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1. It is known that the algebraic-topological invariants of a compact Lie group
G and of its classifying space B are closely connected with representations of
the group G. For example, to each unitary or orthogonal representation of the
group G one can construct a vector U- (or O-) bundle with base B. As Atiyah
showed, this construction gives an isomorphism between KU (Bg) (or KO(Bg))
and the completed ring of unitary (orthogonal) representations of the group G.
If; however, the group G is noncompact, then all its homotopy invariants are
the same as those of its maximal compact subgroup Gj; as for the classifying
spaces, one has the equality B; = Bjs. The representations of the groups G

and G, however, have nothing in common.

As is known, a substantive theory of representations of noncompact Lie groups
arises only upon passing to infinite-dimensional representations. Therefore a
generalization of the results of Atiyah and Peterson to the case of noncompact
groups must in one way or another be connected with vector bundles with
infinite-dimensional fiber. Such bundles are considered in the works of Dixmier
and Douady (1'?). The basic idea expressed in these works is that no substantive
analogue of K-theory can be constructed by means of infinite-dimensional vector
bundles.

The consideration of classifying spaces By of a Lie group in the usual sense
is equivalent to considering the category of principal G-bundles whose bases
are C'W-complexes. The coincidence of the spaces B and Bj; means the co-

incidence of the categories of principal G- and G-bundles with CW-complex
bases.

In our preceding note (®) we considered a broader category of C?—bundles7 of
whose bases we require only Hausdorffness. In it one computes the group of
characteristic classes of such bundles with values in cohomology with coefficients
in the sheaf of germs of continuous functions on the base. These groups are
expressed in terms of well-studied invariants of Lie groups; moreover, they turn
out to be nontrivial only for noncompact groups. The nontriviality of these

sovietrxiv.org/items/ru-196701.59330 Machine Translation


https://sovietrxiv.org/items/ru-196701.59330

groups indicates the essential nature of the enlargement of the category, since
the cohomology of any CTW-complex (and, in general, of any paracompact space)
with coefficients in the sheaf of germs of continuous functions is equal to zero.

In the present note we establish certain relations between similar invariants
and representations (in particular, infinite-dimensional ones) of noncompact Lie
groups. In particular, every infinite-dimensional representation of the group G
in a certain sense induces an infinite-dimensional vector bundle over a certain
nonparacompact space, which replaces for us the classifying space.

2. We define the category of principal G-bundles in the same way as in (3).
We regard the group G as a closed Lie subgroup of the group GL(n,R). By
&', where I is some set, we denote the space of all n-frames in the Tikhonov
product

&' =1]R.

iel

of lines indexed by the elements of I. On the space &' the group GL(n, R) and
its closed subgroup G act without fixed points. The orbit space

/G = SL is a Hausdorff, but not regular (if the group G is not compact)
space. The bundle p’ : &7 — SL is universal in the sense that for any G-bundle
p: E — X there are a set I and a map
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of bundles.

Let H be any topological group. Denote by EH(X) the set of principal H-
bundles with base X. To a map f : X — Y there corresponds a map f* :
FH(Y) — EH(X). We define the set EH, (G) as follows. An element a €
EHalg(G) is a function assigning to each principal G-bundle (§), p: F — X, a
principal H-bundle a(€§) € EH(X), with the property that if
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X, 2 X,

is a map of the bundle (§), p; : F; — X;, into the bundle (&), py : By — X,
then (¢')"a(&s) = a(&y).
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Clearly, if we restricted ourselves to considering G-bundles over CW-complexes,
then the analogously defined set EH g(G) would naturally be, for G and H,
equivalent to FH(Bg) = EH(BG).

If a topological homomorphism 1 : G — H is given, then to any G-bundle (£),
p: EF — X, one can associate the principal H-bundle (n*¢), p’ : Ex H/G — X,
where the group G acts on E x H by the formula (z,h)g = (zg,n7(g"')h). The
collection of elements 7*§ € EH (z) determines an element n* € EH,; (G).

Theorem 1. For any element a € EH,,(G) there exists a homomorphism
n: G — H such that a = n*. Moreover, n] = n5 if and only if there exists h € H
such that 1,(g) = hny(g)h™! for all g € G.

The plan of the proof is as follows. Let (§), p : E — X, be a principal G-
bundle. The principal G-bundle p*¢, induced by the bundle £ under the map p,
is trivial. Therefore the H-bundle p*a(§) € EH(FE) is also trivial. The fibers
of this bundle over the points x,zg € E are canonically isomorphic to the fiber
of the bundle a(€) over the point p(z) = p(zg) € X. Fix an element g € G
and an H-isomorphism between the H-bundle p*a(¢) and the trivial bundle
E x H — E, that is, assign to each point of the space of the bundle p*(a(£)) a
pair (z,h), where x € E, h € H, and the action of the group H on this space
is given by the formula (z,h)hy = (x, hhy). Let the canonical isomorphism of
the fibers over the points « and xg, for any = € E, carry the point (z,1) to
the point (zg,1,(z)), where 1 is the identity of the group H, ¢ (z) € H. We
obtain a continuous map ¢, : E — H, which is constructed from the bundle
a(§) non-uniquely, but characterizes it completely.

Next it is proved that the map 1, can be made constant, i.e. ¢ (z) = 1(g) € H
for any x € E, where : G — H is a topological homomorphism independent
of the bundle £. Here one uses the functorial dependence of a(&) on &, the
universality of the bundles p! : &1 — Sé, and the following lemma.

Lemma. LetY be any space, and let f: & =Y be any continuous map. There
exists I’ C I, where the cardinality of the set INI' does not exceed the cardinality
of a base of neighborhoods of the space Y, such that the map f is constant on
el cel

The universality of the bundles ¢’ makes it possible to define EH,,;,(G) starting
not from all G-bundles, but only from a single G-bundle ¢!, where

I is any set whose cardinality is strictly greater than the cardinality of a base
of neighborhoods of the group G. In other words, EH,;,(G) is the subset of the
set FH(SL) consisting of elements that are mapped into themselves under all
mappings Sé — Sé included in a diagram of the form

e Ll
Lp! Lp!
St — SEL.
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If H is the group of unitary transformations of a Hilbert space V, then the set
EH(Y), where Y is any space, can be interpreted as the set of all vector bundles
over Y with fiber V. Thus the following holds.

Corollary. The set of all equivalence classes of representations of the group G
in the Hilbert space V' is in a natural one-to-one correspondence with the set of
equivalence classes of vector bundles over Sé, where I has the cardinality of the
continuum, invariant with respect to the mappings S(I; — Sé described above.

Examples. 1°. Let G = R. Then a point of & is a set {x;, i € I} of real
numbers, not all of which are zero; Sé. = ST is obtained from &’ by identifying
{z;} = {=;a}, where @ > 0. Consider a representation of the group G in
the space L,y(—00,400) of square-integrable functions on the whole line. It
corresponds to a bundle £ — ST, in which a point of F is a function of class L,
defined on the complete inverse image of one of the points of the space S’ under
the mapping &7 — ST; more precisely, a point of E is a function f({x,, i € I}),
defined if z; = 2%, i € I, where the 2? are fixed and o > 0, and such that
the function F given on the line by the formula F(t) = f({z%}) belongs to
Ly(—00,+00).

2°. Let G = SL(2,C), the Lorentz group. The space Sé in this case is the set of
two-dimensional subspaces of the space &7, in each of which a frame is specified
up to a unimodular transformation. Now consider the following bundle over
the space S5. A point of the space of this bundle is a collection consisting of a
plane x with the structure indicated in it and a function f(z) = z = (2, 24) € z,
defined in this plane, satisfying the functional equation

Fz) = Ammianelf(z),

where ny —ny = n is an integer (a homogeneous function of z and z of dimensions
ny —1, ny—1). These functions satisfy the condition of square integrability (for
details see [5]) and natural conditions of continuity with respect to the plane.
The vector bundles constructed are nontrivial and distinct. Such bundles are
in one-to-one correspondence with the unitary representations of the so-called
principal series of the Lorentz group.

3. Let M be any (in particular, infinite-dimensional) representation of the
group G. We shall say that an element a € HY, g(G; M) is given if to every
principal G-bundle (§), p : E — X (with Hausdorff base), there is assigned
an element a(§) € H(X; M), and if

4
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is a mapping of the bundle (;), p; : E; — X;, into the bundle (&,), py : Fy —
X,, then (¢")*a(&y) = a(§y). Here HY(X; M) is the cohomology group of the
space X with coefficients in the sheaf of germs of continuous sections of the
vector bundle p# : E x M /G — X with fiber M.

Consider the homogeneous space G* = G/G and the space Q9(G*; M) of smooth
differential forms of degree ¢ with coefficients in the space M. The action of the
group G on Q4(G*; M) is defined by the formula

(ggp)(lla teey lq) = g(§0(971l17 agillq))a

where [, ..., [, are tangent vectors to the manifold G* at some point z € G*;
g 'ly,...,g7 ', are their images under the action of the element g~' € G. By

Q%L(G*; M) we shall denote the totality of invariant forms, i.e., such forms ¢ €
Q9(G*; M) that gp = ¢ for all g € G.

Theorem 2. The group HY, g(G; M) is isomorphic to the cohomology group of
the complex
d d
%G M) — QHG* M) —> ...,
where d; are the differentials.
Theorem 3. H}, (G; M) = Ext?(1; M).

Here Ext is considered in the category of all representations of the group G; by
a representation we mean an action of the group G on a linear topological space
M as a group of linear operators such that the mapping G x M — M induced
by this action is continuous.

As is known (%), the group Ext?(1, M) can be defined as the set of exact se-
quences
0—=1—-4, .2 A ->M=0

with a certain equivalence relation. Therefore the elements of HY, ,(G: M) cor-
respond to such exact sequences.

For example, qug(R; 1) is equal to R for ¢ = 0,1 and is equal to 0 for ¢ > 1,

a
which corresponds to the fact that all exact sequences of representations of the

group R of the form
0—=-1—-4, .24, —>1-0
are reduced by the equivalence relation mentioned above to the following two:
0—-1—=1—=0

and
0—-1—J—1-=0,

where J is the Jordan representation of the group R in the plane, i.e.,

1 a
Ja—<0 1) for a € R.
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If the group G is semisimple, then every finite-dimensional representation is
completely reducible, and therefore the results obtained essentially pertain to
infinite-dimensional representations.

For example, if G = SL(2; C) is the Lorentz group, then

R, forg=0,3,

HI (SL(2,C),1) =
alg( ( ) ) {0’ forq;ﬁ(),ii,

and to a generator of the group H 21 9 there corresponds a certain exact sequence
of representations of the group, containing infinite-dimensional representations.
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