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(Presented by Academician P. Ya. Kochina on 20 VI 1966)

We shall assume that the liquid, extending without bound in the horizontal
direction, is bounded above by a free surface and below by a fixed horizontal
plane. We take the surface of the liquid in the equilibrium position as the
coordinate plane z = 0 and direct the axis Oz vertically upward. We denote the
depth of the liquid by h. We shall suppose that at the initial instant of time
the velocity of the liquid particles is zero and the shape of the free surface is
prescribed. On the free surface the pressure p = py(z,y, t) is prescribed and the
tangential stress is absent. We regard the motion of the liquid as slow, the wave
amplitude as small, and the waves as long. Then in the Navier-Stokes equations
the nonlinear terms may be discarded, and the problem reduces to integrating,
in dimensionless variables, the equations

v, /Ot = —0p/dx + Av,, Ov, /0t = —0p/dy + Awv,,
Ov, /0t = —0p/0z + Av,, Ov, [0z + dv, /dy + Ov,/0z = 0, (1)
p=p + Az, A3 = gh3y—2

with the boundary and initial conditions

v, [0z + v, /0x =0, Ov, [0z + v, /0y = 0,
—p+ N3¢+ 20v,/0z = —py(z,y, 1), o¢/ot =v, for z=0;

=0 forz=-1; (3)

x:vy:vz:()ﬂ CZCO(:L'vy) for t = 0. (4)

Here p’ is the dimensionless hydrodynamic pressure.
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The dimensional coordinates x, y;, 2;, velocity v, time ¢;, dynamic part of the
pressure p;, and elevation of the free surface (; are expressed in terms of the
dimensionless variables as follows:

Ty = h(E, Y = hyv 2 = hZ,

v h? V2
V=7V, = 7757 ¢ = h¢, P = Pﬁp- (5)

Let us apply to equations (1), to the boundary and initial conditions (2)-(4),
the multiple Fourier transform (?) with respect to the variables x and y, and
then the Laplace transform (?) with respect to the time t, taking the initial
conditions into account. Solving the resulting boundary-value problem for the
system of ordinary differential equations, we find, after applying the inversion
formulas for the Laplace and Fourier transforms and the convolution theorem
(?) for the Laplace transform,

1 t oo fore} )
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f1(bya) =bsha chb—achashb,
fQ(bv a) = Agafl(ba a) + (a2 + b2)2f3(ba a)*
—4a3b (b sha shb —a cha chb) — 4a%b(a? + b?), (9)
fa(b,a) =bchachb—ashashb,
a’? =& +n?, b? =a? + s,

s is the parameter of the Laplace transform. Formulas (6)—(9) give the exact
solution of the problem posed.

To compute the integrals (7), we use the identity

afy(b,a) atha _afi(ba) E(a,b)tha
folbya) (a2 +02)24+Natha  fy(b,a) (a2 +02)2 4+ X3a tha’

(a® +b%)%a shb 4a*b cha 4a®b(a® + b?)

E(a,b) = sha- f1(b,a) +Chb‘f1(baa)_ f1(b,a)

— 4a%b thb. (10)

Applying to (10) the inversion formula (7) and the convolution theorem, we
shall have

U(a,t) =¥y(a,t) /0 U(a,7)K(a,t —7)dr,

y+ioo
1 FE(a,b)th d
=— a.b)tha __ ds (11)
2mi (a? +b2)2+ X3a tha s

Y—100

K(a,t)

An analogous equation also holds for the function ®(a,t).

We regard A\ as large. Accurate up to terms containing multipliers A~3, we
obtain

1 5 1
B(a.0) = 1 [1— " cos V¥ tha] [1 4 o(vﬂ 1)

h 2 1
\Il(a,’ t) = a;\g a e 20t gip mt |:1 +O(W):| . (13)

Substituting (12) and (13) into (6). With the aid of the change of variables

&= Arcosb, n = Arsind, z = AR cos v, y = ARsin?d (14)
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we transform (6) into the form

)\2

oo p27
¢= o {/ / Hy(r, 6’)6’2)‘27”2’5 cos ()\2\/7“ th Ar t) eI Rrcos(6—0) . g 40—
T Yo Jo

t oo 2m
/ / / Py(r,0,t —7) rV/r thare 2\t
o Jo  Jo

> =

x sin (A2Vr th Art) e\ Rreos0=9) g7 gy de} [1T+O0(N?%?2)].  (15)

The evaluation of the integrals (15) is possible only for a specific choice of the
functions (,(x,y) and py(x,y,t). If Hy(r,0) and Py(r,0) are not oscillating
functions, then, in order to evaluate the integrals (15), we apply successively
twice the method of stationary phase (!). The large parameter here is A\2. The
results of the calculations for large values of gt? /4R may be written, returning
to dimensional variables:

(= {ét 8\9/2% exp [—2vg?75 /16 R*] | [th (ﬁ;) X
x [;iexp[ 7t (f;]’;)] P, (4R ) t—T> "
-I-%Cxp [—ii;th (i;;;)] P, (g,ﬂjun,t—T)} dT}
L] () L (2.0)
X exXp {zig th (Zgg)] + 1H <‘Zt; 1‘}—1—1'[) exp [—ZZZ th (Zgg)]

[1+0(A;/2)+0<4R)}. (16)

Formula (16) gives the solution of the posed problem for the case of large A and
gt?/AR.

Consider examples.

1. Let
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G =0, po = A6(x)d(y)d(t). (17)

Then from (16) it follows that

gt3 92t5 ) th thh
— AT —92 A N L
¢ 8/2pR1 eXp{ "16r7 | ar M 4R R )|
) [0 (ae) vo (52)]
A N — ) 1
X th<4RR> +0(az) +0(m (18)

Formula (18) makes it possible to solve the problem of ship waves.

2. Let

A
= = —0(r). 1
=0, G= o dlr) (19)
Then from (15) it follows that
242 245 2 2
gt g°t gt gt® h
= AT exp|—2 T (L2
C=A%nRs eXp[ V16R4}COS[4RJE (4RR>] 8
) [1ro () o (o)
h{=—=—=]|1 —= — - 2
X4 [t <4RR> +0 2 +0 pre (20)

As h — oo, (18) and (20) yield the known results (3).
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