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In the works of W. Stoll (1) and P. Lelong (?) it was shown that, in the presence
of certain natural restrictions on the density of the distribution of the points of
the analytic set

My ={z=(21,..,2,); f(z) =0}

of “zeros” of an entire function f(z), there exists an entire function ((z) that
vanishes at the points z € M, and only at them and has, in a certain sense,
minimal growth with respect to the aggregate of variables z = (zq, ..., 2,,). Such
a function ¢(z), when certain normalization-type conditions are fulfilled, is nat-
urally regarded as an analogue of the Weierstrass canonical product and called
canonical. In (12) it was also shown that In(z), where ¢(z) is a canonical
function, can be represented by means of an integral over the set M. In this
connection, Stoll’ s representation holds in a certain neighborhood of the origin
that does not intersect 9, while Lelong’ s representation holds everywhere
outside M.

In this note we consider the question of the existence and construction of canoni-
cal functions under the condition that not the whole set 9, is specified, but only
a certain, specially chosen (n — 1)-dimensional part of it; moreover, alongside
functions of minimal growth with respect to the aggregate of variables, functions
having minimal growth in one of the variables are also studied.

For the precise formulation of the results we shall need the following definitions
and notation:

1. By d,» we denote the volume element in the space of real variables
D1y s Py
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2. Let f(2) be an entire function; 7 = (ry,...,7,), where 7, > 0,...,7,, > 0
and 77 + -+ 4+ 72 = 1. Denote
|2
mf, cee — Ti’n’ ;
n
2 2m
n n d
f,'r() (27‘(’)" 17_17_2 Tné /0 f‘r( P15 ) Pr— 1) n—1%¥>
where n; _(t;¢1, ..., ,_1) is the number of zeros of the function
flwreter . wr, je"n1 wr,)
in the disk |w| < t.
3. Let f(z) be an entire function, ™ = (rq,...,7,_1), 7y > 0,...,7,_1 > 0.
Denote
SInf,'r'* = EInf n {Zv |Z1| =T1yes |zn—1| =Tp-1, |Zn| < OO},
1 27 2
= —— ] . (oo ) d 0,
nf,r () (27T>n1/0 /0 nf,r( Y1 Pn 1) n—19¥
where ns . (t; 91, ..., ,,_1) is the number of zeros of the function
flrye, . r, jen z)
in the disk |z,| < t.
4. We shall call the number p 7, defined by the equality
— lnn, (¢)
fir
pp= Hm — (1)

the order of the function n, (t). The order p;, of the function n;,.(t) is
defined analogously. The order p; of the entire function f (z) with respect to
the aggregate of variables and the order p; ,, of the function f(z) with respect
to the variable z, are defined in the same way, replacing in (1) the function
n; -(t), respectively, by the functions In M (ty,...,t) and In M(rq,...,7,_q,1),
where
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We note that p; does not depend on the choice of 7, while p; ,, and p;,, do not
depend on the choice of r*.

5. To shorten the notation we shall also write

= (Zh "'7zn71)7 z = (Z*,Zn), ¢ = (<17 "'7Cn71)7

k= (klvmakn)? |k| :k1+'"+kna 2 :leﬁz';z'"zflnv

z z
B (cg) R R C N EA - SN PR PS8
1 n

R 00
Kq(R;z/(t)):Rq{/O t”q(fdeR/R t”q(fgdt}.

Theorem 1. Let the entire function f(z) be such that f(0) # 0 and p; < co.
Then it can be represented in the form

z
¢

1(2) = e p(z)e ),

where the functions g(z) and ¢(z) are entire, and

z}fl zﬁ" A* n f(2
P(z) = Z levck | ( f()> )
2=0

kl k
Og\k\gq kl' n: 821 azn"

Moreover:

1. The function g(z) is defined by the equality

o000 =~ s i [ [T 17017, (2) e

where

(= (Rne, . REZY),  Fa) =Y 2,
|k[>q
and ¢ is the smallest integer for which the integral

/OO ny . (t) gt

ta+2

converges.
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2. The function In¢(z) in every polycylinder {|z;| < R7;, i = 1,...,n} not
intersecting M, can be represented in the form

In p(2) :—(277)% /mhcbq (g) d, |,

where

¢ = (wr e, ... wr, e wr,), Q,(2) = Z —

Sk
|k[>q K]

3. For every § > 1 there exists a constant Cs > 0 such that for every R > 0
In M;(R7y, ..., R7,) < CsK (RS§; ny (1)) "

4. The functions ¢(z) and g(z) do not depend on the choice of the vector .

Theorem 2. Let the entire function f(z) be such that p, < co, and let p; ,, be
either nonintegral, or p;,, = ¢, where ¢ is the smallest integer for which—

* Hence, in particular, it follows that p, = p, = p;-

for which the integral* converges,

e (T
/ nf,r ( ) dt.

tq+2

Suppose, further, that f(z*,z,) # 0 for no fixed z*. Then the function f(z) can
be represented in the form

f(z) = e?D(2),

where g(2) is an entire function, and the function (z) is such that p,, , = p; -
Moreover:

1. The function g(z) in each polycylinder {z; 2* € C(r*); |z,| < oo} is
representable in the form

o= tim o2 [ [Tironm (2) e

where ¢ = (r ™1, ... rion),

Fq(z) = Z’?L+l/<1 - Zl) (1 - Zn)'
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2. The function %(z) in any polycylinder
E={z z-€C(r"), |z, < oo}
such that C(r*) C {#z*; f(2*,0) # 0} is representable in the form

9(2) = sO(Z)eXp{Zq: () }

m=0

where the function ¢(z), holomorphic in the polycylinder E, is determined in
the polycylinder

E(r,) = En{lz,| <r.}

for sufficiently small r,, by the equality

1 *
h’l(p(Z) = _<27T)n1/9:n (I)q<z.*» Zn> dn,14,0
For* n

with
C* = (re, .. m, ge"no1)
and
2,(2) 1 >
z) = -,
? (1_2"1)(1_2”77.71) m=g+1 m

3. For every § > 1 there exists a constant C's > 0 such that, for any r, > 0
and r* such that

C(rr) c {7 f(z7,0) # 0},

the inequality holds

In Mf(r*v Tn) < C«SKq(Tn; nf,ér* (t))
The proof of these theorems, which we omit here, is essentially based on the
following theorems, which, in our view, are of independent interest:

Theorem 3. Let the entire function f(z) be such that p, < co. Suppose,
further, that ¢ is the least integer for which the integral
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/Oo nrolt)

ta+2

converges, and let wj()\l, A, 3 =1,2, ..., denote the zeros of the function

Fqw, ..., A\ w)

for fixed Ay, Ay, ..., A,,. Then, for any m > ¢, the sum

Zw;m(Alv ) An)

=1

is a homogeneous polynomial of degree m in the variables A, ..., \,.

Theorem 4. Let the entire function f(z) be such that p, < co. Suppose,

further, that z, ;(z*), j = 1,2, ..., are the zeros of the function f(2*, z,,) for fixed
z*. Then, for any m > p; ,, the function

1 9™ 1n f(2) +%i2*m(z*),

ml 9zm
defined in the domain {z*; f(z*,0) # 0}, extends to all of C""! as an entire
function.
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