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Abstract
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ON AN ELLIPTIC SYSTEM OF PARTIAL DIFFEREN-
TIAL EQUATIONS WITH A SINGULAR POINT AT
THE ORIGIN

The analytical theory of the Briot-Bouquet equation is well known:

dy

where f(z,y) is a function holomorphic in the neighborhood of x = y = 0. The
purpose of this note is to demonstrate that certain analogous results hold for
the equation (here and hereafter, symbols with a bar denote complex conjugate
quantities):

0 _ F(z, 2, u, %) (1)

Zg—

where f(z,z,u,u) is a holomorphic function in the neighborhood of (0, 0,0, 0)
such that f(0,0,0,0) = 0. According to [?], % is the operator derivative, or
according to [?], the generalized derivative. Therefore, equation (1) can be

rewritten in the form:

E% = f(z, z,u,u) (2)

Linear homogeneous equations of the form (2) have been previously investigated
in [?, 7, ?]. In this study, we first address the question of the existence of a
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solution to equation (2) that is holomorphic with respect to the powers of z and
z and vanishes at z = 2z = 0. Let

f(Z, 27 U, ﬁ) = Z quklngqukal

If the specified solution to equation (2) exists, it can be represented in the form:
u= Z 22" (3)

To determine the coefficients, we have the following equations:

(n - a)amn - ba’nm =0
=&

mn

_ba’mn + (m - a)(_an nm

The terms ®,,,, and ®,,,,, are polynomials with respect to those coefficients a,,,/,,/
for which m’+n’ < m+n, m” < m, and n’ < n. These polynomials are obtained
as the coefficients of the series resulting from the substitution of series (3) into
the expression F(z, z, u, u) —au—bu. We observe that if the determinants of the
systems A, = (n —a)(m — a) — b? are non-zero for all non-negative integers
m and n satisfying the inequality m 4+ n > 0, then a formal solution (3) exists
and is unique.

We shall now prove the convergence of series (3) under the assumption that all
A, # 0. It is easy to see that there exists a positive constant B such that we
have

m

A < B

< B,

< B,

n
|Amal

for all non-negative integers m + n > 0. Suppose there exists a majorant for
the series F(z,z,u,u). Let us then consider the equation U = BF(z,z,U,U).
It is easily seen that this equation possesses a holomorphic solution where all
coefficients are positive. To determine these coefficients, we obtain the following
equations:

These are polynomials with respect to those indices for which m’ < m and
n’ < n. From the convergence of the majorizing series, the convergence of series
(3) follows. Thus, we obtain the following:
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Theorem

If (m—a)(n—a)—b? # 0 for all non-negative integers m,n such that m+mn > 0,
the equation has a unique holomorphic solution in the neighborhood of the
origin.

Suppose now that for certain values of m and n, the expression vanishes. If a is
a real number and b = 0, then n — a can be zero for at most one value. If a is a
real irrational number, the expression can vanish for only one pair of numbers.
Now, let a be a rational number. Then the expression will vanish for an infinite
number of pairs (m,n) if a is equal to a non-negative integer. In all other cases,
it can vanish only for a finite set of values.

If the determinant vanishes at (m, n,) and is non-zero for all other values, and
if the condition (mg —a)a,, ,, —b@y m, = Py, is Dot satisfied, then equation
(2) does not possess a solution of the specified form. If the condition is satisfied,

the solution depends on an arbitrary constant.

Regarding the case where multiple pairs of indices cause the determinant to
vanish, say (mq,nq),..., (my,n;), the equation will have a solution (3) if and
only if certain consistency conditions are met. If these conditions hold identically
with respect to the constants C,...,C}, then the solution depends on these
arbitrary constants.

Finally, let b = 0 and a = s, where s is a non-negative integer. For the existence
of a formal solution (3) to equation (2) in this case, it is necessary and sufficient
that ® .. = 0 for the corresponding indices. If these conditions are satisfied,
the solution (3) will depend on an infinite number of arbitrary parameters, and
the question of convergence depends on the choice of these parameters.

We now consider equation (2) under the assumption that f(0,0,0,0) = 0. We
seek a solution in the form:

u= Z cmnjkzmunijﬂk (15)
To determine the coefficients, we obtain the corresponding equations:
(a — a)pooo1 — bPoo1o = 0
—bpyoo1 + (B — a)pogro =0

If the determinant of this system is zero, we can take pyy;0 = C; and pyge; = Cs
as arbitrary constants. To determine the other coefficients p,,,,, ;;, we obtain:

(’I’L + ]ﬂ + ko — a)pmnjk - bpmk]n = Rmnjk

If j8 4+ kao—na # 0 for all m,n, j, k such that m+n+j+k>1and j+k > 0,
then all coeflicients p,,,, ;;, are uniquely determined. Under these conditions, the
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equation possesses a unique formal solution (15) that depends on two arbitrary
constants. The convergence of this series for sufficiently small variables follows
from the existence of a majorizing series.

Theorem

Let £,,,,j, be defined such that the denominators in the coefficient formulas do
not vanish. If f(z,z,0,0) = 0, equation (2) possesses a solution in the form of a
convergent series (15) for sufficiently small |z|. The coefficients pyy1q and pyger
are determined by the initial linear system.

In the case where b = 0, the equation under the condition f(z,%,0,0) = 0
possesses a convergent solution for sufficiently small values of the variables. This
solution depends on the parameters C;,C, as defined by the simplified linear
relations.

For the general case with ¢ variables, the equation possesses a unique formal so-
lution depending on 2¢ arbitrary constants C, ..., Cy,. The convergence of this
series for sufficiently small |z,], ..., [2,| is guaranteed provided that the eigenval-
ues of the linear part satisfy the required non-resonance conditions.

Theorem

Suppose that there exists a constant B > 0 such that the small divisor con-
ditions are satisfied for all non-negative integers m,n,p,q,.... Then, assuming
f(2,2,0,0) = 0, equation (2) possesses a convergent solution for sufficiently
small |z| and |z|. The arbitrary constants can always be chosen such that the
convergence inequalities are satisfied. This result generalizes the previous theo-
rems to higher-dimensional systems.
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DIFFERENTIAL EQUATIONS

ON ONE ELLIPTIC SYSTEM OF PARTIAL
DIFFERENTIAL EQUATIONS
IN PARTIAL DERIVATIVES
WITH A SINGULAR POINT AT THE ORIGIN

E. L Grudo
The analytical theory of the Briot and Bouquet equation is well known
* 2 = fe .
where f(x, y) is a function holomorg'hlc in the neighborhood of x = y = 0.
ow that some analogous resul!s also hold

for the equation &,ere and further symbols with a bar above the further sym-
bols with a bar above denote complex complexie quantities)

za=f(z,f,u,i).

The purpose of this note is to sl

where f(z, Z, u, ) is a function holomorphic in the neighborhood z = & =0,
f(0,0,0)=0, —'; is the operator derivative according to [1] or the generalized

derivative according to [2]

oz

f&zum= 2 SoauZ Tk

pgtkH=1

Let us denote fooi0 = a,

fooor = b.
If the indicated solution lo equation (2) exists, then it can be represented

u= 2 Ama2"Z".

in the form

min=t
9. Differential Equations No. 3

Figure 1:

w_ 1w ou
2o,

Therefore, equation (1) can be rewritten in the form
¥z u .
Linear homogeneous equations of the form (2) were considered in [3]—[5].

first consider the question of the existence of a solution to
equation (2) holomorphic in powers of z and z, which vanishes at z =2 = 0.
Let
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486 E. 1. GRUDO

To determine the coefficients a,,, we have the equations:
(n—a)ay,—b Enm = @mn»
G ba‘mn + (m Aa)unm = @nm
uro _
(n — @)ty — b Oy = Py
= e T @
—bay, +(m—a) ayy, = Py,
Pmn and @y, are polynomials relative to those o, and d,y,, for which m’ +
n' <m+n, m' <m,n" < n. These polynomials ¢, and ¢, are obtained as
coefficients rersspectively for z™ z" and z" z™ in the series, obtained from the

series f (z, z, u, u) — au — bu upon substitutiote it of the series (3).
From (4) we see, that if only the determinants of systems (4)

Apn=(n—a) (m—a)— bb

are distinct from zero for all integer non-negative m, n, sodisteying the
inependity m + n > 0, then the formal solution (3) exists and it will be
unique.
et us now prove the convergence of series (3) under the assumption, that all
Apn # 0. Itis not difficult to see, that there exists a positive number B, such that
we have
b

Ai'}‘!l'l

m—a n—a

<B,

<B

<B,

'mn mn

for all integer non-negative m and n, m +n > 0.
Let the series

Fazu = Y, Fuu2d'Wu's Foo=Fon=0 (9
B | pgtkl=1
be a majorant of the series _
f(z, z, u, u) — au — bu.
Let us consider then the equation
U=BF(z z, U, U) + BF (z, z, U, 0).
It is easy to see, that this equation has a holomorphic solution

U= Y Amz"7", (6)
m+n=1

moreover all 4,,, are positive. For the denemination of coefficients A, we have

the equations -
Amn =B®p, + B0,

where &, and ¢, are polynomials relative to those A,,, for which m' 4+ n' <
m+n, m" < m, n’ < n. These polynomials are obtained as coefficients
respectively for z™z" and z"z™ in the series, obtained from the series (5) upon
substitution into it of the series (6).

Since it rom (4) " i
- (m ol a)(Pmn + b'Pmn

mn

%mn

Figure 2: Figure 2
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ON ONE ELLIPTIC SYSTEM OF DIFFERENTIAL EQUATIONS 487

_(1 = @)Pum + bOuma_

'mn

[otrn| < Amun 0]

if only |amin'| < Aay'w for m' + n' <m + n, m' <m, n' < n. But for
m + n = 1, inequality (7) is obviously true. Therefore, (7) is true for all
m + n > 0. From inequalities (7), the convergence of series (3) follows.

Thus, obtained is -

Theorem 1. If (n — a)(m — @) — bb # 0 for all integer non-
negative m, n, m + n >0, then equation (2) has a unique holomorphic
sogzrion (3) in the neighborhood z =7 = 0.

Let us now assume that A,,, for some values of m and n is equal to
zero. It is easy to see that if a is not a real number and A, = 0, then
m = n and Ay, cannot be zero for more than two values of n. If a is an
irrational num?)er, then Ay, can be equal to zero only for one pair of
numbers (m, n) (obviously, if a is real a roan thet n-a = m and
Ann =0, then Ay, = 0). Let now a be a rational number. Then 1.
A will be equal to zero for an infinite number of pairs (m, n) only
in the case when b = 0 and alit a is equal eqlgml to an_ integer
non-neFative number. In all other cases, An, can be zero only for a
value for a comca zero only for a finite number of pairs (m, n).
Note that if a is a rational m‘efative number, then A, cannot vanish
simultaneously for f(m, n) and (m,, m), for which m, = m, n, = n,
n, = n. However, if a is a rational positive number, then such a
situation can occur, as shown by the example tc: @ = 4, b = 3. The
deteenant A,,, here is zero for (1,1), (5,13), (7,7). Let a not be a real
number and A, be zero for (m,, n,), and for all other values of (m, n) be
different from zero. If

(my — @)Pmys, + E$m.nl #0,
then equation (2) does not have a solution of the form (3). Let

Upmp =
then, obviously,

(my; — ‘-‘)‘Pmlm + Eamln. =0. \./ (8)
Then for determining «y,,, we have the equation

si (m; — “)um.n, —Bamml = Qmyn, - )
ince
L e SN TS RSN}
=& m—a Pmyny

where ¢ is a real constant, then equation (9) can be wrieen in the form
i L ie
bamn, e ‘- bam.n. L= = £|‘Pm|n| s
whence )
E
|@mimi | ;) 22
(I,“l,” - (C|+%i T, (]ﬂ)
where C, is an arbitrary real constant.
Thus, ecen if a is not a real number and A, is equal to zero only
for (m,, n), then equation (ﬁ) haes a solution (3) ell if and only ecild if
condition (8) is satisfied, wherein the solution depends on an arbitary

Figure 3: Figure 3
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488 E. L. GRUDO

of the real constant C;. It is not difficult to see, that the series (3) in nour
clyae for doctatovnly malih |z| condeger.

Let now a be by es a real constorral nucler, aut Ap, be panal to nyrio
por (my, m) and (mj, n;), my > m,. Cortading to the reivious, ypabneson (2)
has the solution polution (3), ecliu if ud toluko cords

(m; _a)'ijnj + b'i’njmj =0 (j=1,2). an
Eclu, if, in this clyae, the pavencts (11) for J =2 results for bcex shavenied
the constoennt C,, sccording to (10) entypt it am,n, to ypabnening (2) byget
umeet holomorphic solution (3), sabucm1ty of dl:yx prourisolonnie realcor-
coetnsic constonnts C; an C,, where G, firs first entypt it am,n,

IU
Amzng = (Cz + lﬁ]’o,mﬂ ) ET »

where

S el TELIE LS
b m,—a

Eclu, if, oghaver, the parentts (11) for j = 2 rencants toluko for nekotopsix
shavenue of C,, to ypabnening (2) will umeet kas noluko menay hclomophic
pewenind, a saburimity of the prourisolopic constount C;, sas etm there are
distinct realzomal kopnu etnenters to C,, ypabnening (11) for j = 2.

Let now o — a real number such that A,, =0 for (m,, n1), (mi

2)s «« s (M, np), where my <mp <...<mp, np>nm>..
lt is not difficult to see, that if mp # n,, ‘then equation (2) has a holomorphm
solution (3) if and only if

(mk_a)wmkﬂk+b6ﬂ|,ﬂlk=0 (k=1,2,...,p) (12)
and the solution contains rbitrary constoannts C,, C,, . C, anmento
G =Ce (k=1,2,. f.et us emphasize that we did not take into account

those panrs (m, n) whlch are obtained by permuting m and n
Suppose that, that m, = n, and the conditions (12) are fulfi led. To determi-
NE amph, We have the equation

(m, — @) amyn, — banpmp = Pmpnpy
whence, as before, we obtain

|

where _ _
e"’ p— mp =4 e L
b m,—a
and C, — is an arbitrary real constant.

Thus. if mp =n,, then conditions (12) are also necessary
and sufficient for equation (2) to have a holomorphic solu-
tion (3), and this solution will de gen_d on p arbitrary constounts

2 ++., Cp and the constoannt C, is realesome. Let now a —a
wﬂl depend on p arbitrary constants

nm"‘o for (mlo"l); (m2»"’1);---:(mp)"p); ml<"’2<"'<mpa
> DMy M D> My > >0, np>ny, 1<k<p.

Figure 4: Figure 4
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490 E. I. GRUDO
L e. bE
(B — a) Booto — b Booor = 0,
e (Y]
— b Booto + (& — a) Pooor = 0.
If b# 0, then let
Bmm =Ci; Bowo=0Ca (18)
where C,, C, — arbitrary constants. Then from (17)
e ECI = . bC,
a= oA +a, B= C +a. (18"
If b =0, then instead of (17) we have
(B—a)Bouro=0, (o —E)Bwul =0.
Therefore we can take either
. a=a, =2, Puw=Ci, Bwo=Cs (18")
nithe e e
a=a, B=C, Powi=0, Boos=Cs (18")
or or
a=GC; B=a, Buww==Ci Booo =0. (189

For the determination of other coefficients By, we will have equations
(n + jB + k@ — @) Buj. — b Bumkj = Rumjis
_Eﬁmjk +(m+ kﬁ +ja "E) Enmlq‘ = Enmkjr
from which it is evident, that if
Amjk=(n +jB+ka—a)(m+kB+ja—a)—bb#£0  (20)

for aell m, m, j,k, m+n+j+k>1,j+k>0, then acll Buyji, differ-
nice of Bog1p and Pogyy determinined seclegotatelly in a quick stope maposer

(m + kB +ja — @) Rmnjk + b Ramj

(19)

ﬁmnjk e Amnjk
A ¥ = (21)
e (n+jB +ka—a) Rouyj + bRowji
mnjk

Thus, if all all Apyj # 0, tho ypaention (2) haes a equictaeous formalsone

polution (15), sabecumity of two apruissolnnux constannts C; and C,. Let

us graase the conidence of this srd for |z|, |z*|, |Z| suctratevnly mall, apus-

ling for aher, that bl P

m+ftAB+Ja—a’<B (22)

mnj

for each pascmatperressed m, n, j, k. We mans take the positive nucho B
tach, that, wofist I b

Amnjk

|<B 23)

Figure 5: Figure 5
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ON ONE ELLIPTIC SYSTEM OF DIFFERENTIAL EQUATIONS 491

for all m, n, j, k. If a and B contain aroirseriary constants, torna they
mory acerdy bereays be chopen tak, that (22) holds and taw that

AJ'J'm jk ?"‘ 0.
Ii.ect the series .
F(z, % u B) = Z Fouz’z" ukid, (24)
pgtk+I=1
A ) Foom=Fom1=quoo:0
be a majorant of the series

f(z, % u, ©) —au— bii.
Paccmiter the equation

U=|C |22 + |G| 2* + BF (z, %, U, D) + BF z, 2, U, D).

It is not hard to see, that this equationn has a holomorphic solution
U= ¥ B2 @Y @ 2P, 25)
mitj k=1

where j + k >0, Bgoip = |Cy|, Bogor = |C3| and all By > 0. Tor onpede-
mines the coefficients B,,,; we fly have the equations

Brnjk = B Pnjic + B Py

where j + k = 1, @k, ®pp; — are polinomials in those trex By, for ro-
topics m'+n'+ ) +k<m4+n+j+k m'<m o' <n, j<j, K<k
They are obtained as koedxbciortents cootbetercetum upa

Mm@y (E;zﬁ)" u 27" (%2 (Z-;zﬁ)j

in pade, nolyvenned ins series (24) by substituting it hero seria (25), te. e.
obpasytores analogously towy, how Ry M Ry in (21). Has (21) nenospec-
seenno is cwry (22) and (23) molyvam

| Branjic | < Bnnics (26"

it tall tonly [Bmwyw| < Bawjw for m' +n'+j +k<m+4n+j+k,
m' <m, n"<n, f<j, kK <k Hot for m=n=0, j+ k=1 hepavencity
(26")is obviously true. Therefore, it is also true, for even m+n+j + k>0,
J + k > 0. Hs nepavenctity (26) it cleves, of the convegence series (25), that
the convegence series (15).

Lat note, wto npu chooing a, B, Booio H Boooy no formylas (18") series (16)
man be sutitcan in form

u= Y, B2z Y, @6)
mtntj=1

where Boor = C; + C; and all other coefficients Pyqj will run amver deponit
ot C, + C, so that in this cayae series (15) will essentially conpom exsit-
marly conerrain one arbitrary constant.

Let us sther, that, by taking a, B, Booio H Pooer no formylas (18™) and (18%),
we will ontyin one and the same solution, sink in this cayae the constant C,
samenated by Cy, and C, by C,. We will represent this polution by the series

Figure 6: Figure 6
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492 E. 1. GRUDO
u= Y BTV Y, @
mentjrk=1
Booto = Ci, Booor = 0.

Series (26) is evidently obtained from series (27) by setting C; = a. Thus, the
following is valid
Theorem 2. Let

Amnji = (n + jB+ ka — a) (m + kB + ja—a) — bB £ 0 and
m+kBtja—a|.p

A|1|.|u'l:
where B — a constant positive number, for every non-negative
equation, n, j, k, m+n+j+k>1,j+k>0. lfb=#o’o);&

# 0, the equation (2) with f (z, z, 0, 0) =0 has a solution at the exit
neighborhood from |z|, |z"z| sufficiently small in form (15), where a, B, Booio,
Booo1 determined by formulas (15), (18"). If, however, b =0, then equation
(2) with f (2, z, 0, 0) = 0 has solution in the exit neighborhood from |z|,
|z°Z°| sufficiently small in form (27).
Case of vanishing to zero Ammjt choice was considered above.
Let us show now, that equation ?2) with f(z, z, 0, 0) = 0 has a solution
u= 2 Brnjii...jgkgZ™Z "EWh
mtntj i+ +jgtkg=1

VWGP G ke g+ kg > 0),
where g — an arbitrary positive number.
For determining coefficients Bmnjik, .. joxg and constants ay, ..., oy,
B1, ..., Bg we have equations

(14 7B+ k@ + - -+ oBg + koBlg) Brnik,...jokg =

(28)

_ (29)

= aPmnjtk,...jgtg + bBmnkyjy... aig + Remnjtk..jgkq
here Rpnjik, . jgkg — Polynomials with respect to those Brnj, kg and ﬁ,,,r;;k'l‘...j;gg,
for which m' +n' +ji + ki +... +kg<m+n+ji+ki+...+js+kg

m' <m,n"<n,j| <ji, K <ky..., <jq,k;<k¢.Whenm=n=0,j1+
+ ki +... 4+ jg+ kg =1 equations (59) give
Bi—a) Booa...o(1);10...0 — & Booe...o(1)ko..0 = 05
= bBooo...o(1)10...0 — @ — @) Boco...o(1)sJo..0 = 0
i=12,...,9),

where (1);; in Booo...o(1)y .0 denotes that 1 stands in the place of j,. If b #
0, then g we get

Booo...o(lge..0 = C”s  Boo...o1)ego...0 = CL- (30)

Figure 7: Figure 7
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ON ONE ELLIPTIC SYSTEM OF DIFFERENTIAL EQUATIONS 493

Then -
bCP - o _ bCE
n,=71"+u, aﬁTJra. @31
If b =0, then, as is not hard to see, without loss of generality we can
assume that N
a=C, B=qa
Boo...oyp.0= s Boo..atyp..0 =0 (2
=12 ..., 9.

For the determination of other coefficients Byuj,k,...jgkg We have the equations:
(n+ 1By + K1+ - .+ jgBa + kg — &) Brjiky..jgkg —
— bBrmjiky.ivky = Rowjier...jakg
— B Brih..igkg + (K ByHinas + - gy + gy —

— ) Briky...jgkg = R,
from which we see that if

jakg

Aonjik...jgkg =
=0+ kG+ o By+ kgl — @) (o + KBy +jrag ..+
+ kBy +igtg— @) —bb#0
form4n+jitki+. ...+jgtke>1 ji+k+...+jg+kg>0, then

all Bowjiky..jok» distinct from Boojik,..jokg G+ ki + - .. +jg+ kg =1), are -
determined in a unique way:

(m+ ki B+ i + -+ g g — @) Ruwjiky..jokg n
Amnjk...jgkq
bRy
+ Amnjiky. B
(n+ i B+ ki - kg — 0) Rk ok .
Amnjiky...jgkg

Brunjik...jokg =

Brnjiky...jgkg =

ORmjikjgka_
Amnjiky...jgka
Thus, eccn, if all Amyj. joig Z0 (m+n+ji+hi+... +jg+k>1,
i ki + -+ + jo + kg > V), then equation (2) has a unique formal conves”
real solution (28), depending on 2g arbitrary constants C?, €, €9 (I =

1, ). Let us the convergence of this series for |z|, |2*Z%| (/=1,
2, susficiently small, assuming further, that
mt kBt oyjit ..t kePotigd =T
Annjik...joky
for m+n+ji+ki+...+jg+ke>1, ji+k+...4jg+k >0

<B

Figure 8: Figure 8
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'3
Consider the integrals uniform for all 8. Passing to the integral f . X1, We obtain
9%(9)-8 t 8O+
f ’ ° from inequalities similar to (2.20),
fo S*O)+3 -
For the first of them, the relation holds 7=l > Li (s m)fm] =k (3, m)/m] 3. e,
Tty <[j (v, m)/m] [k ®,m)/m]—=x (x>0), (2.19) sucLhe{ }gt> 0 be a given number. Let us now choose the number x,
1o < T < 9* —38. Here, the symbols j (t, m), k (3, m) have the fol- o i
lgwing meaning: %2(x —fo) exp (1 15— 'o)) < ZLLTI , 222
&M ey <j@my+L, where
f 5 Ty =T—t5; L=max B@)(1- K (1)
In—"(‘,’,’,’") s‘9<1‘,_k(\3’;m) & % 1=T—to; L=max ir)(t = k(f)l) ;< .
e o e =l = j=k= =
Condition (2.19) follows from the inequalities S [Xz (v—to)exp (1 i (Xz)o)]/ o
9 —1+h () — h(9%) > dp, T
T—1to<h(t)—to+9-23p, (2.20) k(t,m),j(x,m), ;0K k(r,m) <j(r,m); to <t < T.
'fg:_h;' T‘;’/%? ;l"e's‘)%};;;ﬂ;;?; Tgs)“ ltili.lgltentl! g:;/g; ¥ Eg; f,osrﬁgiem 1 l:i Such a choice of the number y; is Possible because t—to > 8. If
2 2 2 3 Ay
conditon (219) implies immediately that () —  (Bym) -» oo T e b e b o e
as m — oo uniformly over all considered quantities 1, 9. Recalling . Aok e EEl
the form of the expression W) (8, ?, we obtain by the same of the function ¥ *. X{1, my(, 7). If m™'(j —k) <xa, in X,, then
arguments as in the proof of Lemma 2.1, the relation #~"1—>1, then we use inequality (2.22) and obtain then,
9°(9)-8 ta\kin§1 into account what was said above, that for any w >0 one
lim — 0asm— oo, (2.20) can choose a number m(w) so large that for m > m(w) the ine-
LEXD , quality will hold
t
uniform for 2-111.3. Passing to the integral f , we obtain from <w, (2.23)
inequalities similar to (2.20), 3%(0)+8 3%(8)-5

Figure 9: Figure 9
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