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Here the results of papers (12) are extended to the case of a domain with an
arbitrary smooth boundary.

Let the differential expression Lu = a*/ [ aiuzi + au be elliptic everywhere

in the bounded domain D C R, with boundary D, except for a closed set
Dy C D. The coefficients a(z), a’(z), a(z) are real functions belonging to C!
in any closed subdomain D \ D,. In addition, we shall assume that Ly — ayp,
for any function ¢ € C*°(R,,), is bounded above by a constant ¢ = ¢(p).

Let the domain D belong to the class A® (see (*)) and let D, = D’ U D”,
where D’ and D” have no common points, and their boundaries I and T on
D belong to A®). As is known, for sufficiently small § > 0 there exists a finite
covering of the 26-neighborhood of D such that the intersection with D of each
of the domains of the covering, by means of a nonsingular (for each domain of
the covering, generally speaking, its own) transformation

ym:ym<x17IQa"~7$n)a m:1727~"7na (1)

is transformed into a domain of special form (for example, a half-ball of radius
p < 1); moreover, the quantities y,, (z) corresponding to different domains of
the covering coincide on the intersection of these domains, and the quantities
Y,,_1(2), in addition, coincide on the intersection of domains covering the 26-
neighborhoods of IV and I'”. Depending on this, we shall denote by: 77, (a € 21")
the domains of the covering having common points only with D’; T (« € 2”)
those having common points only with D”; E} (k € K’) those having common
points with I'; £} (k € K”) those having common points with I'”. By G
(B € B) we shall denote the domains forming a finite covering of the part of D
remaining after removing the 26-neighborhood of D,. It may be assumed that
the distances of | J 77, to I, of |J T to I'”, and of Uﬁ G to Dy are not less
than §. We shall denote by
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Lv = by w T )

Y n +av

Yo

the differential expression into which L is transformed after the transformation
(1).

1. Consider the boundary-value problem:

Lu= fin D; u=0on D, =D\ D; u=0onD". (2)

It follows from (?) that a solution of problem (2) exists and is unique if in D\ D,
there exist a homogeneous majorant Hy(xz) and an inhomogeneous majorant
H(x) of the equation Lu = f, possessing certain properties. The following
conditions ensure the existence of such majorants.

1.1. For every a € 2" there exist functions p,(s), ¢,(s), continuous on (0, 1],
such that

" (y)/0"" (y) = Pa(yn);
1 1 1
/ ePa(s) ds = 0o, where P, (s) = / Do (t) dt; / e~ PalMg (r)dr < oo;
0 s 0

1<i<n J

1
M (@) = max ¥ (x)(y,,),, < coeFan@) / el ds,
Y (T)

n

[f(@)] < 0" (y(2))qq (Y, (2)),

where z € T, N D and ¢, > 0 is a constant.

1.2. For each o € A” there exist functions p,(s), ¢,(s), continuous on (0, 1],
such that

o™ (y) /6" (Y) < po(Yn);

1 1
/ ePa<s) ds < 0, where Pa<5> = / pa(t) dt’
o s

1,1 Yn ()
/ / ePa(S)fpa("')qoé (,],.) dr ds < 00, 77”<‘f1;) S Caefpaﬁln(a:)) / ePa(S> ds7
0 s 0
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[f(@)] < 0" (y(2))qq (Y, (2)),

where z € T/ N D and ¢, > 0 is a constant.

1.3. For each k € K’ there exist functions p;(o,t) and g,(t), continuous for
t €10,1] and o € [—2,2], except for the set t =0, 0 < ¢ < 2, and moreover

b™ (y) T .
ot > o, [ o)
1)

1
T ini(y) 2 y?éi)é(l/s Pr(Yn_1,t) dt;

) - }
——— 7 _ > su — _,t)dt y.
prLn—l(y) = 0<rI<)s | Pi(Yp_1,t)

Yp <8<1

Denote

Qp(T,8) = /; /slpk(a,t) dt do

and suppose that

- Yn-1 1
lim,_,, sup —/ / pr(o,t)dtdo p < oo;
—2<7<y,, 1<2 T s

1 40 1 o
/ / eQr(™9) dr ds = 0o; / / e@Qrlm9) drds < 0o for o < 0;
0 J-2 0 J-2

for c* €[0,2], 0 <0o*, s>0(s>0, if c* =0)

*

mp%(]/ eQx(T:3) dT// e@r(T:8) dr <c¢p p=+(o— O.*>2 + 52
) 2

the integral

1
/ e~ QT g, () dr
0

converges uniformly for 7 € [—2,2];
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—2<7T<Y, 1

1
0,(z)<e¢, min ()e—kam» / (Qu(r3) ds;
* Yn(T)

n

Yn-1(®)
@nq(x) < Cp, min e*Qk(?/n—l(“ﬂ’)vs)/ er(T,S> d»,—;
Yo (2)<s<1 L,

|f(2)] < 0" (y(2)) g (yn (),
where
; = max{n;(z), vVn;(x)} (i=n—1n);

M1 (@) = max a(2)(y, ), @€ ELND,

1<i<n

¢, > 0 is a constant.

1.4. For each k € K” there exist functions p;(o,t) and ¢, (¢), continuous for all
t € [0,1] and o € [—2,2], except, possibly, for the set t =0, 0 < o < 2, and
moreover

"W i [ )
() =y T [ , Pi(0:yy) do;

r
——— < inf / iy t)dt

n—1n—1 — k\In—1> ;
b (y) 0$<<Sr<<y1" s

and such a function wy, (o), continuous for o € [—2, 2], equal to zero for o € [0, 2]
and positive for o € [—2,0), that the condition

0
(1) < O (gs) / wp(o) do,
yn—l

where

(Y1) O™ Hy) /0" (y)
and 9(y,,_,) is a bounded function for y,,_, € [—2,0], is satisfied.
We shall assume that

T 1
lim sup / / pp(0,t) dt do < oo; (3)
870 —2qy, 1<T<2Jy s

n—1

1 1 1
/ / / eQu(T9)=Qu(m g () drdrds < co;  sup / e~ Q™ g, (r) dr < oo;
0 J-29s —2<7<0 Jg

Yn (@)
O,(x) <c, min e Q@) / CQu(m3) ggt
yn—l(a:)STSQ 0
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0
+ ey Qulin @) (o) /
Y

n—1

0
| rloran
(z) /s

2
O, (1) <c, inf e Qi@ / Q) -
0<s<y,, () Y1 ()

n—

Ona(x) < fory, ((z) <0y [f(@)] <" (y(@))ax(y, (7)),

where o € E N D and ¢, ¢;, > 0 are constants. Note that from condition (3)
there follows the existence of the integral

1 .2
/ / eQr(T:5) dr ds.
0 J—2

1.5. f(x) belongs to C* (0 < a < 1) in any closed subdomain D\ D), and there
exist constants g (8 € B) such that

|f(@)] < la(@)lqg
forzx € GgN D.
1.6. The functions p,,(s), ¢, (s), Qk(T, ), q;(s) satisfy the following “compatibil-

ity” conditions:

_ 1
lim |pa1 (S) _pa2 (S>| < o9 7(]@2 (S) < qal(s) < Calagqa2 (8)7

s—0 g0y

where 0 < s <1, T, NT, #0(T; NT; #0)andc, , >0isa constant;

Yn
L ePaopaln < / L Qe Qulrr) g < ¢l oPal9)-Palr);
Cka —2

1
7‘](1(8) S qk(‘S) S C;caqa(s)>
ka

where 0 < s < r < 1; %<yn_1<1; ke K', ae; T/ NE;, #0and ¢, >0
is a constant;

2
C%ePas)—Pm < / QU -Qurr) g < ¢ ePale)-Palr),
ko Yn-1

1
= 0a(8) < a1(s) < oa(s),
Cka
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where 0 < s <r < 1;
is a constant;

1<y 1<lLikeK' ac, T/NE] +0andc, >0

. 1
Qp, (1,8) — Qp, (T, 3)‘ < X5 E% () < i, (8) < €y, T, (9);
172

lim sup
50 _1<7<2

1

Chy kg

Wi, (Yp—1) < Wk, (Y1) < Cky ko Wk, (Y1)

where

0<s<ly —2<y,,<0; E, NE_ #0(E, NE #0) and ¢, >0

is a constant.

Theorem 1. Suppose conditions 1.1-1.6 are satisfied. Then, for a(z) < —ay,
where a is a sufficiently large positive constant, there exists a majorant H(z)
of the equation Lu = f in D\ D, such that H(z) > 0 in D and H(xz) — 0 as
x— D",

Theorem 2. Suppose the conditions of Theorem 1 are satisfied. Then there
exists a majorant H,(x) of the equation Lu = 0, moreover Hy(z) > 0 in D, and
for every € > 0 there exists p = p(e) such that H(x)/H,(x) < ¢ for z belonging
to the p-neighborhood of D,.

Theorem 3. Suppose the conditions of Theorem 1 are satisfied. Then there
exists a unique solution of problem (2) satisfying the estimate |u(z)| < H(x)
(x € D).

2. Consider the boundary-value problem:
Lu= fin D; Ru=0on D, = D\ Dy; u=0on D", (4)

where the boundary operator R = —A 9/9v + B satisfies the conditions:

2.1. A(z) and B(z) are positive and belong to C1™® in any closed subdomain
of D;.

2.2. The direction v forms an acute angle with the inner normal to D, and in

a d-neighborhood I'V[T"”] the inequalities hold

A(2)0y,,_1/07 < ey (2) [~ A(2)0Y,,_1 /07 < enpy_y (2)].
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Theorems analogous to Theorems 1 and 2 are valid, from which the following
follows.

Theorem 4. Suppose the conditions of Theorem 1, 2.1, 2.2 are satisfied and
B(z) = by, where b, is a sufficiently large positive constant. Then there exists
a unique solution of problem (4), satisfying the estimate

lu(x)| < H(z) (z € D).

3. The consideration of problems (2) and (4) with inhomogeneous boundary
conditions is connected only with questions of extending functions given on
the boundary into the interior of the domain in a certain class of functions.
Therefore the corresponding results of work (2) carry over almost without
change to the case of an arbitrary smooth domain.

The author expresses his gratitude to Prof. S. G. Krein for valuable discussions.
Voronezh State University
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