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MATHEMATICS

V. I. PONOMAREV

ON THE METRIZABILITY OF A FINALLY
COMPACT 𝑝-SPACE WITH A POINT-COUNTABLE
BASE
(Presented by Academician P. S. Aleksandrov on 15 III 1967)

§ 1. A base 𝜎 = {𝑈𝛼} of a space 𝑋 is called point-countable if each point
𝑥 ∈ 𝑋 belongs to no more than a countable number of elements of this base.
A. S. Miščenko proved (3) that a point-countable base 𝜎 of a bicompact 𝑋 is
necessarily countable, and the bicompact 𝑋 itself, consequently, is metrizable.
On the other hand, A. S. Miščenko (3), and then Michael (4), constructed an
example of a finally compact, hereditarily strongly paracompact space 𝑋 with
a point-countable but uncountable base (consequently, these spaces are non-
metrizable). A. V. Arhangel’skii introduced the class of 𝑝-spaces (see (1,2 ))
and proved that the class of paracompact 𝑝-spaces coincides with the class of
spaces admitting perfect mappings onto metric spaces (1,2 ).
The main result of the present note is

Main theorem 1*. Let 𝑋 be a finally compact 𝑝-space, and let 𝜎 = {𝑈𝛼} be
its point-countable base. Then this base 𝜎 is necessarily countable, and the space
𝑋 itself is metrizable with a countable base.

The proof of this proposition, in its methods, is close to my paper (6), and espe-
cially important for us will be the following proposition, proved in (6) (Lemma
2, p. 106):

Lemma 1. Let 𝑋 be a finally compact 𝑝-space; 𝑈 an open subset of 𝑋 of type
𝐹𝜎. Then there exists a metrizable space 𝑌 with a countable base and a perfect
mapping 𝑓 ∶ 𝑋 → 𝑌 such that the set 𝑈 is marked** under 𝑓, i.e. 𝑓−1𝑓𝑈 = 𝑈 .

In addition, we shall need the following quite simple proposition (see (5)).
Lemma 2. Let 𝜎 be a point-countable base of the space 𝑋; 𝐹 a separable***
subspace. Then the system

𝜎𝐹 = ℰ(𝑈 ∈ 𝜎, 𝑈 ∩ 𝐹 ≠ Λ)
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is countable.

Definitions (see (7)). Suppose mappings 𝑓𝜆 ∶ 𝑋 → 𝑌𝜆 are given from one and
the same space 𝑋 onto spaces 𝑌𝜆. Define the mapping

𝑓 ∶ 𝑋 → 𝑌 ⊆ ∏
𝜆

𝑌𝜆

into the product ∏𝜆 𝑌𝜆 as follows:

𝑓𝑥 = {𝑓𝜆𝑥} ∈ ∏
𝜆

𝑌𝜆.

The mapping obtained will be called the product of the mappings 𝑓𝜆. If two
mappings 𝑓 ∶ 𝑋 → 𝑌 and 𝑔 ∶ 𝑋 → 𝑍 are given, then we shall write 𝑔 < 𝑓 if for
every point 𝑥 ∈ 𝑋 necessarily 𝑔−1𝑔𝑥 ⊆ 𝑓−1𝑓𝑥.
§ 2. 𝜃𝐹 -reconstruction. Let 𝑋 be a normal space, and let 𝜎 = {𝑈𝛼} be its
point-countable base. Suppose, moreover, that 𝐹 ⊆ 𝑋 is a closed—

* The theorem gives a partial answer to a problem of A. V. Arhangel’skii
formulated at the end of this note (Problem B).

** A set 𝐴 ⊆ 𝑋 is called marked under a mapping 𝑓 ∶ 𝑋 → 𝑌 if 𝑓−1𝑓𝐴 = 𝐴.

*** By separability we mean the existence of a countable everywhere dense
subset.

a closed separable subspace. Consider the countable (by Lemma 2) system 𝜎𝐹 .
We shall call a pair (𝑈, 𝑈 ′), 𝑈 ∈ 𝜎𝐹 , 𝑈 ′ ∈ 𝜎𝐹 , regular if [𝑈] ⊆ 𝑈 ′. Then, by
the normality of the space 𝑋, there exists an open set 𝑉 of type 𝐹𝜎 such that
[𝑈] ⊆ 𝑉 ⊆ 𝑉 ′.

To each regular pair (𝑈, 𝑈 ′), 𝑈 ∈ 𝜎𝐹 , 𝑈 ′ ∈ 𝜎𝐹 , we assign some one completely
determined open set

𝑉 𝐹
(𝑈,𝑈′)

of type 𝐹𝜎:
[𝑈] ⊆ 𝑉 𝐹

(𝑈,𝑈′) ⊆ 𝑈 ′.

The system of all 𝑉 𝐹
(𝑈,𝑈′) thus constructed, over all regular pairs (𝑈, 𝑈 ′), 𝑈 ∈ 𝜎𝐹 ,

𝑈 ′ ∈ 𝜎𝐹 , will be denoted by 𝜃𝐹 . We shall call the indicated construction the
𝜃𝐹 -rearrangement of the system 𝜎𝐹 . It is not difficult to verify that 𝜃𝐹 is
an at most countable system, forms an external base* of the set 𝐹 , and all its
elements intersect 𝐹 .

Lemma 3. Let 𝑋 be a finally compact 𝑝-space; 𝐹 ⊆ 𝑋 a closed separable
subspace; 𝜎 a point-countable base of 𝑋. For the system 𝜎𝐹 consider the sys-
tem 𝜃𝐹 obtained from 𝜎𝐹 by a 𝜃𝐹 -rearrangement. Then there exists a metric
space 𝑌 with a countable base and a perfect mapping 𝑓 ∶ 𝑋 → 𝑌 such that

sovietrxiv.org/items/ru-196701.63407 Machine Translation

https://sovietrxiv.org/items/ru-196701.63407


every 𝑉 𝐹
(𝑈,𝑈′) ∈ 𝜃𝐹 is distinguished under this mapping; moreover, under this

mapping the set 𝐹 will also be distinguished, and the restriction 𝑓|𝐹 to 𝐹 is a
homeomorphism. In addition, as a consequence, 𝐹 has type 𝐺𝛿.

3. Proof of the main theorem 1. Let 𝑋 be a finally compact 𝑝-space with
a point-countable base 𝜎 = {𝑈𝛼}. Consider a metric space 𝑌1 with a countable
base and a perfect mapping 𝑓1 ∶ 𝑋 → 𝑌1. Let 𝐹1 ⊆ 𝑋 be a subset closed in
𝑋 for which 𝑓1𝐹1 = 𝑌1, but 𝑓1 ∶ 𝐹1 → 𝑌1 is irreducible. Then the set 𝐹1 is
separable, and consequently for it the system 𝜎𝐹1

is countable. Consider for the
system 𝜎𝐹1

the system 𝜃𝐹1
obtained from 𝜎𝐹1

by a 𝜃𝐹1
-rearrangement. Then,

by Lemma 3, there exists a metric space 𝑌2 with a countable base and a perfect
mapping 𝑓2 ∶ 𝑋 → 𝑌2 such that every 𝑉 𝐹1

(𝑈,𝑈′) ∈ 𝜃𝐹1
is distinguished under the

mapping 𝑓2. Moreover, it may always be assumed that 𝑓2 < 𝑓1. Now consider
such a closed set 𝐹2 ⊆ 𝑋 that 𝑓2𝐹2 = 𝑌2 and that 𝑓2 ∶ 𝐹2 → 𝑌2 is irreducible.
We obtain 𝐹1 ⊆ 𝐹2. Consider 𝜎𝐹2

and the system 𝜃𝐹2
= {𝑉 𝐹2

(𝑈,𝑈′)}, obtained by
a 𝜃𝐹2

-rearrangement, and again apply Lemma 3 to the system 𝜃𝐹2
, and so on.

As a result we obtain perfect mappings

𝑓𝑖 ∶ 𝑋 → 𝑌𝑖, 𝑓1 > 𝑓2 > ⋯ > 𝑓𝑖 > ⋯ ,

onto metric spaces with a countable base, and closed separable sets

𝐹𝑖 ⊆ 𝑋, 𝐹1 ⊆ 𝐹2 ⊆ ⋯ ⊆ 𝐹𝑖 ⊆ ⋯ .

The following conditions will then be fulfilled:

1∘. 𝑓𝑖𝐹 𝑖 = 𝑌𝑖 and 𝑓𝑖 ∶ 𝐹𝑖 → 𝑌𝑖 is an irreducible perfect mapping.

2∘. All elements 𝑉 𝐹𝑖−1
(𝑈,𝑈′) ∈ 𝜃𝐹𝑖−1

are distinguished under 𝑓𝑖 ∶ 𝑋 → 𝑌𝑖. Here 𝜃𝐹𝑖−1
is the system obtained by a 𝜃𝐹𝑖−1

-rearrangement of the system 𝜎𝐹𝑖−1
.

Since 𝜃𝐹𝑖−1
is an external base of the set 𝐹𝑖−1, the closed set 𝐹𝑖−1 is distinguished

under the mapping 𝑓𝑖 ∶ 𝑋 → 𝑌𝑖, and 𝑓𝑖 is a homeomorphism on the set 𝐹𝑖−1.

Now consider the set Φ = [⋃ 𝐹𝑖] and the system 𝜃 = ⋃∞
𝑖=1 𝜃𝐹𝑖

. We shall prove
that 𝜃 forms an external base of the closed set Φ. Indeed, let 𝑥0 ∈ Φ, and let
𝑂𝑥0 be an arbitrary neighborhood of the point 𝑥0 in 𝑋. Consider elements
𝑈 ∈ 𝜎 and 𝑈 ′ ∈ 𝜎 such that

𝑥0 ∈ 𝑈 ⊆ [𝑈] ⊆ 𝑈 ′ ⊆ 𝑂𝑥0.

Since 𝑥0 ∈ [⋃∞
𝑖=1 𝐹𝑖], there exists an 𝑖0 such that 𝑈 ∩ 𝐹𝑖0

≠ Λ

* A system 𝜎 = {𝑈} of open sets of the space 𝑋 is called an external base of
the set 𝐹 ⊆ 𝑋 if for any point 𝑥0 ∈ 𝐹 and any of its neighborhoods 𝑂𝑥0 in 𝑋
there exists an element 𝑈 ∈ 𝜎 such that 𝑥0 ∈ 𝑈 ⊆ 𝑂𝑥0 (see (8)).
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and 𝑈 ′ ∩ 𝐹𝑖0
≠ Λ. Then 𝑈 ∈ 𝜎𝐹𝑖0

and 𝑈 ′ ∈ 𝜎𝐹𝑖0
; consequently, (𝑈, 𝑈 ′) is a

regular pair for the system

𝜎𝐹𝑖0
= ℰ(𝑈 ∈ 𝜎, 𝑈 ∩ 𝐹𝑖0

≠ Λ).

Consider the system 𝜃𝐹𝑖0
, obtained by the 𝜃𝐹𝑖0

-refinement of the system 𝜎𝐹𝑖0
.

By the definition of a 𝜃𝐹𝑖0
-refinement, for the regular pair (𝑈, 𝑈 ′) there is an

open set 𝑉 𝐹𝑖0
(𝑈,𝑈′) ∈ 𝜃𝐹𝑖0

of type 𝐹𝜎 for which

[𝑈] ⊆ 𝑉 𝐹𝑖0
(𝑈,𝑈′) ⊆ 𝑈 ′.

Then
𝑥0 ∈ 𝑈 ⊆ [𝑈] ⊆ 𝑉 𝐹𝑖0

(𝑈,𝑈′) ⊆ 𝑈 ′ ⊆ 𝑂𝑥0.

Consequently,

𝜃 =
∞
⋃
𝑖=1

𝜃𝐹𝑖

is an external base of the closed set

Φ = [
∞
⋃
𝑖=1

𝐹𝑖] .

We shall prove that Φ = 𝑋. Suppose the contrary; let

𝑋 ∖ Φ ≠ Λ.

Consider the mapping

𝑓𝑖 ∶ 𝑋 → 𝑌 ⊆
∞
∏
𝑖=1

𝑌𝑖,

which is the product of the mappings 𝑓𝑖 ∶ 𝑋 → 𝑌𝑖. The mapping 𝑓 is also
perfect (see (6)), and for every point 𝑥 ∈ 𝑋 necessarily

𝑓−1𝑓𝑥 =
∞
⋂
𝑖=1

𝑓−1
𝑖 𝑓𝑖𝑥.

Moreover, each 𝑉 ∈ 𝜃 is marked under the mapping 𝑓 (see (6), p. 108), but, since
𝜃 is an external base of the closed set Φ, Φ is also marked under the mapping
𝑓 , i.e. 𝑓−1𝑓Φ = Φ, and 𝑓|Φ is a homeomorphism. Then the set Γ = 𝑋 ∖ Φ will
be marked, i.e., if 𝑥0 ∈ 𝑋 ∖ Φ, then

𝑓−1𝑓𝑥0 ⊆ 𝑋 ∖ Φ

or
𝑓−1𝑓𝑥0 ∩ Φ = Λ.
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On the other hand, 𝑓𝑖 ∶ 𝐹𝑖 → 𝑌𝑖 is irreducible; consequently,

𝑓−1
𝑖 𝑓𝑖𝑥0 ∩ 𝐹𝑖 ≠ Λ

for every 𝑖, and hence, all the more,

𝑓−1
𝑖 𝑓𝑖𝑥0 ∩ Φ ≠ Λ.

Moreover,
Φ1 ⊇ Φ2 ⊇ ⋯ ⊇ Φ𝑖 ⊇ ⋯ ,

since
𝑓1 > 𝑓2 > ⋯ > 𝑓𝑖 > ⋯ .

Consequently, the intersection of the bicompact sets Φ𝑖 is nonempty:

∞
⋂
𝑖=1

Φ𝑖 ≠ Λ.

But then
𝑓−1𝑓𝑥0 ∩ Φ =

∞
⋂
𝑖=1

(𝑓−1
𝑖 𝑓𝑖𝑥0 ∩ Φ) =

∞
⋂
𝑖=1

Φ𝑖 ≠ Λ

for 𝑥0 ∈ 𝑋 ∖ Φ. We have obtained a contradiction. Thus necessarily Φ = 𝑋,
and therefore the mapping

𝑓 ∶ 𝑋 → 𝑌
is a homeomorphism into the metric space

∞
∏
𝑖=1

𝑌𝑖

with a countable base, and the base 𝜎 is countable.

The main theorem is completely proved.

§ 4. The general case
Theorem 2. Let a normal space 𝑋 have pointwise weight∗ 𝜏 and admit a
perfect mapping onto a space of weight 𝜏 . Then the weight of the space 𝑋 is
equal to 𝜏 .
The proof of Theorem 2 is analogous to the proof of Theorem 1 and is based on
the following lemmas.

Lemma 4. Let a normal space 𝑋 admit a perfect mapping onto a space 𝑌 of
weight 𝜏 , and let 𝜎 = {𝑈} be a system of open subsets of 𝑋 of type 𝐹𝜎 and
of cardinality ≤ 𝜏 . Then there exists a space 𝑍 of weight ≤ 𝜏 and a perfect
mapping

𝑔 ∶ 𝑋 → 𝑍,
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under which all 𝑈 ∈ 𝜎 are marked.

Lemma 5. Suppose that in a normal space 𝑋 there is a base 𝜎 of pointwise
cardinality ≤ 𝜏 , and 𝐹 ⊆ 𝑋 is a closed set in which there exists a dense set of
cardinality ≤ 𝜏 . Then the system

𝜎𝐹 = ℰ(𝑈 ∈ 𝜎, 𝑈 ∩ 𝐹 ≠ Λ)

has cardinality ≤ 𝜏 .
Lemma 6. Let

𝑓 ∶ 𝑋 → 𝑌
be a perfect irreducible mapping of the space 𝑋 onto a space 𝑌 of weight 𝜏 .
Then the space 𝑋 has a dense subset of cardinality 𝜏 .

∗ A system 𝜎 of open subsets of 𝑋 has pointwise cardinality ≤ 𝜏 if any point
𝑥 ∈ 𝑋 is contained in no more than 𝜏 elements 𝑈 ∈ 𝜎. The space 𝑋 has
pointwise weight 𝜏 if in 𝑋 there exists a base 𝜎 of pointwise cardinality ≤ 𝜏 ,
but there does not exist a base of pointwise cardinality ≤ 𝜏 ′ < 𝜏 .
What spaces, then, admit perfect mappings onto spaces of weight 𝜏? In order
to answer this question, let us introduce the following definitions.

Definition 1. A space 𝑋 is called (𝜏, ∞)-compact if from every open cover 𝜔
of it one can extract a subcover of cardinality ≤ 𝜏 .
Definition 2. Let 𝑋 be a completely regular space, and let 𝑏𝑋 be its bicompact
extension. We shall call the space 𝑋 a 𝑝𝜏 -space if in 𝑏𝑋 there exists a feathering
(in the sense of A. V. Arhangel’skii (1,2)) of cardinality 𝜏 .
Theorem 3. In order that a space 𝑋 admit a perfect mapping onto a space of
weight ≤ 𝜏 , it is necessary and sufficient that the space 𝑋 be a (𝜏, ∞)-compact
𝑝𝜏 -space.

§ 4. Hereditarily finally compact spaces and statements of problems.
At the seminar of P. S. Aleksandrov the following problem was posed.

Problem 1. Will a hereditarily finally compact space 𝑋 with a point-countable
base 𝜎 be metrizable?

This problem, it seems to me, has transcendental difficulties, and we shall now
show that it is, at least in one direction, connected with the classical Suslin
problem.

Theorem 4. Suppose there exists a nonseparable ordered bicompactum 𝑋 satis-
fying the Suslin condition. Then there exists a nonmetrizable hereditarily finally
compact space 𝑋0 ⊆ 𝑋 with a point-countable base.

Proof. Indeed, an ordered bicompactum satisfying the Suslin condition is per-
fectly normal, hence hereditarily finally compact and satisfies the first axiom of
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countability. To each transfinite number 𝜆 < 𝜔1 assign a point 𝑥𝜆 ∈ 𝑋 in such
a way that 𝑥𝜆 ∈ 𝑋 ∖ [{𝑥𝜆′ , 𝜆′ < 𝜆}]. The points can be chosen in this way,
since 𝑋 is nonseparable. Now for each point 𝑥𝜆 consider a countable system of
neighborhoods {𝑈𝑖𝑥𝜆} = 𝜎𝜆, under the condition

[𝑈𝑖𝑥𝜆] ⊆ 𝑋 ∖ [{𝑥𝜆′ , 𝜆′ < 𝜆}],

forming a base at the point 𝑥𝜆. Consider the subspace 𝑋0 = {𝑥𝜆, 𝜆 < 𝜔1}, the
system 𝜎 = ⋃𝜆 𝜎𝜆, and the system 𝜎∗ = {𝑈 ∩ 𝑋0, 𝑈 ∈ 𝜎}. It is not hard to
prove that 𝜎∗ is a point-countable base, and since the space 𝑋 is nonseparable, it
follows that the hereditarily finally compact space 𝑋0 with the point-countable
base 𝜎∗ is nonmetrizable.

Problem A. Is Problem 1 not equivalent to the Suslin problem?

Problem B. Does there exist a nonseparable perfectly normal bicompactum?
Is this problem not equivalent to the Suslin problem?

Problem V.Will a paracompact 𝑝-space with a point-countable base be metriz-
able? (A. V. Arhangel’skii’s problem.)

In connection with A. V. Arhangel’skii’s problem we formulate a narrower
problem.

Problem G. Suppose a space 𝑋 admits a perfect irreducible mapping onto
a metric space, i.e. it is coabsolute with some metric space and has a point-
countable base. Will 𝑋 be metrizable?

Moscow State University
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