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MATHEMATICS

Yu. I. NEIMARK

ON MOTIONS CLOSE TO A DOUBLY ASYMP-
TOTIC MOTION
(Presented by Academician Yu. N. Il’inskii, 12 IV 1966)

In the present paper the structure of the motions of a multidimensional dynam-
ical system in a sufficiently small neighborhood of a motion doubly asymptotic
to a certain saddle periodic motion is clarified. The dynamical system is as-
sumed to be described by ordinary differential equations with right-hand sides
that are twice continuously differentiable.

We intersect the phase curve Γ0 corresponding to the periodic motion orthogo-
nally at some point 𝑂 by a secant hyperplane 𝑆. Let Γ be a phase trajectory
doubly asymptotic to Γ0. This trajectory Γ, which we shall call homoclinic,
intersects, as 𝑡 → +∞ and, respectively, as 𝑡 → −∞, the secant surface 𝑆 in
some sufficiently small neighborhood of the point 𝑂 in two sequences of points
𝑀0, 𝑀1, 𝑀2, … and 𝑁0, 𝑁1, 𝑁2, …, asymptotically approaching the point 𝑂.

Denote by 𝑇 the point mapping of the secant surface 𝑆 into itself, generated
by phase trajectories close to Γ0. This point mapping is defined in some neigh-
borhood of the point 𝑂, is one-to-one, and is twice continuously differentiable.
The fixed point 𝑂 of the mapping 𝑇 is of saddle type, so that its characteristic
roots split into two groups 𝜆1, 𝜆2, … , 𝜆𝑚 and 𝜈1, 𝜈2, … , 𝜈𝑛 such that |𝜆𝑖| < 1 and
|𝜈𝑗| > 1. Denote by 𝜋+ and 𝜋− the sets of points of the secant plane 𝑆 asymp-
totically approaching the point 𝑂 under successive applications of the transfor-
mation 𝑇 and, respectively, 𝑇 −1. The sequences of points 𝑀0, 𝑀1, 𝑀2, … and
𝑁0, 𝑁−1, 𝑁−2, … lie respectively on 𝜋+ and 𝜋−. As is known, 𝜋+ and 𝜋− are
smooth manifolds of dimensions 𝑚 and 𝑛, respectively, intersecting at the point
𝑂. If these manifolds are taken as coordinate surfaces, then the point mapping
𝑇 can be written in the form

̄𝑥 = 𝜆𝑥 + 𝑓(𝑥, 𝑦)𝑥, ̄𝑦 = 𝜈𝑦 + 𝑔(𝑥, 𝑦)𝑦, (1)

where 𝑥 and 𝑦 are respectively 𝑚- and 𝑛-dimensional vectors, with 𝑦 = 0 on
𝜋+, and 𝑥 = 0 on 𝜋−; 𝜆 and 𝜈 are constant matrices with eigenvalues 𝜆1, … , 𝜆𝑚
and 𝜈1, … , 𝜈𝑛, respectively; 𝑓(𝑥, 𝑦) and 𝑔(𝑥, 𝑦) are matrices that vanish at the
point 𝑂 (𝑥 = 0, 𝑦 = 0). A doubly asymptotic (homoclinic) phase curve issuing
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from the point 𝑁0(0, 𝑦0) again intersects the surface 𝑆, after some finite time,
at the point 𝑀0(𝑥0, 0). Thus, in a neighborhood of the point 𝑁0 a point map
is defined—

* Homoclinic motion was discovered by A. Poincaré (1). Subsequently the so-
called homoclinic point was studied in a number of works (2−6), etc. Birkhoff
(2,3 ) showed that in the two-dimensional case, in a neighborhood of a homoclinic
point, there is an infinite set of multiple fixed points (see also (4)). A proof of
the existence of an infinite number of periodic motions in a neighborhood of a
homoclinic motion in the multidimensional case was given by L. P. Shilnikov
(unpublished).

the mapping 𝐿, which takes the point 𝑁0 into the point 𝑀0. Let the mapping 𝐿𝜈
take 𝜋− into ̄𝜋−. The transformed manifold ̄𝜋− contains the point 𝑀0. Suppose
that ̄𝜋− and 𝜋+ intersect at the point 𝑀0 roughly, i.e., the tangent planes to ̄𝜋−

and 𝜋+ at the point 𝑀0, of dimensions 𝑛 and 𝑚, intersect in the single point
𝑀0. Under these assumptions the following theorem holds.

Theorem 1. There exist such ̄𝑁 and 𝛿 > 0 that to every sequence of integers

… , 𝛾−𝑗, … , 𝛾−1, 𝛾0, 𝛾1, … , 𝛾𝑗, … , (2)

larger than 𝑁 ≥ ̄𝑁 , there corresponds a unique sequence of points

… , (𝑥−2, 𝑦−2), (𝑥−1, 𝑦−1), (𝑥0, 𝑦0), (𝑥1, 𝑦1), (𝑥2, 𝑦2), … , (3)

belonging to ̄𝛿(𝑀0), such that

(𝑥𝑗, 𝑦𝑗) = 𝐿𝑇 𝛾𝑗(𝑥𝑗−1, 𝑦𝑗−1). (4)

The points of the sequences (3) lie in 𝛿(𝑀0), and moreover 𝛿 → 0 as 𝑁 → ∞. To
a periodic sequence (2) there corresponds a periodic sequence of points (3) with
the same period, which in turn corresponds to a periodic motion of saddle type.
To sequences (2) differing only in indices 𝑗 greater than 𝑘, there correspond
sequences (3) for which the points (𝑥0, 𝑦0) differ in norm by less than 𝛿, and
moreover 𝛿 → 0 as 𝑘 → ∞.

Corollary*. In every arbitrarily small neighborhood of a homoclinic motion
there is an infinite set of periodic motions of all possible multiplicities and of
nonperiodic motions that are recurrent and Poisson-stable. In a sufficiently
small neighborhood Γ the periodic motions form a countable set. Through an
arbitrarily small neighborhood of each of the periodic motions, in turn, there
passes an uncountable set of other periodic motions. For each of the periodic
motions there is an uncountable set of doubly asymptotic motions.
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Proof. Introduce the auxiliary mapping (see also (7)) ̃𝑇 as the mapping taking
the point (𝑥, 𝑢̄) into the point ( ̄𝑥, 𝑦), if the mapping 𝑇 takes the point (𝑥, 𝑦) into
the point ( ̄𝑥, ̄𝑦). It can be shown that, in the case when the points 𝑀0 and 𝑁0

lie in a sufficiently small neighborhood of the point 𝑂 (which may be assumed
fulfilled), the auxiliary mappings ̃𝑇 𝛾, for 𝛾 > 𝑁1, are defined, single-valued, and
contracting with a contraction coefficient tending to zero as 𝛾 → ∞ in some
neighborhood 𝜔 of the point (𝑥0, 𝑦0). The mapping 𝐿

̄𝑥 = ℎ(𝑥, 𝑦), ̄𝑦 = 𝑘(𝑥, 𝑦) (5)

takes the point 𝑁0(0, 𝑦0) into the point 𝑀0(𝑥0, 0), and, consequently, for any
sufficiently small neighborhood 𝛿(𝑀0) one can specify a neighborhood 𝛿′(𝑁0)
that is mapped into it. By virtue of the assumption made on the roughness of
the intersection of ̄𝜋− and 𝜋+ at the point 𝑁0, 𝐾′

𝑦(𝑥, 𝑦) is an invertible matrix.
Because of this, the auxiliary mapping 𝐿̃ is defined in some neighborhood of the
point (0, 0) and takes the point (0, 0) into the point (𝑥0, 𝑦0).
Let a 𝜏 -neighborhood of the point (0, 0) be mapped by the transformation 𝐿
inside 𝜔(𝑥0, 𝑦0). Since the contracting mapping ̃𝑇 𝛾 maps the point (𝑥0, 𝑦0)

* We note that phase curves lying entirely in a small neighborhood of the ho-
moclinic curve Γ, which again and again, both as 𝑡 increases and as 𝑡 decreases,
intersect the cutting surface 𝑆 in a sufficiently small neighborhood of the point
𝑀0, correspond to some sequence (2) and (3) with 𝛾𝑠 greater than some number
that increases as the mentioned neighborhood of the homoclinic curve decreases;
and to every sequence (2) with 𝛾𝑠 > 𝑁 ≥ ̄𝑁 there corresponds a phase curve ly-
ing in a sufficiently small neighborhood of Γ, for which the corresponding points
(3) are successive points of intersection with 𝑆 in 𝛿(𝑀0).
maps into the point (𝑥𝛾, 𝑦−𝛾) → 0 as 𝛾 → ∞, then for 𝛾 > 𝑁2 ≥ 𝑁1 the
mapping 𝑇 transforms 𝜔(𝑥0, 𝑦0) into 𝜏(0, 0). Let the point mapping 𝐿𝑇 𝛾 be
contracting for 𝛾 > 𝑁3 > 𝑁2; then for 𝛾 > 𝑁3 this point mapping transforms
𝜔(𝑥0, 𝑦0) into itself and has in this neighborhood a unique fixed point. To the
fixed point of the mapping 𝐿𝑇 𝛾 there corresponds one-to-one the fixed point
of the mapping 𝐿𝑇 𝛾*. Therefore, in some neighborhood of the point 𝑀0, the
mapping 𝐿𝑇 𝛾 has a fixed point, and this fixed point tends to the point 𝑀0 as 𝛾
increases. The fixed point of the mapping 𝐿𝑇 𝛾 is at the same time a fixed point
of the contracting mapping 𝐿𝑇 𝛾, whose contraction coefficient decreases without
bound as 𝛾 → ∞. Let, for 𝛾 > 𝑁 ≥ 𝑁3, the contracting mapping 𝐿𝑇 𝛾 take
the 𝜎-neighborhood of the point 𝑀0 into itself. Let 𝛾𝑙−1 > 𝑁 and 𝛾𝑙 > 𝑁 . The
contracting mapping 𝐿𝑇 𝛾𝑙−1𝐿𝑇 𝛾𝑙 maps 𝜎(𝑀0) into itself and has in it a unique
fixed point, to which the fixed point of the mapping 𝐿𝑇 𝛾𝑙−1𝐿𝑇 𝛾𝑙 corresponds
one-to-one. Now, in an analogous way, one can establish the existence of a fixed
point for the contracting mapping

sovietrxiv.org/items/ru-196701.64641 Machine Translation

https://sovietrxiv.org/items/ru-196701.64641


̃𝐿𝑇 𝛾𝑙−2𝐿𝑇 𝛾𝑙−1 𝐿𝛾𝑇

and, consequently, also for the mapping

𝐿𝑇 𝛾𝑙−2𝐿𝑇 𝛾𝑙−1𝐿𝑇 𝛾𝑙 ,

and so on. These fixed points are of saddle type, since the auxiliary mappings
are contracting.

From the last assertion of the theorem follows the uniqueness of the sequence (3)
corresponding to an arbitrary sequence (2). The last assertion of the theorem
follows from Theorem 3 of [7] with the conditions (13) slightly generalized. In the
case of a nonperiodic sequence (2), the required sequence (3) can be found as the
limit for periodic sequences (3) corresponding to periodic sequences with period
𝛾−𝑗, … , 𝛾0, … , 𝛾𝑗 as 𝑗 → ∞. Indeed, let (𝑥𝑗

0, 𝑦𝑗
0) be the points corresponding

to these sequences, and let (𝑥0, 𝑦0) be their limiting point. The sequence (3),
obtained from the point (𝑥0, 𝑦0) by means of the relations (4), is the desired one.
For the proof it is necessary only to make sure that all points of the sequence
obtained in this way do not leave the 𝛿-neighborhood of the point 𝑀0, if all the
corresponding periodic sequences do not leave the 𝛿′-neighborhood and 𝛿′ < 𝛿.
This last assertion follows directly from the continuity of the mappings 𝐿𝑇 𝛾𝑠 .
The proof just given allows us to formulate the following lemma.

Lemma. Let each of the point mappings 𝑇𝑗 (𝑗 = 1, 2, … , 𝑝) have a fixed point
𝑀𝑗, and let the auxiliary mappings 𝑇𝑗 be contracting and transform some region
𝐺 = 𝐺𝑥 ⊕ 𝐺𝑦, containing the points 𝑀𝑗, into itself. Then any mapping of the
form 𝑇𝑗𝑔

𝑇𝑗𝑔−1
⋯ 𝑇𝑗1

, where 1 ≤ 𝑗1 ≤ 𝑝, … , 1 ≤ 𝑗𝑔 ≤ 𝑝, has a fixed point in the
region 𝐺.

Theorem 2. To each of the sequences of the form

𝛾−𝑖, … , 𝛾𝑗, ∞; ∞, 𝛾−𝑖, … , 𝛾𝑗, … ; ∞, 𝛾−𝑖, … , 𝛾𝑗, ∞ (6)

with 𝛾𝑠 > 𝑁 there corresponds a unique point (𝑥0, 𝑦0) such that the points
(𝑥𝑠, 𝑦𝑠), defined according to (4), lie in 𝛿(𝑀0), and, moreover, in the first case
(𝑥−𝑖−1, 𝑦−𝑖−1) ⊂ 𝜋+, in the second case (𝑥𝑗, 𝑦𝑗) ⊂ 𝜋−, and in the third both take
place.

Corollary 1. In an arbitrarily small neighborhood of a homoclinic curve there
exists an infinite set of other homoclinic curves

* Indeed, from the relations 𝐿𝑇 𝛾(𝑥, 𝑦) = 𝐿( ̄𝑥, ̄𝑦) = (𝑥, 𝑦) it follows that
𝐿𝑇 𝛾(𝑥, 𝑦) = 𝐿( ̄𝑥, 𝑦) = (𝑥, ̄𝑦), and conversely.
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(with the same 𝜔- and 𝛼-limit periodic motion). In a sufficiently small neigh-
borhood of a homoclinic curve there is a countable set of homoclinic curves.

Corollary 2. To every motion lying, for all 𝑡, in a sufficiently small neighbor-
hood Γ, there corresponds uniquely either a sequence (2), or (6), and to each
such sequence with 𝛾𝑠 > 𝑁 there corresponds a unique motion belonging to a
sufficiently small neighborhood Γ.
Proof. Let (𝑥𝛾

0 , 𝑦𝛾
0 ) be the point which, according to Theorem 1, corresponds to

the periodic sequence with the period obtained from the corresponding sequence
(6) by replacing ∞ by 𝛾. As 𝛾 → ∞, the limiting point (𝑥0, 𝑦0) of the points
(𝑥𝛾

0 , 𝑦𝛾
0 ) is the required one. Uniqueness is proved in the same way as in the

case of Theorem 1.

Denote by 𝜎(𝛾−𝑖, … , 𝛾𝑗) the set of points (𝑥0, 𝑦0) of a sufficiently small neigh-
borhood 𝛿(𝑀0) for which the points (𝑥𝑠, 𝑦𝑠), defined according to (4) for 𝑠 =
−𝑖, −1, … , 𝑗, lie in 𝛿0(𝑀0).
Theorem 3. There exists an 𝑁 such that, for 𝛾𝑠 > 𝑁 ≥ 𝑁 , all the sets
𝜎(𝛾−𝑖, … , 𝛾𝑗) are nonempty domains lying in 𝛿′(𝑀0), with 𝛿′ → 0 as 𝑁 →
∞. The domains 𝜎(𝛾−𝑖, … , 𝛾𝑗) and 𝜎(𝛾′

−𝑖′ , … , 𝛾′
𝑗′) do not intersect if, for some

common index 𝑠, 𝛾′
𝑠 ≠ 𝛾𝑠. If 𝑗′ ≥ 𝑗, 𝑖 ≤ 𝑖′, and 𝛾′

𝑠 = 𝛾𝑠 for all common values
of 𝑠, then

𝜎(𝛾−𝑖, 𝛾𝑗) ⊂ 𝜎(𝛾′
−𝑖′ , … , 𝛾′

𝑗′).
The measure of the domain 𝜎(𝛾−𝑖, … , 𝛾𝑗) does not exceed

𝐶𝛾−𝑖
𝑞 + … + 𝛾𝑗,

where 𝐶 is a constant and 𝑞 < 1.
Corollary. The set of motions lying, for all 𝑡, in a sufficiently small neighbor-
hood of a homoclinic curve has measure zero.

Proof. The set 𝜎 = 𝜎(𝛾−𝑖, … , 𝛾𝑗) is nonempty, since it contains the points
(𝑥0, 𝑦0) corresponding to all possible sequences (3) and (6) for which 𝛾−𝑖 =
𝛾−𝑖, … , 𝛾𝑗 = 𝛾𝑗. By definition,

𝐿𝑇 𝛾𝑗 ⋯ 𝐿𝑇 𝛾−𝑖𝜎 ⊂ 𝛿(𝑀0) and 𝑇 −𝛾0𝐿−1 ⋯ 𝑇 −𝛾−𝑖𝐿−1𝜎 ⊂ 𝛿(𝑀0).

For sufficiently large 𝛾𝑠, the mappings 𝐿𝑇 𝛾𝑠 and 𝑇 −𝛾𝑠𝐿−1 are stretching, with
stretching coefficient not less than 𝑞−𝛾𝑠 (𝑞 < 1), along mutually complementary
subspaces; from this follows the last assertion of the theorem.
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