅ 𝑓1(𝑏, 𝑎) + 4𝑎4𝑏 ch 𝑎

ch 𝑏 ⋅ 𝑓1(𝑏, 𝑎) − 4𝑎2𝑏(𝑎2 + 𝑏2)
𝑓1(𝑏, 𝑎) − 4𝑎3𝑏 th 𝑏. (10)

Applying to (10) the inversion formula (7) and the convolution theorem, we
shall have

Ψ(𝑎, 𝑡) = Ψ0(𝑎, 𝑡) − ∫
𝑡

0
Ψ(𝑎, 𝜏)𝐾(𝑎, 𝑡 − 𝜏) 𝑑𝜏,

𝐾(𝑎, 𝑡) = 1
2𝜋𝑖

𝛾+𝑖∞

∫
𝛾−𝑖∞

𝐸(𝑎, 𝑏) th 𝑎
(𝑎2 + 𝑏2)2 + 𝜆3𝑎 th 𝑎𝑒𝑠𝑡 𝑑𝑠

𝑠 . (11)

An analogous equation also holds for the function Φ(𝑎, 𝑡).
We regard 𝜆 as large. Accurate up to terms containing multipliers 𝜆−3, we
obtain

Φ(𝑎, 𝑡) = 1
𝜆3 [1 − 𝑒−2𝑎2𝑡 cos

√
𝜆3𝑎 th 𝑎 𝑡] [1 + 𝑂( 1

𝜆3/2 )] ; (12)

Ψ(𝑎, 𝑡) = √𝑎 th 𝑎
𝜆3 𝑒−2𝑎2𝑡 sin

√
𝜆3𝑎 th 𝑎 𝑡 [1 + 𝑂( 1

𝜆3/2 )] . (13)

Substituting (12) and (13) into (6). With the aid of the change of variables

𝜉 = 𝜆𝑟 cos 𝜃, 𝜂 = 𝜆𝑟 sin 𝜃, 𝑥 = 𝜆𝑅 cos 𝜗, 𝑦 = 𝜆𝑅 sin 𝜗 (14)
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we transform (6) into the form

𝜁 = 𝜆2

2𝜋 {∫
∞

0
∫

2𝜋

0
𝐻0(𝑟, 𝜃)𝑒−2𝜆2𝑟2𝑡 cos (𝜆2√

𝑟 th 𝜆𝑟 𝑡) 𝑒−𝑖𝜆2𝑅𝑟 cos(𝜃−𝜗)𝑟 𝑑𝑟 𝑑𝜃−

− 1
𝜆 ∫

𝑡

0
∫

∞

0
∫

2𝜋

0
𝑃0(𝑟, 𝜃, 𝑡 − 𝜏) 𝑟

√
𝑟 th 𝜆𝑟 𝑒−2𝜆2𝑟2𝑡×

× sin (𝜆2√
𝑟 th 𝜆𝑟 𝑡) 𝑒−𝑖𝜆2𝑅𝑟 cos(𝜃−𝜗) 𝑑𝜏 𝑑𝑟 𝑑𝜃} [1 + 𝑂 (𝜆−3/2)] . (15)

The evaluation of the integrals (15) is possible only for a specific choice of the
functions 𝜁0(𝑥, 𝑦) and 𝑝0(𝑥, 𝑦, 𝑡). If 𝐻0(𝑟, 𝜃) and 𝑃0(𝑟, 𝜃) are not oscillating
functions, then, in order to evaluate the integrals (15), we apply successively
twice the method of stationary phase (1). The large parameter here is 𝜆2. The
results of the calculations for large values of 𝑔𝑡2/4𝑅 may be written, returning
to dimensional variables:

𝜁 = {∫
𝑡

0

𝑔2𝜏2

8
√

2𝑅3 exp [−2𝜈𝑔2𝜏5/16𝑅4] √th (𝑔𝜏2

4𝑅
ℎ
𝑅 )×

× [ 1
2𝑖 exp [𝑖𝑔𝜏2

4𝑅 th (𝑔𝜏2

4𝑅
ℎ
𝑅 )] 𝑃0 (𝑔𝜏2

4𝑅 , 𝜗, 𝑡 − 𝜏) +

+ 1
2𝑖 exp [−𝑖𝑔𝜏2

4𝑅 th (𝑔𝜏2

4𝑅
ℎ
𝑅 )] 𝑃0 (𝑔𝜏2

4𝑅 , 𝜗 + Π, 𝑡 − 𝜏)] 𝑑𝜏}

− 𝑔2𝑡2

8
√

2𝑅3 exp [−2𝜈 𝑔2𝑡5

16𝑅4 ] √th (𝑔𝑡2

4𝑅
ℎ
𝑅 ) [1

2𝐻0 (𝑔𝑡2

4𝑅 , 𝜗) ×

× exp [𝑖𝑔𝑡2

4𝑅 th (𝑔𝑡2

4𝑅
ℎ
𝑅 )] + 1

2𝐻0 (𝑔𝑡2

4𝑅 , 𝜗 + Π) exp [−𝑖𝑔𝑡2

4𝑅 th (𝑔𝑡2

4𝑅
ℎ
𝑅 )]]×

× [1 + 𝑂 ( 1
𝜆3/2 ) + 𝑂 (4𝑅

𝑔𝑡2 )] . (16)

Formula (16) gives the solution of the posed problem for the case of large 𝜆 and
𝑔𝑡2/4𝑅.

Consider examples.

1. Let
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𝜁0 ≡ 0, 𝑝0 = 𝐴𝛿(𝑥)𝛿(𝑦)𝛿(𝑡). (17)

Then from (16) it follows that

𝜁 = −𝐴 𝑔𝑡3

8√2𝜌𝑅4 exp [−2𝜈 𝑔2𝑡5

16𝑅4 ] sin [𝑔𝑡2

4𝑅 th (𝑔𝑡2

4𝑅
ℎ
𝑅 )] ×

×√th (𝑔𝑡2

4𝑅
ℎ
𝑅 ) [1 + 𝑂 ( 1

𝜆3/2 ) + 𝑂 (4𝑅
𝑔𝑡2 )] . (18)

Formula (18) makes it possible to solve the problem of ship waves.

2. Let

𝑝0 ≡ 0, 𝜁0 = 𝐴
2𝜋𝑟𝛿(𝑟). (19)

Then from (15) it follows that

𝜁 = 𝐴 𝑔2𝑡2

27/2𝑅3 exp [−2𝜈 𝑔2𝑡5

16𝑅4 ] cos [𝑔𝑡2

4𝑅 th (𝑔𝑡2

4𝑅
ℎ
𝑅 )] ×

×√th (𝑔𝑡2

4𝑅
ℎ
𝑅 ) [1 + 𝑂 ( 1

𝜆3/2 ) + 𝑂 (4𝑅
𝑔𝑡2 )] . (20)

As ℎ → ∞, (18) and (20) yield the known results (3).
Rostov State University

Received
15 VI 1966
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