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Abstract
The content of the article is determined by the decisive role of a special exponent
in the study of solutions to differential equations. The main result is contained
in Theorem 1: If the operator 𝐴(𝑡) in equation

𝑑𝑥
𝑑𝑡 = 𝐴(𝑡)𝑥 (1)

is such that for some number 𝜂 > 0 there exists a sequence of numbers {ℎ𝑗} → ∞
as 𝑗 → ∞, such that in each segment of length ℎ𝑗 there is at least one value 𝜏𝑗
for which

‖𝑇𝜏𝑗
𝐴(𝑡) − 𝐴(𝑡)‖ ≤ exp(−𝜂ℎ𝑗), (2)
𝑇𝜏𝑗

𝐴(𝑡) = 𝐴(𝑡 + 𝜏𝑗),

, then the Lyapunov 𝜎𝑠 and special 𝜎∗ exponents of equation (1) coincide. The-
orem 2 illustrates the application of the obtained results to the study of the
uniform and asymptotic stability of the zero solution of a certain differential
equation in a Hilbert space. Bibliography: 4 items.

Full Text
Preamble
In this section, we consider the linear differential equation in a Banach space 𝐸:

𝑑𝑥(𝑡)
𝑑𝑡 = 𝐴(𝑡)𝑥(𝑡), 𝑡 ∈ [0, +∞) (0.1)

where 𝐴(𝑡) is a bounded linear operator such that sup𝑡≥0 ‖𝐴(𝑡)‖ ≤ 𝑀 . Let
𝑈(𝑡, 𝑠) be the evolution operator (propagator) for equation (0.1), satisfying:

𝑑𝑈(𝑡, 𝑠)
𝑑𝑡 = 𝐴(𝑡)𝑈(𝑡, 𝑠), 𝑈(𝑠, 𝑠) = 𝐼 (0.4)
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As established in [1], the upper and lower Lyapunov exponents for the system
(0.1) can be characterized by the growth rates of the norm of the evolution
operator. Specifically, the upper exponent 𝛼∗ is defined as:

𝛼∗ = lim
𝑡−𝑠→∞

ln ‖𝑈(𝑡, 𝑠)‖
𝑡 − 𝑠 (0.6)

where the limit is taken such that 0 ≤ 𝑠 ≤ 𝑡 < +∞. It is known that for any
𝜖 > 0, there exists a constant 𝑁𝜖 such that ‖𝑈(𝑡, 𝑠)‖ ≤ 𝑁𝜖 exp[(𝛼∗ + 𝜖)(𝑡 − 𝑠)].

1. Stability and Growth Estimates

Let 𝛼𝑠 denote the Bohl exponent. For any 𝛽 > 0 and all 𝑡 > 0, the following
inequality holds:

‖𝑈(𝑡, 0)‖ ≤ 𝑁𝛽 exp[(𝛼𝑠 + 𝛽)𝑡] (1.1)

If we consider a solution 𝑥(𝑡) with initial condition 𝑥0 ∈ 𝐸, we can analyze the
behavior of the system in various domains 𝐷. Under the assumption that 𝜌 < 0,
the system exhibits stability. Furthermore, if there exists 𝐴0 > 0 such that the
conditions in (1.2) are satisfied for a non-empty set 𝐷1, then according to the
results in [1], we have the estimate:

‖𝑈(𝑡, 𝑠)‖ ≤ 𝑁 exp[(𝛼𝑠 + 𝛽)(𝑡 − 𝑠)] (1.3)

where 𝑁 depends on the parameters of the operator 𝐴(𝑡). Conversely, for 𝑠 ∈ 𝐷2,
the norm of the evolution operator satisfies the lower bound:

‖𝑈(𝑡, 𝑠)‖ ≥ exp[(𝛼𝑠 + 𝜌)(𝑡 − 𝑠)] (1.4)

where 0 < 𝜌 < 𝜌0.

2. Asymptotic Behavior and Perturbations

We assume that the operator 𝐴(𝑡) satisfies a condition of slow variation or
regularity, such as:

‖𝑇𝜒𝑗
𝐴(𝑡) − 𝐴(𝑡)‖ ≤ 𝐶 exp(−𝛾ℎ𝑗) (2.1)

where 𝑇𝜒𝑗
𝐴(𝑡) = 𝐴(𝑡 + 𝜒𝑗). Under these conditions, we investigate the relation-

ship between the spectral properties of 𝐴(𝑡) and the exponents of the system.
If 𝜌0 = 0 in (2.2), then for 𝑡 − 𝑠 > 𝑇 , the evolution operator satisfies:

‖𝑈(𝑡, 𝑠)‖ ≤ exp [𝛼𝑠 + 𝜌0 + 𝜖] (𝑡 − 𝑠) (2.3)

As 𝑗 → ∞ and 𝑡 → ∞, we can show that for 𝑡 ∈ [𝑙, 𝑙 + 𝐿], the norm ‖𝑈(𝑡, 𝑠)‖ is
bounded from below by:

‖𝑈(𝑡, 𝑠)‖ ≥ exp [𝛼𝑠 + 𝛽𝑗 − 𝜖] (𝑡 − 𝑠) (2.5)
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By applying the translation operator 𝑇𝜒𝑗
and considering the identity (2.13):

𝑇𝜒𝑗
𝑈(𝑡, 𝑠) − 𝑈(𝑡, 𝑠) = ∫

𝑡

𝑠
𝑈(𝑡, 𝜏)[𝑇𝜒𝑗

𝐴(𝜏) − 𝐴(𝜏)]𝑇𝜒𝑗
𝑈(𝜏, 𝑠)𝑑𝜏 (2.13)

we can derive that the difference between the perturbed and original evolution
operators vanishes asymptotically. Specifically, using the estimates (2.1) and
(2.11), we obtain:

lim
𝑗→∞

‖𝑇𝜒𝑗
𝑈(𝑡𝑗, 𝜏𝑗) − 𝑈(𝑡𝑗, 𝜏𝑗)‖ exp(−𝛼𝑠𝑡𝑗) = 0 (2.15)

This implies that 𝛼𝑠 = 𝛼∗, confirming that for operators satisfying the regularity
condition (2.1), the Bohl and Lyapunov exponents coincide.

3. Numerical Ranges and Stability Criteria

Following the approach in [3], let us define the numerical range of the operator
𝐴(𝑡). Suppose there exist functions 𝛼(𝑡) and 𝜌(𝑡) such that for all 𝜙 ∈ 𝐸 with
‖𝜙‖ = 1:

𝛼(𝑡) ≤ Re(𝐴(𝑡)𝜙, 𝜙) ≤ 𝜌(𝑡) (3.2)

Then for any solution 𝑥(𝑡) of (3.1), the growth is constrained by:

lim
𝑡→∞

1
𝑡 ∫

𝑡

0
𝛼(𝑠)𝑑𝑠 ≤ lim

𝑡→∞
ln ‖𝑥(𝑡)‖

𝑡 ≤ lim
𝑡→∞

1
𝑡 ∫

𝑡

0
𝜌(𝑠)𝑑𝑠 (𝑀𝐴𝑇 𝐻0003)

If the condition ∫∞
0 𝜌(𝑠)𝑑𝑠 < 0 is satisfied, the system (3.1) is asymptotically

stable. In the context of the class 𝑍(𝜈, 𝑁) defined in [1], the system is exponen-
tially stable if there exist constants 𝑁 and 𝜈 > 0 such that:

‖𝑥(𝑡)‖ ≤ 𝑁 exp[−𝜈(𝑡 − 𝑠)]‖𝑥(𝑠)‖

This stability is closely linked to the property 𝛼∗ = 𝛼𝑠 under the perturbation
conditions discussed above.
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Note: Figure translations are in progress. See original paper for figures.

Source: RussiaRxiv —Machine translation. Verify with original.

russiarxiv.org/items/ru-196701.60520 Machine Translation

https://russiarxiv.org/items/ru-196701.60520

	The highest exponent and the critical exponent of certain differential equations in a Banach space
	Abstract
	Full Text
	Preamble
	1. Stability and Growth Estimates
	2. Asymptotic Behavior and Perturbations
	3. Numerical Ranges and Stability Criteria

	References


