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ON A CLASS OF INVERSE BOUNDARY-
VALUE PROBLEMS WITH UNKNOWN CO-
EFFICIENTS

(Presented by Academician A. N. Tikhonov on 19 XI 1966)

Recently, increasing attention has been devoted to inverse problems in which
the unknowns are the coefficients of differential equations. Various formula-
tions are possible in this connection. In the present note one class of inverse
boundary-value problems is considered for an equation of parabolic type and
for an ordinary differential equation. In the parabolic case the unknown coeffi-
cients may depend on = and ¢, while in the case of an ordinary equation they
depend on x; moreover, in both cases the dependence on x is piecewise constant.
Uniqueness and stability of the solution are established when additional data
are prescribed at a finite number of points, and the convergence of an iteration
method and of a difference method is also investigated.

1°. A boundary-value problem with unknown coefficients for an equa-
tion of parabolic type. Suppose it is required to find the triple of functions
{a(z,t),c(t),u(z,t)} from the conditions

a(x, t)u,, —c(t)b(x)u —u, = H(x,t,a(z,t),c(t), L4 <z <l,
k=1,....n, 0<t<T, (1)

u(0,t) = fo(t), wu(l,t)=f,(t), 0<t<T; (21)
u(ly —0,t) = u(ly, +0,t), a(ly, —0,t)u,(ly —0,t) =
=a(l, +0,t)u,(l, +0,t), k=1,....,n—1,

O=lg<ly<-<l, ,<l,=1, 0<t<T; (25)

u(z,0) = ¢(x), 0<z<Il, ¢0)=[f0), @) =7s0); (3)
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_a<07 t)ua:<0’ t) = g(t) >0, _a(la t)ua:<l’ t) = C(t)w(t% '(/)<t) >0,
0<t<T; (4)

U(Zkﬂt) :fk(t)7 (p(lk) :fk(0)7 k=1,..,n—1, (5)

where H(z,t,a,c) is given and continuous in II{0 <z <, 0<¢t<T, 0<a <
A, 0 < ¢ < C}, while fi(t), k=0,1,...,n, g(t), ¥(t), and ¢(x) are given and
continuous for 0 < ¢ < T and 0 < x < [, respectively; b(x) is given, and a(z,t)
is the unknown function, piecewise constant in z, with discontinuities only at
the pointsz =1, k=1,...,n—1.

Definition 1. A triple of functions {a(x,t),c(t), u(x,t)} will be called a solu-
tion of problem (1)—(5) if these functions satisfy the following requirements:
1) a(z,t) is a continuous function of ¢ for 0 < ¢ < T, piecewise constant in x
for 0 < z < I, having discontinuities only at x = [, k¥ = 1,2,...,n — 1, and
a(xz,t) > 0; 2) c(t) is a continuous function of ¢ for 0 < ¢t < T, ¢(t) > 0; 3)
u(z,t) is continuous in D{0 <z <1, 0 <t <T}; u,(w,t), uy,(z,t), u,(z,t) are
defined and continuous in

Di{l,, <z <, 0<t<T}, k=1,..,n, and the limits v, (I, — 0,1),
u, (I, + 0,1) exist; 4) all relations (1)—(5) are satisfied.

Let us consider the uniqueness and stability of the solution of problem (1)—
(5). Denote by a(t), by, and wuy(x,t) the values of a(x,t), b(x), and u(z,1)
in the domains Dy{l, ; < = < I, 0 <t < T}, k = 1,..,n. Suppose
that, along with problem (1)—(5), another problem (1)—(5) is given, differ-
ing from problem (1)—(5) in that ay,c,uy, H, @, fr_1, fi, g,% are replaced by
ay,, ¢, Uy, H, P, ?,H,fk,g, 1, and k takes the values indicated above. Put 6, =

H—-H,o,=9—¢, 0, =b.—0,

0 =Fp—to k=010, 0,=g—g, 06,=1—1; (6)

2z, = (1) — ug (2, 1), AR(t) = @ (t) — (1), pu(t) = c(t) — c(t),

We shall assume that the “perturbations” 5H,5fl,5¢,6g,5¢ are continuous
together with the derivatives (d,)7, (0,)7., (97 )i  Such perturbations
5H’5w§fﬂ59’5¢ will be called admissible. We shall say that a solu-

tion of problem (1)—(5) belongs to the class Cygo (D) if a(t) € Cy[0,T],
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c(t) € Cyl0,T), ug(z,t) € Coy(Dy,), k = 1,...,n, where D, is the closed domain
{1 <z <l, 0<t<T}.

Definition 2. If for every £ > 0 there exists a 6 = d(¢) > 0 such that, for any
admissible 64,4, 5f,76bk’5g7 d,, satisfying the conditions

0] <8, [0, <0, 67| <8, [0, | <6, 6,1 <6, [0yl <8, [(d,)z] <9,

[(0,)zal <0, [(0p, )il <0 (8)
the inequalities
|zp(7,t)| < e in D, |Ap ()] < e, lu(t)| <e for0<t<T,
k=1,...,n, 9)

hold for {a(z,t),c(t),u(z,t)} and {@(z,t),¢(t),u(x,t)} from Cygey (D), then we
shall say that the solution of problem (1)—(5) is stable in the class Cygo;(D)
with respect to admissible perturbations of its data.

Theorem 1. IfH7 Ha:ﬂ Ha7 Hm ¥y Py Pras fk;717 fkfl,m fk:a fkt7 9, 1/} are
continuous and bounded functions of all their arguments; uy, (l;,_1,t) 0, k =

1,2,...,n, and ¥(t) #+£ 0, 0 < t < T, then the solution of problem (1)—(5) is

unique and stable in the class Cygqy (D) with respect to admissible perturbations
of its data.

Problem (1)—(5) can be solved by the method of iteration according to the
formulas

af)(t)ugz — () bul”) = uitH(x,t,agf), ), Li<x<l, 0<t S(T;)
10

W) = foa(®),  ul(nt) = folt), 0<E<T, k=1,..,n (11)

u?(m,O) = (), 1 <az<l, k=1..,n (12)

—a" TV (ul(0,t) = g(t), 0<t<T; (13)
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art ) Oupl (e t) = a7V Ou (1), k=1,..,n—1, 0<t<T; (14)

—a Y Ouia (1) = S @$(0), Y >0, 0<t<T,  (15)

under the condition that

(L ) #0 fork=1,..,n, 0<t<T. (16)

Theorem 2. Suppose that a solution of problem (1)—(5) exists, belongs to the

class C141(D), and suppose that the following conditions are satisfied:

a) fk(t) 2 07 k = 1a"'an - 1’ fn(t) = Oa .fk;71<t) - fk(t) > 07 SO(x> 2
Oa (px(x) < 07 %:((D < O’ (pxx(x) = 07 H<lk—17t7ak"c> - fk—l,t(t> =2
Oa H < Oa Hacz < 07 H(lvtvanvc> = 07

b) the zero-order compatibility conditions f,(0) = ¢(l;,), k=0,1,...,n, and
the first-order compatibility conditions: a(0)¢,.,. (I,_1) — c(0)bo(l)_1) —
fkfl,t(o) = H(l;_1,0,a;(0),¢(0), ax(0)p,, (L) — c(0)byp(ly) —
fri(0) = H(l},0,a,(0),¢(0)), where a;,(0) = g(0)[—¢,(0)]7", ¢(0) =
9(0)e. (D[¥(0)¢, (0)]7;

¢) H, ¢ and their derivatives up to fourth order with respect to x, as well

as Ht7 Hm Hca fk(t)7 fkt7 fktta g(t>7 gt(t>7 ¢(t>7 1/4,@)7 are continuous
and bounded in their domains of definition.

Then the successive approximations obtained by formulas (10)—(15) converge
uniformly with rate M, M3[s!]"1/2 as s — +oo to the solution of problem (1)—
(5), where the constants M, and M, depend on the data of the problem.

2°. A boundary-value problem with unknown coefficients for an or-
dinary differential equation.
Suppose it is required to find a(x),c and u(x) from the conditions

xm(x) - cb(x)u(x) - H(I,Q(SC),C), 0<z< l? € % lk7
k=1,..,n—1; (17)

a(z)u

uly) =fr, k=01,...n 0=l <ly<.<l, <l =1 (18

u(ly —0) = u(l, +0), a(ly —0)u,(l, —0) = a(l, + 0)u,(l, +0),
k=1,..n—1, (19)
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_a(0>uz(0> =9, g > 07 _a<l>uw (Z) = C¢a ’L/) > Oa (20)

where H(z,a,c) is a given continuous function in II{0 < z <1, 0<a < A, 0<
¢ < C}; fi, g, ¥ are given constants; b(x) is given and a(x) is the sought
piecewise-constant function of z, 0 < z < [, having discontinuities only at the
points x =1, k=1,...,n —1; c is the sought constant.

Definition 3. A triple of quantities {a(z), ¢, u(x)} will be called a solution of
problem (17)—(20) if: 1) a(xz) > 0 for 0 < = < I; a(x) is a piecewise-constant
function having discontinuities only at the points x = [, k = 1,...,n — 1; 2)
¢ >0, cis a constant (the case ¢ = 0 is of no interest); 3) u(z) is continuous in
D{0 < x < 1}, has continuous derivatives u,(x) and u,,(z) in D{l,_; < z <
I.}, k=1,2,...,n, and the limits u,(l;, + 0), u,(l;, — 0) exist; 4) all relations
(17)—(20) are satisfied.

Denote by ay, b, and uy(z) the values of a(x), b(z) and u(x) in the domains
Dyl <o <D}

Suppose that, along with problem (17)—(20), there is given a problem
(17)—(20), differing from problem (17)—(20) only in that the quantities
ag, ¢, ug, H, fi, g, ¢ are replaced by the quantities @, ¢, uy, H, f,, g, ¥.
Put

zp(z) = () —uy(w), Ay =a,—a,, p=c—c

We shall assume that d; is a continuous function of all its arguments; u,(z) €
Cy(Dy,) and Ty(x) € Cy(Dy,), k=1,...,n.

Definition 4. If for every e > 0 there exists a § = §(¢) > 0 such that, for all
O, 05,5 04, 0O, satisfying the inequalities

‘5H| < 57 |6f,b‘ < 57 |5g| < 67 ‘51#‘ < 57
the inequalities
|Zk($)| <€ for lk71 <$<lk, k= 1,...,7’7,, |Ak| <5, ‘,U/| <e€

hold, then the solution a,(z), ¢, u(x) of problem (17)—(20) is called stable
with respect to perturbations of its data.

Theorem 3. If

g o) =d >0,  k=01,..,n—1,

Ly, 1y,
max{/ |Ha 7uk:cac| d'ra / ‘Hc +bkuk‘ dl‘} <
1 l

k—1 k-1
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. q
< minfd, W= ()] < Ju o ()l s (O] < 0,

H,H,, H,, H,_ are continuous in II, then the solution of problem (17)—(20) is
unique and stable with respect to perturbations of its data.

We shall seek the solution of problem (17)—(20) with the aid of the difference-
iteration scheme

sa;czazmsuh Schbksuf _ sHh = H (xi’ Sah sch) ,

i i i

My +1<i<M,—1, k=1,..,n; (17%)
why = fes o Culy =i (183,)
S“a’,gﬂéxsuﬁ/[k = Saz%su}j/[k; (19%:)

_sHlghs syl = g, —SHGZ%SU%H = stlchy, (20%,)

Theorem 4. Suppose that the following conditions are satisfied:

a) ngk gfmaxv kZO,...,TL,

fr—1 > fr ch [\/ Xibrt ™ (U — lkq)] .

k= 1a2a s Ty X = (fkfl - fk:)(lk - lk*l)_lﬂ g > 07 w > 07
b) H<0,H,, <0, Hypppp <0,

H{(ly, ay, c) + coby.fr. > 0,

H,,(lg, ay, ) + X [H (U, ay, €) + coby fr] >0,

_ -1 _ —1
k=0,1,...,n, a1 = qp™ ", Q41 = QpqxPps1> Where

Xn :qn7 Xk :Xk+1qk;pgi1a k: 1a2a"'an_1a

pr = { (o= F) 1+ 20) (=) * Xal+BAL) 00, Hllo (L=l 1) * (U=l 1)
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G = (1 — )y Xt by, {sh v/t bl — 1)}

X {fkq — frech Vx4, — lk71>} 5 Ay =9(fror — F) 7 U — )

¢) HH,,H,  H H exist and are continuous in II, moreover H, H_,

T TTrT? rTrxrxr

H,,, exist and are bounded in II. Suppose, further, that

0<ay <%} <A,

“1
0<cy <0<, Xt < s Pap] <t

Then, for all sufficiently small ~ > 0 and s — o0, the values ®all, Sch, sul
tend, with the rate of a geometric progression, to the values aZ, ch, u?, forming
the solution of the corresponding difference problem, defined by relations (17%,;)
—(20g;), if everywhere in these relations the iteration indices s and s + 1 are
removed; the solution al!, ¢, ul" of the indicated difference problem, as h — 0,
converges to the solution ay, ¢, u;, of problem (17)—(20), where u,(z) € Cy(Dy,),

k=1,...,n.
In conclusion, the authors express their deep gratitude to A. N. Tikhonov.
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