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1. The present note is a continuation of the author’ s work (°). In this note all
special terms and notations not explained are understood in the same way as in
(2-°). In (°) the notion of a constructive generalized function was defined; it is

a constructive analogue of the classical notion of a generalized function defined

in (%, 7).

Let us introduce some further notions and notations: let ®,, ®, be constructive
generalized functions and let a, b be real duplexes, a < b. Take a fixed natural
number k such that k& > max(]a|O|b|). We shall say that ®; is equal to @, in
the interval aVb, if there exists a word P of type such that L(P) < {* and

Ve(a <z <bDIKOl—mO{®},)(x)—

IO n0{®,},)(x) = G(P) (),
where m 2 | @4, n 2 |Ps|g, | & max(mOn), and G is the algorithm defined
in Sec. 1 of (°).

It is not difficult to prove that in the indicated definition, instead of k£ one may
take any natural number greater than or equal to max(|a|d|b|).

We shall say that ®, is equal to ®, in the interval aVoo, if there exists an
algorithm B of type ( = ) possessing the following properties:

1) Vk (k> a DIB(k));
2) Vk (k>a D L(P(k)) <1,);
3) Vkz (a <z <k D I(kOl, — m,O{®,},)(x)—

— (kD — my,D{ @y} ) (2) = G(B(K)) (),
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where my, 2 P4, 1, 2 |Pylk, I & max(m;Ony).

In an analogous way one may define the notion that ®; is equal to ®, in the
interval —ooVa.

Theorem 1. There exists an algorithm that transforms every word of the form
aVb®,, where a,b are real duplexes, a < b, and ®, is a constructive generalized
function, into a word of the form nOmy such that &, is equal to D(nOR(my))
in the interval aVb.

In other words, in every finite interval every constructive generalized function is
equal to a derivative of some order of an almost uniformly continuous function.

* The notation < is understood in the same way as in (°).

We shall say that the segment a/\b is a carrier of the constructive generalized
function @, and shall write

(aAb carries @),

if ®, is equal to zero in the intervals —ooVa and bVoo.

Let ®; be a constructive generalized function. We shall say that ®; is a con-
structive generalized function with bounded carrier if

3k (—kAk carries D).

Theorem 2. There is no algorithm that transforms each constructive gen-
eralized function ®, with bounded carrier into a natural number k such that
(—kAk carries @).

Theorem 3. a) Every constructive generalized function with bounded carrier is
a constructive generalized function of finite order; b) there is no algorithm that
transforms each constructive generalized function with bounded carrier ®, into
a natural number n such that ®, is a constructive generalized function of order
<n.

2. Passing to the consideration of sequences of constructive generalized func-
tions and of the limits of such sequences, we first introduce some notation: let
m; be a word of type m, i.e. the complete code of an almost uniformly con-
tinuous function. We shall denote ©(ndR(m,)) by m<1n>. If two constructive
generalized functions ®; and ®, are equal in the interval —kVEk, we shall write
D, = D,.

Let A; be an algorithm of type (n — m) and X a word of type m. We shall write
(X predck/\l) if £(kOX) is the limit of the sequence defined by the algorithm

(§,00 A,) in the space C.
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Let ¢ be an algorithm of type (n — ®), i.e. a sequence of constructive generalized
functions. We shall say that the constructive generalized function ®, is the limit
of the sequence ¢ in the interval —kVE if

imyhy (@ = my” &V (p(n) = A (0)D) & (my prede, M),

*
where \; is a variable for algorithms of type (n — m).

We shall call ¢, the limit of the sequence p, if for every k, ®, is the limit of
the sequence ¢ in the interval —kVk.

Theorem 4. a) Every constructive generalized function is the limit of a sequence
of regular constructive generalized functions; b) every constructive generalized
function is the limit of a sequence of constructive generalized functions with
bounded carriers.

It is not difficult to prove the following assertions:

1) If my is the limit in the space € of a sequence A of words of type m
(i.e. for every k, £(kOm,) is the limit in C}, of the sequence defined by the
algorithm (£,00 \)), then R(m,) is the limit of a sequence of constructive
generalized functions defined by the algorithm (R o \).

2) If @, is the limit of the sequence ¢ of constructive generalized functions,
then for whatever natural number m, © (mO®, ) is the limit of the sequence
of constructive generalized functions defined by the algorithm (©,,00 ).

Let a real duplex a, be given. Let k be a natural number, mf a word of type
mF and A an algorithm of type (0->m*), applicable to any-

to any duplex a # a. We shall say that m’f is the limit of A as o — «, in the
space C}, if

VidjVa (—k <z <k&0<|a—ay <279 D mk(x) — Aa)(z)| < 279).

Let m; be a word of type m, and let A be an algorithm of type (0 — m),
applicable to every duplex a # «,. We shall say that m, is the limit of A as
o — oy in the space C),, and shall write

(my pred A),

C(a—ag)

if £(kOm,) is the limit of (gk,:, o)) as @ — « in the space C,.

Now let ¢ be an algorithm of type (0 — @), applicable to every duplex o # ay.
We shall say that the constructive generalized function ®; is the limit of ¢ as
o — ay, if for every natural number k the following holds:
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Jigm, Ay (@, = m\” & Var (0 < o — | < 279

5 p(a) = Ay (@) & (my predg, 0 M),
where JA; is a variable for algorithms of type (9 — m), applicable to any duplex
o # .

3. We define the operator of a linear change of variable for constructive gener-
alized functions.

Let a # 0 and S be real duplexes, and let ®; ~ X7Y7Z7T be a constructive
generalized function. Construct an algorithm 7 of type (n — n) such that

Vk (n(k) > |afk +[B]).

Construct algorithms A of type (n — m), N of type (n — n), Q of type (nn — n),
such that

Vnx (A(n)(x) ~ (X)(n)(az + B));

Vhkm (Q(kDm) ~ (T)(n(k)Tm)).

It is possible to construct an algorithm P of type (nn — p) such that, for any k
and n, L(P(kOn)) <p (p =~ N(k)), and for every = in —kAk:

S(pUA(n))(z) + G(P(kUn))(x) =

- S(pO(X)(n)) + G((Z)(n(k)Dn))(azx + B).

oP

It is not difficult to prove that the word EA3TEN3TEP3TEQRS represents a con-
structive generalized function. One can construct an algorithm which transforms
each word of the form aJB0®; into the corresponding word EA3TEN3TEP3TEQS.
We shall denote this algorithm by £.

Let ¢ be a real duplex. Denote by ¢ a word of type m such that

Va (&) = o),
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and then denote R(¢) by ¢. Then ¢ is a constructive generalized function.

A constructive generalized function ®, is called constant if there exists a real
duplex ¢ such that ®; = c.

Let a constructive generalized function ®; and a real duplex z be given. We
construct an algorithm ¢ of type (D—®), such that for any a # 0:

v(a) = L(aOz,00,). (1)

Copying the classical proof (see (°), § 16), we can prove the following assertion:
if there exists such a constructive generalized function ®, that ®, is the limit
of p as @ — 0, then ®, is constant.

We shall say that a real duplex c is a value of the constructive generalized
function ®, at the point x,, and shall write

(c val, ®,),

if ¢ is the limit of the algorithm ¢, defined by formula (1), as a — 0.

The point x, is called a regular point of the constructive generalized function
O, if Je(e val ®,); it is called a singular point of @, if it is not a regular
point of ®,.

It is easy to prove that if ®; is equal to R(sh;) in some interval aVb, where sh;

is a word of type sb, then every point x, in aVb is a regular point of ®,, and
whatever the point z; in aVb, (5h1(m0)Lale¢1).

Lojasiewicz’ s theorem (Theorem 2.3 (8)) is transferred into constructive math-
ematics in the following way.

Let @, be a constructive generalized function and z, a real duplex. Let k > |z,].
The real duplex c is a value of ®; at the point x, if and only if there exist a

number n and a word sh; such that ®, is equal to 5h(1n) in —kVk, and ¢/n! is
the limit of the function f, defined by the formula

Va (f(z) = shy (2) « (x —x)"),

as T — xg.

Theorem 5. One can construct a constructive generalized function ®; pos-
sessing the property: there is mno function f of a real variable, defined at all
reqular points of ®;, and such that at every regular point x, of ®; one has

(f(xo)Lal%‘Iﬁ)-

The proof of this theorem is based on Theorem 5.1 from () and the lemma of
§ 1, Chapter III from (*).
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Theorem 6. There exists such a constructive everywhere-defined function f of
a real variable that there is no constructive generalized function ®, satisfying
the condition:

Var (f(2)val, @,).

The question of a constructive analogue of the concept of generalized function,
based on the concept of a linear continuous functional in the space of finite
infinitely differentiable functions, will be considered in another communication.

The author expresses deep gratitude to A. A. Markov and N. A. Shanin for
valuable advice.
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